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=~ .The probjem of bending of an isotropic eompéessible circular plate into an ellipsoidal shell hasbeen solved and the . .
results obtained in terms of the general strain energy funetion s, o s LA
. One of the major advances of the century in the theory of finite deformations has been made by Riylint,
Green, Zerna and Adkins? &3 by obtaining a number of exact solutions, specially for incompressible bodies
in terms of general strain energy function, N - '

. Recently problems of finite bending of ct_)mpréssible cireular plates into spherical and ellipsoidal shells
have been discussed by Seth?&3% and Lakshminarayana®®? on the basis of quasi linear stress strair rela
tions proposed by Beth®. . . t S e B -

In this paper an aitempt has been made to solve the problem of bending of an isotropic compressible
circular plate into an ellipsoidal shell and obtain the solutions in terms of general strain energy function,
The eases of compressible place bent inte spherical shell and incompressible plates bent into ellipsoidal
and spherical shells have been derived as particular cases of the problem sclved.

NOTATIONSANDFORMULAE

Following the notations of Green & Zerna?, we take X;-axes to define the unstrained body B, and
Y,;_axes to refer the strained body B, We take the curvilinear coordinates 6 in, the styained body. Let
the covariant and contravariaut metric tensors in the deformed and the undeformed body be respectively
Gij, G% and g;5, g/, When the unstrained body is homogeneous and isotropie, the strain energy function
w measured per unit volume of the unstrained body is a function of strain invariants so that ,

Cw=w ([, 1, I) SR (1)
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e On=—g 2 0=1G1 - - - (3)
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The contravariant stress tensor mea.sqréd per unit area of strained bod; referred to & cbordinates is
- given, by ' e .

W =gp L BIi¥Y L Gip. g « (5)
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The equations of equilibriﬁm are given by L |
. - #b,; - Ty 4 -+ Tk, £ 1 pFK = 0 - .
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where

T 57‘{:'7,@8((;‘*"”‘, TGk = G @)

comma denotes partial dlﬁ'erentmtlon Wlth respect to the stramed body and F* are the components of the
body force and p the density. ;

The physical components of the st’ress oy are given'by
T oif == ‘l/“'" sk g (10

BENDING OF THE BLOGK\

Suppose that in the undeformed state of the body, 1t 1s a en'cular block bounded by the plan es ""s — g
and 23 = 1y ag, > a,,-and the cylmder 22 + 9”2 — o

The blook is then bent symmetrically about s Zg + axis into a- part of an ellipsoidal shell, whose i mner
and outer boundaries are the elhpsmdes of revolutmn obtamed by revolvmg the confoeaielhpseg !

;103=ccosh§cosn,ya~cslnhgsmq,f«f.,z—l2 e 11)

about the “’s axis respeetlvely and the edge g=a, Let the yt-axvs comclde Wlth the ; - aXis

and the curvilinear coordinates 6 in the deformed statebea system of orthogonal: curwhnear coordinates

(6.7 ) whero s theanglebotomn y, yg plane 3nd. the plans. through a pointin;space and gy axis,

then ‘ : G : ‘ ’ L .
‘ Jl—oslnhfsm'p)GOS(ﬁ y2~~—csmhféln'rlsm%ya—ccoshfwsﬂ | (12)

" since the deformation is symmetrlcal about ys-ams we see that : < ‘

¢

(i) the pla,nes Ty = constant m the ‘undeformed state become the elhpsoldal surfaces ¢ = const 1n the
(Ieformedstate, T S I N IR . c
(i) the curves a:f + m2 @ns_tent, in_the undeformed ~_st@f@,b.e'c’ofné ,the circ,les n = constant, in ‘the
deformed stafe, -~ - o L

(111) are tan-Z2 = = ¢
@y

These imply” - ST » o
L - gy =f(§), B+l ="Fly)= Aﬂ‘ R ‘ ' C(18)
whichgive | » S B I TR T e -
- By = A7 cos ¢, &y = A"] Sm P, &g =f(£) i T T (14)

