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A PROBLEM IN THE GENERALISED THEORY OF THERMO-ELASTICITY
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This paper deals with the dynamic treatment of g,@ra{ﬁsient thermo-elastic half space that is exposed to step tem-

perature and velocity on its entice plane boundary ‘and. is- constrained against transverse displacements, using
generalized theory of thermo-elasticity.: E - ] \

Aireraft structural designers usually deal with the thermal stress problems associated with elevated -
temperatures in a‘rplane, missile structures, jet engines and nuclear resctors. The thermal-stress distri-
bution pertaining to the problem whose plane boundry is subjected to step and/or ramp type temperatures
only, was treated by V. I. Danilovskaya?, T. Mura® and E. Sternburg & J, G. Chakrabarthy®. Physically,
when the boundary experiences femperpture. variation, it offen alsg .experienges welocity variations.
Y. T. Tsuit, showed that the thermal-stress distribution changes considerably onee the velocity variation on
the boundary is considered. He also determined thermal-stress distribution. and displacement distribu-
tion when the half space is exppsed, to step temperature and velocity, using unconpled theory, .

The aim of this paper is to determine temperature distribution and the subsequent thermal-stress-
distribution when the half space is exposed to step-temperatuve and velocity, using the generalized
theory of thermo-elasticity which takes into account the effect of relaxation time. " '

GOVERNING EQUATIONS
The enér’gy equation is _ | SR | |
. kET,;=rCg (T + 7 T) + (BOX 4 2p) aTy (exx + 7o exr) o
The equa’oioh of motion is oA s ‘ \ '

Ui = (A4 1) w, 4+ ptg — (3 +2p) o Ty ~ )
The stress-strain, temperature relation is ST L
0‘,‘,:: AGKK 8,‘_7"+ 2}L€ij “"( 3A+ 2[&‘)‘0!. ( T—-‘ TO )S,j . ‘ Pt (3)

‘Now using the following non-dimensional variables

Z= (*+2u\_)1/2' iz SIS ‘(qu) pOst
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Equations (1), (2) and (3) become S | o
- U—-U=¢ o (6)
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“denotes differentiation with respect to Z and

" s%genotes differentiation with respect to r. " ; AR TN ‘

3¥



Dar. Sor. J., Vor, 28, JANUARY 1978 R

whére ‘ ‘

A, » are Lami’s constants,

k = Thermal ’cqndﬁc'tiw}*ity,' ‘

'« = Coefficient of Linear expansion, - -

7o = Relaxation time,

- ‘ Speclﬁo heat at constant deformatmn, - ‘ o
. L 3\ - 2p 2Ty
_\—= Therrfxo-elast;c coup}mg constant = (_(T——ll: 2” )) p OE" - 7

ond S . | ®
ne 8 = Relaxation Constant — (Aj 2,;»)1( (;: )TO e s

FORMULATION AND SOLUTION OF THE PROBLEM

Consnder an elastlc half—space whose boundaryw~0 is smb]ect ‘co a step temperature and step veloclty.
~The problem is to find the tempera.ture dlshnbutlon in the half—»_space z>0 wﬁsh constramed lateral dis-
. placements i.e. v = w =.0.- _ - ;

i.e. to solve the equa,txonsu N o T g
o | o~0-pa—qU+pm
U= T=v¢ D i
z=U—0

: qub]ect to the followmg boundary conditiens

6(z )= H(f), when Z = 0. ‘|

Al - : T
%‘ Z=0 - H () o J—
where H (-r) is the heaviside step functlon v :
H(@F#) =0 forr < 0
= 1 fOI' T > 0

We can neglest the stra,m acc>leration term ie. U'in the energy equation, since the produ(t eB is-
much less than either e or 8 in the intermediate range and room temperatured. “

The problem to be solved‘ls

4

Cf—pi=ol I |
U—U=6> Do ) o £ | (10)k
peve |

subject to the boundary conditions (9).
'The initial condxtlons are taken as i

O(Z 0) ‘rU(Z,O_;)—_—.'U'(Z,O);_-U, g . 7 7(-“)
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From (1(}), we cangef after eliminating U

0'-(1-/3)0~ 1_,.0)0+0 ypo-o ' (12)
Slmllary by eliminating 6, we gat = o ‘ ,
U'~—(1+p)U ( .+é)z'f+ﬂ'ﬁ'+ﬁ=0» N ()
Now applymg Laplace transform- w1th respect tor, we get EEt = )
o— .’P[P(1+ﬁ) (1 6)]U"+P‘(P+3P2)U—0 S (19
where o
U(z,p)—JExp (=) U(7r)d L - (15)

e

and p is the tra,nsform parameter

The transformed boundary condltlons will take the form - :

'3]!-‘,‘

é (.Z,p) = —; , :_l_j_f._f__z_) P = .'(16). |
Similarly ‘ ‘ ' ‘
; '"'b P[P(l+ﬁ)+(1+6)]h”+;p2(10v+l3pz)0=9 «(17)
Now using the regularity boundary conditions, i.e. . -
Lt 9(Z,p)__ Lt U(Z p)———-—> ﬁmtevalue
Z—>x .
Weget ‘ . 2 - N
- 6(Z.p) = 4Bxp(—nZ) + BExp(—wZ) (18
and L « S ‘ S :
§(Zp) = CEBxp (—wZ) + D Exp(—wmZ) (19)
where B : '

- AT E .? | , i »
aps = (p/2) "2[ (14+8)+1 4 [tp(1+ﬁ)+(1'+'e)]2-‘—4(‘p-+-ﬂp2)] » ] (20)
A,B,0,D are constants. : o ) : '

