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Analytical solutions of three problems using the theory of generalised thermo-elasticity are presented for the case
when the material coupling parameter equals unity (8=1). The problems considered are (1) Constant velocity impact,
(2) Daniloviskaya’s problem, and (3) Step in strain. Solutions are presented for the case of thin bars (One dimensional
stress) and are obtained using Laplace transform. There is a great simplification in the equations of generalised thermo-
elasticity when the material coupling parameter equels unity, which permits the straight forward inversion of the trans-
formed solutions. The solutions obtained are more general which includes the effect of relaxation time also. The

important feature of this paper is that the solutions of coupled theory can be readily obtained simply by putting the
relaxation constant equals to zero (8=0).

Among the most important technological advances of the last three decades have been the development
of nuclear sources of energy and the attainment of rocket-powered high speed flight. Severe stresses ma
be developed in a structure subjected to non-uniform changes in temperature. A knowledge of the thermal
stresses is of great technical importance in the safe and economical design of aircraft structures. The latest
advancement is the formulation of the Generalised Dynamical theory of thermo-elasticity.

In order to avoid paradox of an infinite velocity of propagation, inherent in the existing coupled theory
of thermo-elasticity, Lord & Shulman! generalised the dynamical theory of thermo-elasticity which takes
into account the effect of relaxation time i.e., the time needed for the onset of thermal wave. Their analysis
results in a system of coupled hyperbolic equations.  Dillon? solved the same problems-(1), (2) and (3)
in coupled theory and obtained solutions when the material coupling parameter 3 equals unity. There
he had given justification for this value of 8. He pointed out that there may appear situations where the
linear approximation to a nonlinear material involves this value 8. ,

The purpose of this investigation is to study the three problems (1) Constant velocity impact of identical
specimens, (2) Danilovskaya’s problem ofstep function in temperature, (3) A step function in strain as des-

cribed in3, within the frame work of the theory developed!, when the material coupling parameter
equals unity.

FORMULATION AND SOLUTION OF THE PROBLEM

Consider a long thin rod in which the only non Zzero stress componcrit is the axial one oy;. The
linearised equation of motion is

oy d'w
2Ty _tpo a 2 (1)

o

where u; is the displacement in the axial direction Xy, po is the undeformed density and ¢ is time.

The energy equation of the isotropic elasticity! is given by i
2% o0 220 ' e 2% ‘
K o, = p.Cp (BT + 7 3@ + (8 + 2#)°€To(—5—t + 7o 5;2*) (2
where 8 is the temperature incfement above the uniform temperature T,. K,Cp, o and 7, are respectively
the thermal conductivity, specific heat, coefficient of linear thermal expansion and relaxation time. A and

p are Lami’s constants. Equation (2) also assumes the axial flow of heat in order to be consistent with the
bar approximation. The constitutive equation for the isotropic linear elastic solid is '

(B + 2pu) e =ou + 32 (3 + 2) § 7 ()

For the case of thin rod

| Eey = ay + a0 (4)
Where Eis Young’s modulus.
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Substitution of equation (3) into (2) yields

2% _ 20 320 20 3%
B fmmno Gaor Skt (B 4n ) ®)
where .
o O -+ 3«2 T, (3 -+ 2p) .
— VD

Po

Equation (5) is more appropriate than equation (2), because only one stress component exits whereas

three strain components are permitted. The strain e is related to the axial displacement by the
definition . -

Ell‘ = %’Igi , . I . (6)

It is convenient to consider the above equations for the displacements, strain _or temperature which

do not involve the other variables. It is also convenient to have these expressions in non-dimensional
form. '

Now introducing the following non-dimensional variables

o =mla,r="Vila,u=uls

where | '
o =K[pyCoV and .V = (E[p)*F*"

2T ;
Coupling parameter (8) = ~°‘__3E o
\ po Lo ) »
| b
- Relaxation constant (B8) = ’_)‘.’E_GITTQK.

The above field equation reduces to the form ; _
W' —QQFpu —uw"+ 1 —BPu LBl —8ur =0 : )]

Where primes denote differentiation with respect to x and superposed dots denote differentiation with
respect to time 7. . ‘

In a similar manner, we can deduce the stress equation and temperature equation in the form
011///1 _(1 + ﬂ) 011“” . 011.11 + (1 . 3) oyt + ﬁ (1 . 3)0’11' e 2z () (9)
and . ,‘

ollll___(l + ﬁ)o..ll__o.ll +(1_ 8)0 ...’+B(1___8)0.... =0 (10)
which of these equations convenient depends on the boundary conditions of the particular problem.

The following equations can be obtained from the foregoing basic equations.

