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In this paper the problem of determining stress distribution in the neighbourhood of & Griffjth crack, opened by
& thin symmetric wedge, in a thin circular elastic plateembedded in an infiniteelastic edium containing a
circular hole of same radius ag that of the plate is considered. The elastic properties of - the plate and infinite
elastic medium are different. Using the known. solutions of elastic equilibrium  equations, the mixed
boundary value problem is reduced to a set of triple integral equations involving cosine kernels. Finite
Hilbert transform is used to reduce this set to a. Fredholm integral equation of the second kind, this integral
equation is solved by well-known iterative procedure. Stress intengity factor is found for the case of g rect- -
angular wedge and some numerical ealoulations have also been done. Results arrived at are shown graphicdlly,
Markuzon? was first to consider distribution of stress in the neighbourhood of a Griffith crack opened
by a thin symmetric wedge. He extended the complex variable technique of Muskhilishvili to solve
this problem. - Smith? solved the same problem by the theory of Fourier .transforms and dual series
relations. Tweed3 has solved the same problem by an alternative approach.of Lowengrub and Sri-
vastavat5, The authors® have determined the stress distribution in a -circular plate containing a
Griffith crack opened by a symmetric wedge. '

In this paper, we consider the problem of determining stress distribution in a thin ¢ircular plate
- containing a Griffith crack opened by a thin symmetric wedge and the plate is embedded in the infinite
elastic medium containing a circular hole of same radius as that of the plate. The elastic properties of
the plate and the medium are different. The corresponding mixed boundary value problem is reduced
to & set of triple integral equations involving cosine kernels. - Following%5, the set of triple integra]
equations is reduced to a Fredholm integral equation of the second kind, which is solved by the well-
known iterative method. Expressions for the quantities of physical interest are derived from the itera. -
tive solution. ' :
. FORMULATION OF THE PROBLEM ;
We consider a thin circular plate of radius p > 1 and the materia] of the plate is supposed to be
“homogeneous ahd isotropic. -This plate contains a symmetrical Griffith crack on a diameter. This eir-
cular plate is embedded in an infinite elastic medinm containing a circular hole of the same radius as
that of the plate. The elastic properties of the plate and the infinite elastic medium are different, In
plane polar co-ordinates (r, ), the circular disc is supposed to occupy the region 0 <r < p, 6= 0, « (here-
after known asregion 1) whilethe infinite medium ~with citeular hole issupposed to occupy the region
p<r <o, =0, (callit region 2). The non vanishing components of displacement and stresses in
the two regions are denoted by (’“0(,1) s ul , 0g® , 0@, oMy and (ug?, u,2 , c®, 0,3, o,15) respec-
tively, The crack is supposed to occupy the region 0 < ¢ < 1,8 =0, Itisopened bya thin gym-
metric wedge which makes contact with a part of the crack surface definedby 0 < r <k (k <1),6 =0,
=, where k is unknown and depends on shape of the wedge. The remaining part of the crack surface is opened
by a known pressure p (r) , k <7 < 1,8 = 0, The boundary conditions on 8 = 0 are

0 =—p@ ; k<r<l, o
) -

w0 =dD ogr<k, @

wWhE,0) =0  ;1<r<p, @

Cog®(r,0) = 0 c0<<r<p. ()

In the region of bond, the continuity conditions are
o (p,0) =0 (p,0) , 002
o™ (p, 0) = ong®(p,0) , 0<O< 2w
1
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w® (p,0) = u® (p,0) , 0KH<2m (5)
%D (p,0) = u(p, 8 , 0<O< 2 - | -

The appropmate expressmns for components of dlsplacement and stress for reglon 1 are quoted from
Srivastava, Kumar & Jhat
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' The e;zpressmns for components of dlsplacement and stress for fégion 2 are quoted from Srivastava
& Kumar : A
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e

2 paug® (1, 0) = ¢, v sin Z'[nc';,ﬂ—1+<n+4ﬁz—,—'4) durntt |dnng g

2;;,211,()(1-0) = g ¢‘1+c r—zcose—l—Z[nc 7""'—1-}—(n+2—4n2) 'y r-“+1]oosn0 (15)

'n.._.

where Hys My and iy My aTe modulus of rigidity .and Poission’s ratio for the two regions,

,TRIPLE INTEGRAL EQUATIONS AND THEIR SOLUTION

The bounda.ry condition (4) is S&tlSﬁEd automatlcally prov1ded the coeﬂiclents Gy, + 1 a0d b2n+1 are
. zero. The conditions (1) to (3) lead to the followmg set of tnple 1ntegra1 equations

ngMWm&df:Fv“k<f<1 ey
F L af) A
! 4 (f) cos §‘7‘d§ = pYp— ’0<r<k. B an
'lfA(apmfidg=0 1<r<p s

Wheré
FO =200+ D @rt ) s+l ()

Following Srivastava and Lowengrub®, we seek a solutiéﬁ} of the alove setin the form

4 () = &1 f‘k(tﬂ)sinft”dt ' e v(20)"“
0 : o ‘

. where h"'(i”)‘iéi én, unknown fimction v_vit]l the propert._y '

