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- Dual initegral equations involving H-Functions have been solved by using th,é.tlieory of Mellin transforms. The proof - L@,
is analogous to that of Busbridge on solutions of dual integral equations involving Beagel functions. ) '

. Dual integral equations involving H-functions havé been solved i)y Fox! and Sazena?—3 by using
the theory of fractional integrals and solutions have been expressed in terms of certain integral operators.
In the present paper, we have shown that Titchmarsh’s method* will also work for the present problem

and solutions are expressible in terms of definite integrals.

Let us consider the pair of equations

Co J‘H‘”‘(my)f.(‘y)dy;u(w)'i T 0<z<l o (;'1)

[ma rwa =@ : B

where u (z), v (z) are two given functions and f (x) is to-be determined and gV (z), and H® (z) are Fox-
“H-functions defined *as ’ E CF
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. where { ( @p &y ) } stands for the set of parameters(a;, ) (@p a2)...,( ap, ap), empty product is always
interpreted as unity, 0<m< ¢, 0 L 7P, o>0¢ =1,2,..., §>0(j=1,2,....,9). The contour L

is a straight line parallel to the ‘imaginary axis in the s = o -+ 4 plane such that all the poles of -

I (bj— Bys ) (lji=1,2,..., m)lie to theright and those of I ( 1—a+o5s),(f =12...,n tothe

left of it. The integral converges absolutely under certain conditions’.

The asympt()'tié. behaviours of HY (z), given by Braaksma$, are

. P o
HO () = O (1] )1 for small z,

where
| q 4 - ‘ ’ "o R e i
fﬁj— f"“j =720 and p=min B(b/B) (j=12om) . .
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Y () -0 (|zipe) for large z,
Whereb : ' '

S n m g P '
20,0 =24 T —2 B—2 4>0,largu]|<taw
1 4 1 > mtl n+-1

and
p2=mafo[(aj‘—1)/og],(j=1,2, Vee ,n.).

A similar definition is assumed, for H?) (z) in which the parameters with dashes i.e., m’, n’, o, ¢, o b,
T oo, By, 7, o' o'y, o’y are taken corresponding to the parameters without dashes involved in gy @) (z).

We assume that equations (1) and (2) have a solution f (x), whose Mellin transform F(s) is regular
for ¢ < @ and uniform in any interior strip so that ; - A
P =0(l1)"mAFey, )

Tt follows from this that by a suitable choice, of « that if o < B (@ —3), then F (% -+ it ). -
el?(— o0, 0), ' - ’ ‘ ‘ : :

and therefore

E—%.

z  f(zx)eL?(0,00).
Now, we see that if N . L
max R[(a—1)/o+b (5= 1)) +3] <k <min R[Q—3, blf+ 1, 8)/f) +1] =N—}
(say) 1'<s o, 15 2 ot l<ism,1<j<

' >0, >0,0 >0,a'0, '
— —k43 ' —k+} o

then z f(2), % HO (zy)and 2 H® (zy) belong to L2 (0, o) ;
We therefore apply Parseval’s theorem# for functions of L2 to the left-hand side.of (1), and get

L . . m n :
. Btio F (s ler(bj_;_p,-s) II' I'(1—a—oy+as) S
. 1 . : y
_%__f T hr(—b—s 1T q- pove 0
b—iw o (1—8—8; +ﬂjs)nfl a 4 o — 058 ) (0<z<1)

" Aso > 0, the integral is absolutely convergent and defines an analytic functions of & for all values of k. Let
us take k=N—}%. Multiplying (5) by % . where w=u--i» and ¢ > u, and integrating over (0, 1) and then
inverting the order of integration, which is justified by absolute convergence, we have

1 J.N‘“H"”‘ I¥?"(bf+ﬂﬁ-ﬁ13)-’lff(1—aj—“js'f ds .
— | F() o =U(1—u) (6)

2m J , 4 ' . » ' s
N—}—iw fn7+111 11— —ﬂ,—|—ﬁ,s) IZ_I_II' (@ 4+ o —oays) w<N—3%

where U (s) is the Mellin transform of the function « ().

