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In this paper the problem of determining stress distribution in the neighbourhood of a C r i w  crack, opened by 
a thin symxpetric wedge, in a thin chcular elastic plataembedded inan infinite elqstio medium containing a 
circular hole of same radius a4 that of the plate is considered. The elastic properties of .taLe plate and S n i t e  
elarrtic medium are different. Using the known solutions of elastic equilibrium equations, the mixed 
boundary value problem is reduced to a set of triple integral equations involving cosine kernels. Finib 
Hilbert transform is used to reduce this set to a Xredholm integral equation of the second kind, this integral 
bqu,ation is solved by well-known iterative procedure. Stress intensity faotor is found for the case of e, rect- 
a ~ i p  wedge and some numeri6al edculations have also been klone. Results arrived at are shown graphicdlly, 

~arkuzbnl  was &st to consider distribution of stress in the neighbourhood oia Griffith crack opened 
by a thin symmetric wedge. He extended the complex variable technique of Muskhilishvili to solve 
this problem. Smith2 solved dhe same problem by the theory of Fourier transforms and dual serie~ 
relations. Tweeds has solved the same problem by an alternative appr~ach of Lowengrub and Sri- 
vastava4.C The authors6 have determined the stress distribution in a -circular plate containing a 
Griffith crack opened by a symmetric wedge. 

In  this paper, we consider, %ha problem of determining stress distribution in a thin ~ircular plate 
containipg a GriBth crack opened by a thin symmetric wedge and the plate is embedded in the infinite 
elastic medium containing a circular hole of same radius as that of the plate. The elastic properties of 
the plate and the medium are different. The corresponding mixed boundary value problem is reduced 
to a set of triple integral equations involving cof5ne kerneh. Fsllowing4a6, the set of triple integral 
equations is reduced to a Fredholm integral equation of the second kind, whicFi is solved by the well- 
known iterative method. Expressions for the quantities of physical interest are derived from the itera- 
tive solution. 

E'ORMWLATION OP T H E  I? R O B L E M  

We consider a thin circular plate of radius p > 1 and the material of the plate is supposed to be 
homogeneous ahd isotropic: This  late contains a symmetrical Griftith crack on a diameter. This cir- 
cular plate is embedded in an inhh elastic medium containing a circular hole of the same radius as 
that of the plate. The elastic properties of the plate and the infinite elastic medium are different. In 
plane polar co-ordinates (r, O), the circular disc is suppoeed to occupy the region 0 ,< r ,< p, I9 = 0, v (here- 
after known as region 1) while the infinite medium with circular hole is supposed to occupy the region 
< 7 < CQ, I9 = 0, v (call it region 2). The non vanishing components of displacement and stresses in 

the two regions are denoted by (ue(l) , ur(l) , ue(l) , uA1) , ~ ~ ( 1 ) )  and (zce(2), ~ ~ ( 2 )  , ue(2), ur(2) , u,re(2)) respec- 
tively. The crack is supposed to occupy the region 0 < r < 1. , 0  = 0, v. It is opened by o thin sym- 
metric wedge which makes contact with a part of the crack surface dehed  by 0 < r f k (k < 1) , 8 = 0, 
w ,  where k is unknown and depends on shape of the wedge. The remaining part of the crack surface is opened 
by a known pressure p (r) , k < r < 1, I9 = 0 , v. The boundary conditions on 0 = 0 are 

ae(l) (7, 0) = - p (r) ; h 4 r < 1 , 

In the region of bond, the continuity conditions are 

a,@) (p, 8) = s ( 2 )  (p,$) y 0 <  I9 < 22s 
i 

u,&*) ( p  , e) = ~ ~ ~ ( 2 )  ( p  $ 8 )  , o < 8 < 2 r 
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~ ~ ( 1 )  ( p  , 8) = ~ ~ ( 2 )  ( p  , 8) , O < 8 < 3 v (5) 

~ $ 1 )  ( P  , 8) = ~ ( z )  (p  , 8) , 0 < 8 $ 3 n , 

The appropriate expressions for components of displacement and stress for region 1 are quoted from 
Srivwitava, Kumar & Jha6 

ue'" (r, 0) = - f rain 0 J 5 A cn e- .* [ M 3  (6 J 00s e) +- 5 r fin ms (a e - 6 r o m  el a 5 .{- 