” o [m@®) 5 0<t<k, 1 :

=1 21
“ ig(t.ﬂ) pek<t<1’ J @b
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‘where

e ; " v
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S(y)—p(y)+(1—-7,)[f do — ‘!wf'(w)N(w.y)dw]’ S _ (36)
The arbltrary constant s is determmed from the condltlon (23) and 1t is given by |
. 1 1 T
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Ehmmatmg s’ between (35) and (36 )We get,
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b= _l [w ——'(Ic*l 1) E/F]

The equatlon (38) is a Fredholm integral equatlon of the second kmd and can be solved 1terat1ve1y
. by making a representation of the kind,

g = Zgn(t2)p~2” R @)
n=0 ' o

PHYSICAL GASE OF A RECTANGULAR WEDG\E

_ We consider the case where crack is opened by a rectangular Wedge of length 21 and height 2.
The part of the crack which is not in contact with the Wedge is’ opened. by a-constant pressure p,.

So that :
) J(@) =epy p (¢) = po and k =1

The equatlons (38) and (39) W111 now yleld

0= 410 = 1 a2 (’5 - .§)+W’g;—, ]



and ‘

" where

- §RiVAsTAVA, etal’: Stre’ss'ﬁistﬂimtion in & Thin Circular Elastic Plate

( E‘/F) (do Do

"’1<‘2’**"f‘ﬁﬁr—[f”° or 7]

() = T2(t2) {{ Pots + F(I”’“ ) }(ﬁ»__p/m |

4 { Po %+ 'szz_"m)' } {264 (B 1)e. %8}]

=i [[ o+ 52 JJeam

‘ d T : \. - .
+ { Pou4 4+ Fflm }{w’»—-;(k:nL ey s}j

- . K PN

9(%) = T(2t{;0 [( S S 2+C”’ k,\v‘r’s"’_s).,(tz—-E/j)+

N

) {2t4'a=—»(k‘~’ +De 48]+ 06=9] +

"(1—n )FT(tz)

- (42)

@)

+ - Py [‘%4’(doP"z+-d1P"4+~;d3P—6)\(52—_E/F)+' '

e § ){214-1_.(76" 1)m.s} O(p‘ZB)J

e (k2 + 1) (k?—l 2},"
4, + o1 ) ’

4,

€y == 2200 03‘:-00(01-!—(01**00)2( + 3A )}

o= Zos + %}_—“_0_) B =_g.Ao,d = cody -4 (k"+1),

dg:Aﬂ',

ds_=¢—:od’1_,.—4-‘i--_;[48+(1—-k) (21— o k+1)]

+ ‘108 [37cs+2k2.r3—-4(k2 I)E/F]

dy = S AT ey

24,

(44

21



Gald :s::".‘g,if‘fé’ L DEFWSQI J) Vém&&mm lWS

(it From (6) a.nd (20) we see tha.t the norn{a,l cqmpnnent 01f stress i gmﬁ by L.
St ] ot

o (0 —~-f””7'(”“ o+ fwh(m~)N(w,r) i o

gl &\‘s A

L5 { 5
g e AT
1 J

 Ting () and (22) we get R P

1

g @

(“Using (M) weget | & (1oq i
N o i . 3 eems 188 R

QD +Q0) , 0<r<E B S T
."’0)‘{,1(r?>+a(r2) R TR -

Where O [T SV T EN R . r* ga

g }»4(1;;%‘ P H-

Qi rz)%r-wf d_w_;,"; [{

P :21‘4** k2 ‘1€2 8\
ey {fz)a e }

(:) : ] *(c pui+c4p._s)+@(ﬁ»s)] +(1 ‘:Z’g«-;,[g-»arv Wy

n)F 2R(7“")
T+ { %77—2—)1” _ﬁ 1 }(doﬁ ‘2+d1 P“4+ daP_s) - e

. JEE . SRy o > I | 2" Coin I .
—{o 4 22 "“RJ(Z)” ) oA

+4 VO(PM;B)] ; -0<,.}<k :; ‘N . R (47) )

+ ept +,Gsp_“) +‘{ ‘ U;;—bz))r + 23 W} (02,&?;?\,-*-

sy 8~
{\ -

— ke Y
°H+Q(p %) ]+ (1M"{

_2¢2}(d4p“‘+dep °)+0(p"8)] T>1 w SRR

#



rd

SRIVASTAVA, ¢t l. : Stress Distribition in & Thin Ciroulsr Elastic Plate

| R : Loheie C R T
o) = [w@) Nands
) ) Ia . ;" »;
_ 4nd R TR
- ) AN T oo ER ) "o, ‘* . 1’:
R e i [t
e o : i“‘) .
~ Rl(r2)=[(r2——k2)(r2-—1)] . .
The expression for stress intensity factor at the tip of the erack is given'by-
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The steess intensity factor is calculated numerically for v@rioﬁs values of p (the radius of inner plate).

Fig. 1 shows the variation of stress intensity factor with p for the case where the inner plate is made of

steel while weaker materials form the outer region. Fig. 2 shows the variation of stress intensity factor’
fop the case where outer plate is of steel while weaker materials are taken to form inner plate
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