'The metnc tensors for the strained and the unstralned states of the body are glven by
R cz(coshﬁf-—ncos?n) : 0 , _‘ o ] o
=1 0 Slodié—ey) 0 F g,
o L o ;0 . cdinh?¢sinty
¢ (cosh® ¢ — cos? 1) SR -0
: 1 = o . i . -
, ‘ 1
G = ”0 ¢®(cosh? ¢ —cos?y) 0 7 (. 6)4 S
L , , » ' e - ¢2(sinh? ¢ sin? 5)
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a9s.y is replaeed by unity. Then '(15) a,na ( 16) become‘

Where ff = -ﬁ Here we eons1der the case when 17 is 8o s,ma,ll7 tha‘,t. sin P! is replaced by n and

¢® gin h? § 0 0

rA &
;\;\ E

e G = | 0 é2q1n h2§ -‘O

O\ . 0 czvf"smhzf

Hetle

Subetltutmg (17 f, (18)111 2% we ha.ve he

L c2ginh? £ o 203 smhzf
Te » (\2 ‘

Substitutiné (17)and (18)in (7), wehave
7- | P g i

I, =

(@1)

The non-va,mshmg components of the stress (5) are gwen by

{54 u e n 90 s.mhéf

TR A2fe ¢+p Joug ok - ]
o $ . csinbig (1 1

X e PUS
S8 ¢ + czsinh2£ (‘1 +

Ea AR

¢ - )\2 2 ) Az
) The physical components of the stress (10) are given. by y' \ JER I . : '
"11 = Bsinh? £ 711, oy, = cBsinh? £ 4B, ogy = 0P sinh? ) 012 = 023 =0y =0 (23)

Substituting (18) in (9); the notiszero: o’hnstdfei’s’symbfels are giVeﬁ by SE G LT
Iyt = Iy? = = @m *“th: Tzs =“"9Qtfhf L Y | (24)

1
.I.

Iyl =— o eothf, 1’83 o —n, Ty e T

- _
In the a.bsence of the body fonees the equa,i;mns of ethbrlum tobe sa.tlsﬁed are -

-

aa? + Fboth ¢ (055 03) =0
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From (27) and (28) it is obvious that p is purely a function of ¢ only. Since the strain energy function
w is a function of I, Iy, I, andin turn Iy, Ip, I;are functions of ¢ only, we have ;

dw qw . dlh sw dly ow  dl

W T ol @ T oL & TR d% (29)
~ From (20) and (6) we have k ' »
A &xinhig~ gw  sinh¢ ’ w 2%t 50
. oL T af. P oL T T Y0 I T 3k P &0 ;
From (20) we have on, differentiation | ‘
' dly:  2c*sinh £ cosh ¢ = 2c%ginh? ¢ fer 0 4¢? s?nh £ cosh &
g R » » |
dI . 4ct sinh3 £ cosh £ 5 204 4s'nh3 ¢cosh¢ . Zsinhdéfee | 31)
df - . by . A2 e f§2 B f§3 ]
-_fd.ﬂi. o _c_s_ 6sinh® ¢cosh ¢ . 2sinh8¢ fe ]
i~ M fé e
Putting (30) and (31) in (29) we have ' S
dw o8 sinhd £ [ ( sinh fcosh ¢ cRsmh®£fge  2c® sinh £ cosh £
@ = XN - Ié S~ B o ) ?+
( 2¢t cosh £ sinh3 ¢ 4c* cosh £ sinh3¢ - 2¢%sinh? £ fg¢
+ 2 L Y 7 B F 7 )¢‘+
( 8cosh §  fi ) ] R v .
smhg & )?
SCLAE A B ( sink® ¢ on )
. dE TN ¢ fe (32)
(32) on integration gives
| 2z (0 4+ wy) :
W= TERE (33)
Where w, is an integra,tioﬁ constant, us{hg (20), (33) may be written as
W wy ‘ :
= O 34
. o VI , (34)
Equating the two values of ¢y, from (23) and (34) and using (6) ard 20 we have -
- 2 sinh? ¢ 2w . 2sinh? ¢ gw L sinht ¢ - aw
« e w + w, ( al, 42 ol 4t 2l ) ; (59)
(35) on integration gives - o | ,
o 2sinh?¢ [ 9w 2sinh® ¢  ow sinh*¢ aw \ ,. .. ,
f(?)—' w + wy (311 T ,; o; T & ; els)dfﬂl_fK (30)