0 - .  
I 

- [ n - 1 n + 2 m - 1) a ms n I (ti) 
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(r, e) = -- s" 5 A ( 5 )  e-- S sin 0 I C O ~ ( ~ ~ C O S ~ )  - . f r e i n O c 0 ~ ( 2 e  1 - f r c o ~ e )  (El-- 
0 I 

- 2 [ n  (0-1) Un,i"-'-\- (n - 1) (.--2) b, P cosn0 - I (7) 
. n=O 

i - 8 r sin 0 - 
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- -0  
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~2 - $,+ 1. c - ~ j ~ l  ee) cc:. e a ~ s  g COS 0) + 2 p1 ue(" (r, 0) = A (6) e-@ -- - - L - -  
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4- ( 1 - - 2 ~ ~ - f r s i n e ) s i n e  $in ( f rco38)  ] d f  -+ z[fia#,rn-J-{- 
- n=O 

- - 's 1 + (n - 4 q1 -J- 4) b, F pin n 8 (9) 

- - e s 2  .... .- 
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- ~ ~ ( ~ e ~ ~ ' ~ " @ [ ( 2 - 2 ~ , + -  f r r i n B ) r i n @ c o s ( f r ~ o s 8 ) - ( 1 - 2 ~ - ~  - 2 I&, p, - 
, , 

0 - \ 

*,. , 

- t r sin e) cos e sin ( 5  Y-GOS 8 )  ] d 4 - 2 - [Ha/+ 

?b = (L \ 

+(ra4-4r l , -2 )b ,m+' l  cosne 'I-"- . (10) 
The expressions for components of displacement and strees for region 2 are quoted from Srivastava 

r - k Kumar' 
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~ ~ ( 2 )  (T, 0) = 8, T--2 - 2 [ A (n + 1)  cCn r"n-2 + ( n  - 1 )  (n + 2)  a', r-" 60s A 0 (12) 

n z l  
I 

2 [ I 
-. 

alea (r, 0) = - A (n  + 1)  c', r-,+ +. a ( A  - 1)  a', I-" gin n 9 (13) 
n = l  

. . 

2 p2 ug@) (r;  0) = c', r-2 sin 0 + 2 [ ' ~ 1  c', r--l + (IZ + 4 72 - 4) a', r-" + sin % 0 (14) 
n = 2  

I 
2 p2 ~ $ 2 )  (r,0) = - c', r-1 + dl rV2 COB 0 + [ n C'nT-nel -+ (a + 2 -4 q2) &@ r -  + 00s (15) 

n = 2  
I 

where p,, Q and p2, r)a are modulus of rigidity .and Poission's ratio for the two regions. 

\ 
T R I P L E  I N T E G R A L  E Q U A T I O N B  A N D  T H E S R  S O L U T I O N  - I* 

The boundary condition (4) is satisfied automatically provided the coei3icients $, + and b, + are 
zero. The conditions (1) to (3) lead to the following set of triple integral equations 

f ~ ~ ( ~ c o s t r d ~  = P ( r ) ;  k < r <  (16) 

0 

1 n f  (f-1 A (E)oos t r d t = - - - - - -  ; O < r < k  
2 (1-71) (17) 

0 .  
- 

. . ..r A ( t ) c o s f r d f = O  ; l ~ r < ~  (?8) 

0 

where 

P(')  = 2 M +  2 ( 2 n + 1 ) ( a . + q ~ a 2 : , 2 + b 2 . ) r z ^  (1 9) 
n=0 

Fqllowing Srivastava and Lowengrub6, we seek a solution of the &ovu set in the for~n 

1 

A (c) = 1-1 J h V )  ,in p fi at - 
(20) 

0 
1 

where h (Frid LCD mknown function wi& the propertj -. 

r d;) ; O < t < k ,  
F ( t2 )=  (21) 
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The equation? (17) and (18) are satisfied provided I 
r " 2 -  . - c I *#. 