Equation (2) can be reduced in the same way and put in a form similgr to (6), thus

N'_} +iw w' . ) %4 \

1 I{P(bj""ﬁj""Bj'S)HP(l'-—aj'—aj'_}-aj's) e »_‘ .
oy 7 — F@) - —V(1—u) (1)
N—jmiw +117=€ 1—b'— B+ Bfs) f I ;-*—‘“j‘-*étj'S) o

(u>N— 3)
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vzv‘here V(s) is the Mellin transform of v ().
Let us write : A
m’ ) ] ’ .
F (s) ‘II r(b' + B — Bis) = X (8)- o (8)

The use of the above transformation would be clear, after a few hnes ¥ (8) is regular and uniform in any
1nter10r strip for o <R(Q) and is equal to 0 exp (-4 wr!tl)ltl ), where v = L' B’ >0and p= R.

‘[r—v)o +v +2 b’ — % m—Q]+e, umformly in any interior Strip. then the equatlons (6)
and (7) become ‘ ‘

N—}+iw

1 IT(b+ f—B) IT (1—g—g+os)  x(s)

1 . 8 S
2m ’ q g W m o U0 O
N gioo I (1-b;-P+Bjs) II I'(a;+ aj—~ajs) IFT(b B’ -Bi's) -
m-+1 . . w4l : 1 . :
. ' ) (u<N—1}) .
and _ v o
- Ne—jtio w o o
1 DT (1—a —of +a's) (o) |
1 ds .
27t g , . § ==V (1—-w) (10)
N—j—iw mﬂf(l_bj —H A " Hr(a e —‘ajs') | S
(u> N,—-}) '
Now Iet;
A= maxR[(%+%—1)/%,(% + o’ —1)/%s(bk—|—/3k—1)/ﬁk]<c<N %<6 <V,
where ¢ =1, . ,nj_l ',k =m+ 1, oogandlete<<u <N — :

. (9). Since the integrand in (9) is regular in the strip A < o < N except for a mmple pole at s = w, and
~tamit| A= 1+e
gince it is O (.e [ ), where« > 0 and A = R(Z‘aj Z.‘b_,-—-(p-—q)/?-—{-(*@—l)r),
1 N
we may move the line of integration to o = ¢, and obtain

¢+t

i J Uf(bi-kﬂj—ﬁﬂ)lﬂl’(1—*aj—°¢j+°98) x () s
2me A ' m’ 3;.w
o—ien HT(I—": —Bi+Bi$) I I (4 oj—ajs) I T (b + B'— Bf's)
‘m--1 n--1 1 i
- m | - ,

‘ III‘(bj+ﬂj—-ﬁm)171"’(1~a;~—°9+ajw) x (w) |

—U(—w)— = S w
: Hl"(l——b—ﬂ,-{—ﬁ,w)ﬂ]"(a_,-{—a, og,'w)HI'(bj'—{—ﬁj'—,B_,-'w)

m-+1
The L.H.S. of (11) is a regular function of w for % > ¢ and so0 a,lso is the R.H. S When we multiply the
R.HS. of (11) by

' 9‘ . .
1{1’(1-—@'-°9'+«a-"t9)HI‘(l—bj——Ber Biw) : -
wo L m;;l , (12)
Or(l—¢—o+ou) E_f(l—bj'—ﬂj'+ﬂj'w) '
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where either o
b, ﬁt(""l m). =48 (i:l,...,m';mf—..m') R
@i, % (z_—n-{—l, -...,p)~=ai', o' (i=>n'+1,...,,p’;-n—p:n'_p’)

or

' 'a..w(%—-n+1 ,p)~—bc, B (i=1..m;p—n=m)
a.ndk

a'“'("_”+l’~4’}’)—bo,ﬁo (7'—1 oo’y P—”—m),

which is regular for v > A, therefore for u > ¢, we see that the coefficient of & in the aforesaid product
~ reduces to the integrand i in (10). This is the use of the transformation stated in (8) above

Now integrating the ‘product of (12) and the R.H. S of (11) round a large rectangle to the right of
u = ¢, we get :

c+w> R L . o
. | €7P(1—aj’—«j'+va'w)
¢ HI‘(I—b’—B_,-{—B,w)I’II‘(aj + o' — o’ w)

" m-|-1

¢ —tow
- III"(l—-a, — oy —I—a_, w)HI"(l——bj——-,Bj—[-ij) - .
—U(l—w) w_‘z =0, (13

HP(1"'“)"‘%4-“}”)171'(1‘—1’}‘_35 +B5'w) : SN

»

with z < ¢', provided that the integrand is of suitable order at infinity, To prove this we nse the lemma
given by Busbr1dge7 and following the notation therefore we take

