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A PROBLEM IN THE GENIUMX3ED THEORY OIJ THBRMt3-E&iS'J!ECfTP 

Regional Engineering College, Warangal 

(Received 6 October 1976; ~revised, 16 March 1977) 

This paper deals with the dynamic teatW9t of a transient thermo-elastic half space that is exposed to step tern- 
perature and velooit on its entire plane boundary and is constrained against transverse displacements, using 
generalized theory oTthermo-ela~tidty. 

Aircraft structural designers usually qealw.ith tba thermal stress problems associated with elevated 
temperatures in a;rplane, missile struotarers, jqt eqgines and nucle%r reeactors. The thermal-stress distri- 
bution perta;ning to the problem whose plane boundry is subjected to step ad lor  ramp type temperatures 
only, was treated by V, I. Danilovskayal, T. Mum2 and E. Sternburg & J. G, Chakrabarth?. Physically, 
when the bouudaqy eqpexi6%~9-s t-pesett~e v~&f;$p, it ef.t.9~ $f8 e;xpegi6qq vqlocit y variations. 
y. T. Ts~i4, showed that the thermal-stress distribution changes~onsiderably once the qelocity variation on 
tab b ~ u n d a ~ y  ia nowidered. He de tq ined  ~)lerm@l-@tcre~a distribution aqd displwwp.$ djstribu- 
tioo wbea the half space k exflse4 stel? tempe~at~re a d  ve!ocity, u8j$ey yno~qpled theory, 

The a!m of this paper is t o  determine temperature distribution and the kubsequent thermal-stress 
distribution when the half space is exposed to step-temperature and velocity, using tb gene.plked 
theory of thermo-elasticity which takes into account the effect of relayratioq time. 

G O V E R N I N G  E Q U A T I O N S  

The energy equation is . . 
k T)ii = PC, (T 4- 10 T )  + (3h + 2p)  .To ( iKn C I. YXn) (1) 

The equation of motion is 

pzci ( A  + P )  ~ j , ~ - j  + pi,jj- (3A 4 - 2 p )  aT,i (2) 
The stress-strain, temperature relatio~ is 

Now using the following non-dimensional variables 

A + 2p 
k - 

T - To 9 a e = ------ ,2 It 
To ( 3 h  -I- 2p)uTo (41 % 

1 

( ~ ~ + ~ P ) u T o  k 
Equations (11, (2) ,and (3) become 

8, , ..I 

e - - e - p i = e ( u + p u )  : .. 4 
(5) 

U - u = e  (6) 

.z= U'-e (7) 
, 4  

'"denotes differentiation with respect to Z and 

*'denotes differentiation with respect to 7. b 
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where 
A, p are Lzmi's constants, 

k = Thermal conductivity, 

a = Coefficient of Linear expansion, 

T~ = Relaxation time, 

CE = Xpecific heat at constant deformation, 

\ 

, I' ' A 

( 3A + 2p  )a a2 To 
e = Thermo-elastic coupling constant = -- - 

( h + 2 ~ ) ~ C ~  
and (8) 

(A+"" ( 2 ) .  /3 = Relaxation Constant = - TO - -  T 

P 
- - - 

. .  
FORMULA TI^)^ A N D  S O L U T I O N  O F  T ~ E  P R O B L E M  ' 

~o&ider tin elastic half-space whose boundaryGO is.&bjed. LO a step&mperahre and step velocity. 
The problem is to find tbe temperature dishribution in the half-space x > 0 with cowtrained lateral dis- 
placements i.e. u = w = 0. ' z 

i.e. to solve the equations -" 

.I -8  a * ,  

I - - e ' - p e = e ( ~ + p ~ )  

v -  u = e f  
z = u ' - e  . . 

sul, j ect to the following bound& conditions 

0 ( z, T ) = B(T), when Z = 0. 7 
(9) 

a_v I = H (7) 
27 z = o  

where 11(~)  is the heaviside step function. 