> , 1 '  J :h\d 
h . ,: 1 \ , '. i3 ' I n ' - - I  I 

" 
i- 

I 6 L - d  

r 1% i ; ,'/ 
.: j.e. if we choose Z t  ,3 I:, ' , - .  ' I  

i b--i ., 
7 (4 t .  

m (x2). = - 1-rl1 '. (22)' 
; -x - - e t a ,  * r 7 ,  ' - L-. ' t  , ' 

an& \ : t, -', 
a .--* ? 

1 
f Q) m- * , ' i  _ I  

(23)  
!'. s * t - 9 , +  

".l.* , 
2 " -  f? 

The equation (18) is satisfied if g(t2) is the solution of the integral equation 
# 

1 
" ,- % t 4  -:> 

L I 

1 k 
2 

i t  a s -  ' 
(24) 

/ 
1 

.'l;kp$&tiqp , I -  pf$a abavejnjnfpal e p t i a n  as ]given byLSsivut&u&d &qv~d@ubP , is , - , 7 
, . a . . , $  I I 

k: 

t 

(25) 

where R is the fiqite Hilbert operator defined by 

/ , %  

92 - t2 (26) 
B I 

The arbitrary constant s in (25) is &termin@ froy * the - coqditian ,.P a 7.3 (23J.a~d , q t z )  = [(t' - kt) (1 -t2)]&. 
I 

'we shall now utilize houndsq conditions (6) to determine the unkeoam coefficients6 aZn, bZs,d h. 
ma a',. i 3 ,  

% 

b, = Y s h ($2) &,<; :', :-z {h,! * (27) 
! 9 F",& 

' / *  
%<-A 

1 
i. 

' z 1. i'f28) 

a 
I ; ;  "- 

Also for rn >, 1 ' { -  6 
P 

1 ', 

2n(%n -I)%. p9*1=J h (x2) [+ ( : A ~ ( ~ ~ + x )  a + >('.-f+ Y ) ) [ ~ ~ ~ R +  - ~ ; t i i - . ~  

0 .  . - 
$ , " > S f  * - r 3  \, 

( . + I )  (zn-iiy - ; ( d p ) ~  tl'b ' (29) 

a 
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where 

b 

s ($1 = P ( 9 )  + (q) x2 - y2 . (36)  
0 0 

The arbitrary constant s is determined from the condition (23) and it is given by 
1 1 1 

1 f ( k )  s = -[ 
2 + ; j ~ [ ~ ( y ) ]  d t + $ j ~ [ J x g ( 2 ) ~ ( x , y ) d z :  I at (37) 

k k k  

Eliminating 's' between (35) and (36 )we get, 

I - 
r ( t2 )  = +:(t2) + J x g (x2) M (x2tt2) ax  (38) 

b 

where 

2 
+(t" =- - 

97- 

k .  

and 

M 1x2, t2) = - [( t 2 -  +) (Ao p - 2  + x z p - 4  
811 (t2) 

1 

' with 

1 
8 = - [ 2 k ~ : ( k 2  + 1) BIF 

3 

The equation (38) is a Fredholm integral equation of the second kind and can be solved iteratively 
by making a representation of the kind, 

00 

(39) 
n=O 

P H Y S I C A L  C A S E  OF A  R E C T A N G U L A R  W E D G E  

We consider the case where crack is opened by a rectangular wedge of length 221 and height 
The part of the crack which is not in contact with the wedge is opened by a constant pressure po. 

So that 
f ( r )  = epo. p ( r )  = yo and k = 1. . . 

The equatims (38)  and (39)  will now yield 

I (40) 
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-- . 
s . .  

am = j.s(x21 B(x,i)dx . 

6 
. . .- 

&nd 
I .-- -- 

. \ - - R (+) = [ i k ~  - 1.2) (1 - T I )  It , 

I 
(1.2-h2) (r2 - 1) 

The expression for stress intensity factor a t  the tip of the crackisgiven by . ~ - 

whi~h  reduces to the following using (46) 

' 
The stress intensity factor is calculated numerically fm various values of p (the radius of inner plate). 

Pig. 1 shows the variation of stress intensity factor with p for the case where the inner plate is made of 
steel while weaker materials form the outer regian. Fig. 2 shows the variation of stress intensity factor 
fq the case where outer plate is of steel while weaker materials are taken to  form inner plate 

Pig. 1--Stress intensity faotor with p. Fig. %Stress intensity fiotor dthp* 
d 