117I‘(b,--{-Bj-——ﬁ,-w)HI"(l—-‘aj-—-ag—]-a.,w)

9 (W) = x (v) ~ "
| a0l —ﬁ’+ﬁ’w)ﬂr(“f+”f_°‘1”’)”l"(ba +ﬁj—ﬁa w)
so that

o (1" L) s
oG i) o,

where « > Oan‘d)«'= [Z’a,—Zb, r—(p-9)s + Qr]- .

o(w) =

Takm B=y—e where y = min ( A, 1 ) and applying the lemma, we see that the product of (12) and
the R. H S of (11) is less than

- « -3 et (B—1)2
AM |u—ol ol (w4 ?) (0<8<y—e)
where 4 depends on z and &, ' v
' Wy g B o fin MG

Mﬂu‘,ﬂﬁjﬂﬁjﬂaj
m--1 m’'+1 1
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L ' ‘
B=RE[}(g— q+n—n)—z'aj—ilb;+2b5+2%], (15)

m .
and
' ‘ ' n
0=2°‘:+219"‘23f""2°‘i"'L - (say)..
m41 1

Integrating the above function round the rectangle whose corners are the points ¢ —-zT T——zT T4 7
and ¢’ 44T (T.> |y ), we see that, for M<l Bgl,

IR

S ytetB : : ,
‘are all of O ( T ) and tend to zero as T - oo, provided max (B, 0) < y.

Now let us consider (10) when N —} <u <¢’ This can also be transformed in a manner similar to
that of (9). Since the integrand in ( 10) i 1s regula,r for A\ <o <N except fora simple pole at s =w and
~ima [t -p-1

it is O(e [t] ), whereoz >oandﬁ _R[r(y—-)-{-z'aj —-Z'bj—-(p -¢')2—
C—ry - @ ] — €, therefore by movmg the line of mtegra.tlon to ¢ =¢', we obtam
. ¢'Fio0 ’ » ’ s
1 ‘ HT(.I—-%'-—%-I—%'s) x (8 &
2mi ’ 7 8 — Wi,
: HP(I"'bi ﬁf+ﬁ:8)ﬂl'(%+°9 o' s) *
. e—fo m’ +1 o
~ 'Hr(l—'-a,'-a,-'+a,-'w)
=—V(l—w)—x() —- . (16)
‘ 171’(1-6'—-/35 +Bf‘w)HI‘(aj + o —af w)
m+l
Substltutmg from (16) into (13), we obtain y (w), wluch on using (8) gives
fr(—b—g s w)ﬂf(ai +af — o)
CF(w)= 2l
IIP(l-——aj a.j-[—oc w)HI‘(b;-I-ﬁ,—-ﬁ;’w)
¢’ 1% . ‘
1 HI"(I-——a,—-oz, +ogs)HI'(1—b! -Bj+ B;s) 'ds
V(l-—-w)+ 3 U(l—s)
v 171'(1—%—094—098)171‘(1—-5:—/% —I—ﬂfs)
¢'—i %

: (u<d ) ‘ (17)
whence the Mellin inversion formula gives the solution.

THEOREM 1

@) ne,a,a >0, (i) M L1, (45) L = Q and either '(‘iv) max (B, 0) <
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o) e*b;,' B, mGeE

(i=1,..,m) ’ - =1,...,n,m=1H) , . *
(“n “o) o ...(a,,at.) ~ , ' , e
—(o—-—-—n-[‘l,..‘.,p) ‘ (’a—'n—{—l i p,n—p=n —p)

1

L E
or (iv) max (B, 0) < ywhere f; =R [}(p! ~p+q——ql)——2a,—2 b+E e+ Zh]

m+1
@) (a, o) (o =(zb’i,~ﬂ.’ ) _
(i=m+, ) §1,...,m,p—n=m)
(aj’ uj %a-—-n +1, P )— ( bj ’ BJ (i=1,...,m', p' — n'=m'))
then the solutlon of (1) and (2) is given by
‘et v
f@)= —-}—.— f F(w) z dw, : e S EE (18)
c—ioo » ‘ ’ '

-where F (w) is glven by (17) and 4 is determined by
A<e<N-—1}.