Now-taking the series expansmn for large values of p (i.e. for small values of tlme) and negleetmg the
negative powers$ of p, we get S . = : Lo

L ocl—ip%e/'i”” : | o
. m=vpp+12vE R )

Using the boundary condltmns (16) and with the two equatlons obtamed by substltutmg (18) and (19) in
the first and second equatlons of (10) the consta,nts A B, 0, D, are found to be

e "‘fﬁ-ml[,?ﬁ; 1 ‘\/B] [4/3‘ it 1_2‘/'9)] e
A=r—= T }7(}’ "A‘l)(p_Az)(lp_-As) . s T

B= -4 T S 20
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0= P2 —45) (P —42) (1 —45)
and '
p=-t_g L as

where TR N S : |
(1—28) p* +[2¢ ﬁ~1+e\/ﬁ) +er +[3/2-—3e—1/2ﬁ—w/«/,9‘1p+ ,.
+[(1/28) (1—3¢2)] = (p— 4) (p—d) (p—4y) @27)

" 3(Z.p) = Exp (—ZayF) P20 p‘/"zp)+ Fxp (— Z/WE)EX" ‘/’*Z’”’
[e\/—z‘“[1745—-1/4~e/2x/ﬂ]p+[ 1/4ﬁ)<e——1>+e<1—-2«/*>] ]
o (p Ai)(p 4;) (p—Ay) i |
EXP(——PZ) e«/ﬁp [1 -;?I'—‘—V“—“‘]M-[ (8—1)+e(1—2Vﬁ ]
—-Exp( ¢Z)2)——— 48 4  2/p i - (28),

{r—Ay(p— Az)(l’— s)
T&kiﬂg the inverSe tfansfdrxﬁ”, we get . ; o : 4
6(Z,7) =0, R DR S When“"0'<'r‘<.v 7

= Exp(—Z/2/B) [1 +F( 4y) [Bxp (dyr) — 1] + F (ds) [Bixp(dor) — 1] +
kP (4 )[Egg}(fgq;)‘,% 1] ] o : when /EZ < < z. (59)
= [ Ex;p_( —Z/2\/p_) n Exp ( —-' eZ/2) ] £F (4;) [Exy (41-;-)'—1 I+ -

v )[ExP(Azf)'“l]+F(Aa)[EXP(As")"‘1]] |
o +Fxp(—Z/2»‘/_) S IR whenr>z .

where
F(Al) =M M (4y) | 4, (Al—A‘) (Al—Aa)

P4y = M (4s) ] 43 (s — 4y) (dy— 4
Fldy) =M (AQ/A;; (ds —4y) (4, — As)

(30)

and
L M(A')""VBA' +[1/4B"1/4—8/2\/BJA +[(1/4ﬁ) (e——1)+e(1—2f)] _
L TEn= EXP(—Z/2V‘)W+
[1 +ﬁ(\/ﬂ"‘2)}10 +[2(ﬁ_1)+e+3‘/B—/2—1/2\/ﬁ-]19+[3/2——26+1/2Vﬁ—-1/4/3]]
[ (p—4,) (p—42) (p—45) ,
Exp( pZ)
P

[Exp(—-—eZ/2 — Exp ( —Z[2A/F) _—\/Bllg)] - (82)
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_ Taking the inverse transform?, we get - - - :
U(Z ) 7), =0

| | when 0<r<VpZ

= Exp (+Z/2v/§' )[f._q[ (Al) [EXP(Alr)—1]+G(A2) [Exp ( Aﬂ)_1]+ L
E +G(A3)[Exp (Aﬂ)*l]]] when\_/,,gzﬁrgzl‘;“
==_[E.xp k_¥€Z/2 EXP‘~Z/2v‘p) ] [ Al [EXP (4, 7) —1 ]‘+ .
+G(A2)[Expl(‘42¢),~1] @ (4) [EXP(A3T)-1]]+TEXP —Z/zvﬂ |

when f>z (33)
where '

G(dy) = N (4) ] 41 (41— 4ds) (41— 4;) | , .
G (43) = N (45 ) | (A —4y) (42— 4y) Ja ey
| G (4y) = N(As)/As (4, -—A1> 4—4y ) \’
and ' - '

N(A,)- 1 +ﬁWZz—-2 )] A.2+[2(,$-—1 +e+3\/ﬁ/2—-1/2\/~]A,+

v ‘ +[3/2~2e+1/2Vp—1/4ﬁ] forz-—123 - S (%)
The stress distribution is o

- 2=U'*—-0
o:‘wz':o

; when 0<r< VB Z
= 4..-(1/2\/3) Exp (—z/zv,g) [,- — [G (Al) [Exp (4, ,)__ 1] + |

6 (49 [Bxp (43 7)—1) 1 64 (Bxp (4 ) — 1)] -

o EXP( _._Z/2\/B)[jf‘ fAl) [Exp (Ay7)— 1] + F (dy) [EXP (A2 7) - 1] +

+ F (4,)[Exp (Aa'r)-—l]] ‘ when \/,3 yA < r<?

=—(1 +1/24/) Exm—-zm + [ (1/24/B) Exp ( - Z/z\/*) —(e/2) Exp | —~e’Z/2 ]
- [G;Ao [Exp (4 17)_1]+G(Az) [Exp (43 7) ~1]+G(Aa) [Bxp (g 7y —- 1]]
. [Exp (¢22)—Bxp ~22/p) ][ (dy) [Bxp (4, -r>——1]+F(A2) [Exp (4, r)——1]+

+ F (4y) [Bxp (4 m——u] whenr > 2. (3)

Which is the requir'ed_ stress d_iét_r‘ibution_. ~ This completes thesolution of the problem.
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