H (T) = 0 for T < 0 

= l f o r ~  > 0 

..I 

We can. negle:b the strain acc:leration term i e .  U in the energy equation, since the protluct ep is 
muoh less than either e or B in the intermediate rang3 and room temperature=. 

The problem to be solved is 
I 

I I *  . . * 4  

e - -e - .pe=0~7  
H .. 

1 
u - u = el: ( (0) 

;s=ut--e 
subject to the boundary conditions (9). 

The initial conditions nre taken as 

e ( z , o ) = o ,  u ( z , o > = :  u ~ ( x : o ) = ~  o, " (11) 
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From (ICE),- we can get, after eliminating U 
,,,# ..U .,, ... .... 

e - - ( I  + p )  e - ( i + e ) e  + e,-t p e = o  - (12) 

Similary by eliminating 8, we g3t 
d d d ,  ~ - ( l + ~ ) a - ( ~ + ~ ) a + g o + ~ = ~  

- - * . .  

(13) 

Now applying Laplace transform with respect to T ,  we get 

u - - P [ P ( ~ +  8 ) . + ( l T e ) l 8 "  f P ~ ( P + B P ~ ) ? ~  = a  - - (14) 

where 

Q, 

( Z , p )  = J  Exp ( - P T )  U ( Z , T ) ~ T  
0 

(15) 
, 

and p  is the transform parameter. 

The transformed boundary conditions will take the form ~ 

1 o ? U ( Z , 7 ) -  1  e ( z , ~ ) =  - , - pD - 
P  CT P  

(16) 

Similarly -- 
- 1 r t f  - e p L i ( 1  t B ) - C ( l + e ) I  ~ " $ - P ? ( P - +  P P ' ) ~  = O  4 1 7 )  

Now using the regularity boundary conditions, i.e. 

Lt ij ( 2, p  ) = Lt 0 ( Z ,  p  ) -+ finite value. 
z+oo z+w 

We, get 

e ( Z , p )  = A Exp ( - a l Z )  + B Exp  ( - a e Z )  (18) 

and 

a ( Z , p )  = C Exp ( - a l Z )  + D E x p ( - a 2 Z )  (19) 

where 
112 112 

a , , r = ( p l 2 ) ' ' [ ~ ( 1  + 8 ) + 1 + e  dz [ L P ( ~ + B )  + ( 1 + e i 1 2 - - 4 ( p +  B P ' ) ]  ] (20) 

A,B,C,D are constants. 

Now taking the series expansion for large values of p  (i.e. for small values of time) and neglecting the 
negative powers6 of p, we get 

a, = p  + el2 (21) 

a2 = .\/Bp + 1/2.\/p - - (22) 

Using the boundary conditions (16) and with the two equations obtained by substituting (18) and (19) in 
the first and second equations of (10) the constants A, B, C, D, are found to be 

1 1  e ( e - - l ) + e ( l - - 2 \ r g ) ]  
- 

-A -- - .  (23) 
p ( ~ - A l )  t pp--.A2) (P--&) 

I -- Jj= - 
P 

- - A  (24) 



1  
[ 1 + ~ ( 1 / ~ - 2 ) ] d + [ 2 ( ~ - 1 ) +  e +  3 . \ / ~ / 2 - 1 / 2 $ ~ ] p + [ g - 2 e + ~ ~ - $ ]  ' 

C =  
P ( P - - A ~ )  ( p - - - A 2 )  ( P - A , )  , \ \  . . > - i *  

\ - 
and 

& 

1 D=-- 
pa 

0 , (26) 

where 

(1 -215) IPS+[2(15 - 1  + e d B  + e l  pa+  [3/2--3e--1/28$e/y'jT]p $ 

+ I ( 1 / 2 8 )  (.1--3el2)] = ( p - A l . )  ( p - A $ )  ( p - A s )  (27) 
Exp ( -,dB Zp ) 

.** j ( Z , p ) =  &p ( - z 1 2 d T )  - +- Exp (-212 2/ P 

Taking the inverse transform', we get 

e ( z , ~ )  = o ,  w ~ i a  o . c = T < ~ /  z .  