‘ A Spetial Case v (zy =0

When v () = 0 the solutlon obta.med is more general than given in the above, the restrictions (v) and
(¢') of theorem 1 are not:necessary in this case. The problem is exactly similar to that conmdered by

Busbridge’ and her method of proof is fan‘ly applicable. N Y
Making v (z) =0 in (2), ‘ ‘
{T P(b:+ﬁg——ﬁj3)171“(1—'-—a+a/§) -
te =1 Feo) . 9
g_lp(l—b]_ﬁj+ﬁjs)ﬂ T (' +o5 — o8 )

and N'=min R Q. bifB; + 1, bj’/B, +1, asfas —|—1 ),(1 /t/ m, 1 gsm' n—{—l/ E<p'),
(1) and (2) transform into

—dtiw .
. ITI'(I—a,-—a,—{—ocjs)H ) F(l“‘“b"_ﬁfl‘*'ﬁi,s)
1 +1 . ds
- — : £ — =U(1—w)
» S—w
I r(—b— g T (1o —atas)
N—j—io ™! ,
B (u<N'—3}) (20
and
'N——¥+¢°O in’ N L
. ‘ HF (bj +8 _BJS)H r(“]'*”“] %s) SR
1§ .' =0 - )
L | e = @
17 I(a'+of —ay 3)-’7 I‘(b,-J,-p, Bis)
B " -
(>N —1%).
. msx | o

Settingd’—l/t<n(a;—*1 . e —1 ) . / -
lojen -— 41, . +1 <({<2Y 1}<c <4N' and

o
_applying an analysis similar to the previous cage, (20) lea;ds tg
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:; .

o' i q ' ’ w \
f’ ITP(l;—bj—pj—l-ﬂjw)HI_'(‘I—aj’——ocj'-l-ozj’w) RIS R
mtl ~ L U (1—w)— () SLE— (22)
[ . ¢ ’ ’ ’ S Mg |
LT T (—asstaw) T (1 Bpw) )
¢'—i m’

valid for z < c , M < 1 L = 0and max (By, 0) < vy, where B, = B+3(m' —m).
Now lét g consider (21) when N'—} < u <¢'. We deduce in a similar manner as in the ecaseof
equation (9), g

'+1w m’ , , l . 'p ) ) ) 14
: IIT® 48 —B's) I I'(dj+oj—as) -
1 F 1 Atk ) . ds.
m |t A —— s
' , II e+ —afs) II I (b+ Bj—Bjs)
¢'—iw n'4-1 . ) 1

HP(bJ +13] *BJW)H P(%—{-a,——a,w) : : E
=i =4 (ay). (23)
‘nﬁll‘(aj’—l‘-aj‘—aj’w) Hl Fib+8—pBw) B

The L.H.8. of this equation is regular for u < ¢, hence so is the R.H.8. For r = +,

. of JrM T ) o<1y s
ho) = b
o st W) (¥21), %

N p/ qv X : N ’
Wherem'>0and).'=R(2aj’—26j’—7'—%(p’—q')—|—Q1-’)0n the line o =c’

Multlplymg ¢y (w) by inverse of the coefficient of { (w) and wusing Busbndge 8 lemma7 Wlth
B=1y —e,whetey =min (X ,1), we see that -

nt1

: 8 —ytets  (B—1)]2
L Ju— | |ol (R er) :
‘where ¥ < z, (A depending upon 2 and §), 0 <8 < yY'—e a
, w By aj p' —aj m  —fj
M, =D Bl o Ha; 1O B <1
I 1 a1 Tk 1 ‘
\ .
Ba—R[%(p—p+n——n+m——m)+2aj +Z'b—2b —-Z'aj]

and
\

1= o +zﬁ,—zﬁ, —S«;—O
‘.n+]_ N

Taking z > ¢ and mtegmtmg the above function round the rextangle whose corners are the point
c—tT, ¢+, —T +4iT,—T —sT(T > |y|),weseethat .