#~

‘Where K is an integration constant
] '
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" BOUNDARY CONDITIONS

If the inner boundary of the shell ¢ = .51 is free from tractlons We must ha,ve o = 0 when ¢ = £, !
which on substltutlon n (34) glves )

: w (61) + 'wo
0 = =& = T =
- | (a;l)e & VI e (37)
(87) -gives ! , ‘ SR ‘ .
| - IR wo‘=—'w(§1) e : (38)
From (38)and (34) we have : - _ : .
| o Y (f)\;;sw (£1) - , o @)
on the outer surface of the shell (¢ = 52) we have to apply a radial force R glven by
| Rl = o1 (52) b —w (51) (40)

'\/I (fn) -

The resultant force F; and the couple M, actmg on the edge (n = &) per unit drea between ¢

and¢+d¢areg1venbv L
2

Pidina f om(csinh P ¢ g (1)
: fl N s - " ! A

Mimsivo [omctsnif¢ Ghgyde (42)

g :
. From (26) we may write , . _
093 = 01 4~ 5 tanh ¢ -'5?— T .. v (43)

(43) and (34) give ; L :
o = oy = :;}-L g tanh g 2 35 (2= @)

(44) and (41) give. .

h :
w(és) — w (&) e Ez;j w(d) —wle)

2F; = c® sin o [ VI Vi tanh? ¢ d§] (45)

. &

(44) and (42) give ; ,

o . £

w(ge) —w(§) | w (&) — w (&),
VG St é _ff Vs :

Thus to bend an isotropic -compressible circular block into a part of an elhpsmdal shell we require.
a resultant force F; and a couple of moment JM;on the edge and aradial force B; on the outer surface

of the ellipsoidal shell

2y sine | sib? foosh ¢ d¢ | (46)

: PARTICULAR CASES
Case I. Bendmg of incompressible circular block in to an elhpsmdal shell

Putting I =1, (45) and (46) give . : o
C2F;=3sina [ { w (52)2__ w (£1) } sinh? 52] : - (47)
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L 3 My=#Psin.« [{w (&2} —w (fl)v}fsinh?rfzcs f { w(&g) ;~f¢—jgw,«(§f)z}§inh? £ gosh £d¢ ] +(48)
' - ) . 1. ) ‘ sy TRAS v afor v ki Do ol
Qase II. Bending of an isotropic compress1ble clrculax block mto a gpherical shell.

: If we put ¢ cosh & == ¢ sinh & in (11), we get the case of a circular block bent into a' sphemca,l shell » '
" g0 that £ > o0, ¢—> oo and ¢ cosh & csinh £ - 7 and consequently the orthogonal curvilinear

ciﬁfrﬂmates (¢ 7, q$) are replaced by the spheﬁoal ﬁo“lar ook dmates (ry s $)- Then (45) and (46 ) reduce to

1‘2 sin o

VI

IR

i i [;@;(xz)j—zp(ﬂ)] (49)<

A____ R (ra)— i (7*1)} A {w ) = (r)} T S
2 My = sm o [ - \/Isifw) e L f '\/13 Ui gy ] ; (50)

’.i Lo

§

»C’as&IlI Befndmg of . me@mpresmble mrcular block m’% sphzermaLsHell B Rar IR SUIST F R L

Putting I; =1, (49) and (00) give
H) | 2 Fy =1} sin o [ w (7‘2) — w*(h) ﬂ o (61)
2 M, = [ w (ryrd ) SRR f o ] sna (52)
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