+ F (A,) [ EXP ( A v )  - 1 I + B' (A,) [ Exp (A3 7) - 
- t; ESP C-ZI2fl) when T > 8 , . .  

where 
B' (4) = JV (A,) I A1 (A1 - A;) (A1 - 4) 

' '  

F (Ar) = M (An) I An (A2 - A41) (A2 - A d .  

< 3 (4) = M (44 1 A, (4$ - A,) (A3 - A$) 

and 
i M (Ai) = e  2/\/B Ai2 + [ lI4B ' 114 - Yzdfi I Ai [ (11415) (e-- 1) + e (l-a.\/ij-)I 

for i = 1, 2, 3. (51) 
ESP ( -  dB PZ) + 

- > 
b (2, p) = Exp ( -212 . 

B 
[l+~(j~-?)]pa+p(~-~)+@~31/~/2-1/2i;/Bl~+[3/~-~+l~2dF-1/~~l 

( $ - - A I ) ( ~ ' - A i ' ) ' ( Y - A s )  . 1 
E x P ( - ~ / S P Z I ~ ~  (32) (-") Exp (-2/22/8) - E X ~ ( - @ Z / ~  --- 

P - P I 
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Taking the inverse transform', we get - - 

. U(2, T) = O  when 0 < T < 1/j Z 

= Exp ( - 2 1 2 d ~ )  [T - [G (-4,) [BP (Al 1) -1 I + G (A*) [EXP (4 T) - 1 I + 
- - 

+ G  (-4,) [EXP (A3 7) - 11 11 - - 
when 1/82 < T < Z 

= [ ~ x p ( - e z / 2 ) - - - ~ x p ! - 2 / 2 g \ / 8 )  ] [ G ( A ~ ) [ E X P ( A ; T )  --I]+ - 

+ ~ ( 4  )[EXP (427)  -11 +G(A,) [ E X P ( A ~ T ) - - ~ I ]  + r ~ x p ( - - 2 / 2 d j j )  

when T > 2 (33) 

where I 

G (A,) = (8,) I A1 (A1 - A21 (A1 -- 443) 

G (As) = N (A2) I A, (442 -- A,) (A2 - A,) I (34) 

G (A,) = N (83) I -43 (83 - 8,) (4, - A2) I 

and 

NCAs)= [1 f Pfflh--2)I Ai"f22Pm1) f e + 3 2 / ; 8 / 2 - ~ 1 / ~ ] A i +  

+ [ 312 -- 2e 3- l / 2 d j j  - 11413 ] for i = 1,2, 3 - (35) 
The stress distribution is 

- B = U t - 8  

.:. C = 0 when 0 < T < qjj z 

= -(1/2dp) EXP ( - (--I$z/ij) [ 7 - [G (dl)  [EXP (A1 7) - 11 + 
1 

+ (7 (Ail ~ Z P  (An 1) - 11 + U3) [ a p  (83 7) - ll]] - 
- 

- Exp ( -2/2,/~)[6" (d,).[Exp (At I) - 11 + 3 (442) [Exp (A2 r) - 11 + 

+ 3 (8.1 [ E ~ P  ( 4 7 )  - 111 w h e n d j j Z < ~ < 2  

= - (1 + 7/22//i) EXP ( - ~ / 2 1 / ~ )  + [ (1/2dp) E ~ P  ( - 2 1 2 ~ )  - (42) ~ x p  ( - e 2/21 I 
- [ G ( 4 )  [Ex* (Al - 11 + G (BPI [EXP (A2 4 - 11 + G ( 4 )  [Exp (A3 T )  -- 11 ] + 

4- b X P  (e2l2) -ExP (-~/21//?)] ( 4 )  [ E ~ P  (441 7) -11 + 3 (82) [EXP (A2 T) - 11 + ' 

+ ( 4 )  [Exp ( 4  T) - 11 1 when T > 2. (36) 

Vhich is the required stress distribution. This completes the solution of the problem. 

- PC- 