—T4i7 ‘ T s

,vu'w ” f

—~TT —T—w
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) —'(Y':‘“"Bs) o : E )
are sl O( T ), and therefore, for max (B;0) <y,
: ~ c+iT

CWm 1 L dw o o
Tow o5 | 0 ,— =0, (z2>0). ' (24)
A c—iT' ‘ : »
) . ) —ire [v]
Let ¢ <z < ¢’. Since { (w) is regular for A’ <u < N’ and is O (e |v]| ), where « > 0 and

m oW q P .
P=R[Zb—Zaf/+2b'— I aj+r+H(p—y +0—nt+m'—m)—rQ] 4+«
1 1 w4+l nil :

We may move the line of integration in (24) to u=¢' and get

¢ 4w, B -
1 o : ,
= f o {(w) * ﬁé’ ={®. | (25)

" . Substituting from (25) into (22) we have

i g Tow
_ [ 41.71 I (1—b—Fi+fw) IT T ( 1—a;'—oj’ -o’jw ) dw
¢ (z) = 5;0 n : : q ) U(l ) w—z (26)
, I (l—gy—oto(w) I T (1-V—B5+w) - (z<c')
i 1 - C m+1 ) - .,,\

and then the value of F(w) is determined from (19) and the solution f(z) can be obtaine(i by‘using Mellin’
inversion formula. - = - ' : \ v

THEOREM 2

If ) r = >0, a>0, «'>0, (%) M1, (i) L, =0 and (i) max ( By, By, 0 ) <, then
the solﬁtiori is given by (18) in which F(w) has the value given in (19) through (26) and A'< ¢ <N' —1.

/s

Particular Case o .
Takingm:m’=1,n=p=n'f_—p’=0,q=q’=2, 7
4 =a' =0,b, =v[2+ a2, b =—v2 +«/2,b; =v[2, by = —v[2,

. —(a+1) al/2 1/2
a=Ppi=as=fi=1Lu(@)=2 z g(z), v(@=0

and f(2+/2)/2 \/_:-n for £ # ) and using the relation ,

10 2 ] . .
£ 3 @ =T (Tt o 1) (—s + #l 1)
‘ 02 : ‘

We see, after a change of variable, that the equations (1) and (2) reduce to the dual integral quuation's
_ considered by Titchmarsh®. The solution presented by equations (19) and (26) with an application of
Mellin’s inversion formula reduces to the solution given by Busbridge’ (equations (1-3) and (1-4))

EXAMPLES

n N v
Tet u () =zando(x)=2 .

L 1%Y ' L
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1

s o . _

U(l*”):f‘" "o = r((1ﬂ+:13)~ (0<p+1)
%0 :

- o - o

V(l,_8)= fw ds = T,—(P'l—(q:—;-*i—)g—) (o>v41) :

~and (.17)"gives

nr(l-b'—ﬂ, +,e,w) n I'(a —a,—aﬁ )

P - = [ty
' HP(I*'%'*%.'+41’W)Ii’F(bf'Jrﬁj'—ﬂf'W), :
Oim . q 1 :
1 I’(p—-s)ﬂl"(l— -—-ocj'—}-ocj's) I'II’(].———bj——ﬁj+,3}8) ool
+ ol ———ds | n dn]
. ’£(I+p.——s)171"(1—b,——ﬁj+ﬁ,s)Hl‘(l-——a, a5+ %8 ) g

Therefore, under the assumptlons of thelorem 1, solutlon is given by -

f(a) =1 By () 4 f(‘yz)ﬂﬂuy—lwfl) L,
, 0 o : )
where ) o
B =B DTl P Bt (B B 610, fu)
1@ ="y Ly (v—L1) (@t 1wt 1 )., (@p, «p)iaw,a'n)},
_ p —n' qr——'m w41, ( B'm+1, ),.-;, (Vg, By) ¢(b'm, 'm;. 3 ) ;
Hz (x) = H q;, p; ] ( T l a’n’-l-l, “'n,+1 ’,. . (aﬂf_’p', G'p )’ {(a'n’ )_} .
H ) o q—-m+n : : ( :6 { a'n;, d;n‘)}, (bm-]-l, 3 m--1 ) 1o ey (bq, ﬁq~ ),‘(p., 1) )
s (@ —' g—m+n'+1, ¢ —m'+nt1 (6—L1) (Vw+1, Bwr1)...,(0¢, B¢ ) { (@n ota)}

Aiso, with the same values of u () and v (x) , theorem 2 gives the solution

F@ = [ eyt Buien) B (y) dy,
0 \
where

p—n. ¢ - (Om+1, B'm1 ), ooy (B, Be), { (bm, Bm)}
H (ﬁ) = z r ’ ? .
¢ q7— m'+mp—n+n (@n+1; ant1)..., (ap, ap )y ¢(a'n a'n')}
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