0l =u —u (11)

aB0 =0y —ony - ‘ (12)

aE@ —0 —po) =280y +pdoy"" (13)

b (1 —38) +pl—8af =u"— (1488 u " —8u’ . (19

In order to find the solutions of the problems, Laplace transform technique is'used. Let capital letters
denote the transform variables and p be the transform parameter, thus

Uz, p) = :fe—P' u (%, 7) dr. (15)

‘Similarly & (%, p) and 6 (x, ) are the Laplace transforms of
oq1 (@, 7) and 8 (z, 7).
Now we will consider the three problems,
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L

CONSTANT VELOCITY IMPJACT

C_onstant velocity impact is equivalent to the motion of the one end of the specimen. moving ata
prescribed speed V,. The corresponding mechanical boundary conditions are ‘

0 forr<0 7
W0 = | o (16)
‘ .7 Vorforz >0 ‘ '
and when symmetrical specimens are used, no heat flows across thc; surface. i.c.,
| | ¢ (0, r) =0 | | | | (17)

“The initial conditions are assumed to be
u(x: 0) =wu (x’ 0) =u (ib‘, 0) = u (w, 0) =46 ( 0)=0
and the usual regularity conditions as x approaches infinity are used.

Applying Lapi_a._ce transform and proceeding in the same way as in Dillon’s?, we get

U= —————————ZQ(('\:%—_I:?I) e~ — -———————I;g ((2‘\2;2 :1;2 Je—de (18)
when 8§ = 1, Ay and X, are given by
N=1Ip(+Ap+ DR - N
de =0
The strain is given by : ‘ . '
U=~ AF T ¢ W AR L@

The inverse transform of (20) is well knownt and is

w @7) =0 when0 < 7< \/mw

14 S - g . 21
=_...‘\/°1+B>e“[‘r/2(1+ﬁ)] TO[—\/Tz_(1+B)x2/2(1+ﬂ)] (21)
when » > 4/(T + B x
Where I 4 is the modified Bessel function of order zero,
The jump in strain at the wave front is given by
14 P R
B TR - @
The temperature becomes ’ '
- 121
o - Vv (7 + 15)"] o
L+ plp+1/1 +p)) [P* +2/(1 + AP2VT ¥
Vopj,e“W‘1+ﬁ”“1"’+1’/‘1+’3"”1 ' .
CF A FP o T+ 20+ PR
_ V,x ’ _ ‘ VBpw A : —
TR [pH(1+A] — O+ A+ UIFA)T (23)
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Taking inverse,

—'r/(l+ﬁ'){ | f ki

io_ - _ € ‘x— 1 e2(l+B)-
Vy rT+p [ V1i+8 V146«

B o —(1+8)

e e

1 Y. b
‘IO{,m vV7©P—(1+B) wz}d" Y +(1+ﬁ)2

1 . TS
o+ g | O Lol VAR |
'\/(1’4‘3)1' . '

when¢$V(1 —l—ﬂ)a:

=TT (Hjﬂ) T ST P
(L4+8) TAFER )
whenr <+/(1+B8)z : (24)
The stress is obtained from (4) as , ; ]
all(wsT)=EVoe'—‘r/(l+B)';—- __._w_.____ — ﬂ.’b

L TFE) TAFRE T

gf(lfﬁ)l 1 ) - é',
— TEF & s VPO F e | +

r

4] { I B }f Cen21+p)
VItE (T8 ~ T+pt)vivee

1 —
I, {m V7 — 1+ B) wz}} dy

when 7 > \/ﬁ—ﬂ—w \

—7/(1+8) x B
= E V _ —
v [ TR T |
wBenr<\/(1+,B)x (25)

DANILOVSKAYA'S PROBLEM

The problem considered is that of a step function in prescribed temperature on the surface x = 0
and no stress is applied on this face. There are no infinite stress, displacements, or temperatures in this
problem, and the infinite bar is completely permissible. The boundary conditions are '

o1 (0,7) =0 ,
60,7) =0, =<0 (26)
T]; T > 0

and the usual regularity conditions at x = e and quiescent initial conditions are assumed.
Using the Laplace transform and proceeding in the same way as'in2, we get
T,(1+ Bp). o, I B+ g T

(27)
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Inverting above equation by using tabulated pairs5, we get -

1. =) — %
6 (z,7) = “ [ 1_e~u+m] [e—wlzwl O+ i e A

2 : o :

| gV r—>0+ B || } -

[(1+B) ]}d,, P+
vr—=Q1+hat J

BT, f' - { gy 20 €W LE
SN ot T e~lr—nA+p) | e—IVIFE + —m——.
1+ g) ~ ' V1 B
8 s o h{ S

Il [ (1 +2B) ’\/’72_'(1+B) z? ] : d‘f) 1
VA= T P |

+ ﬁ

o=l B - whenf>vm*p‘)‘ s

Y
"y

—(1—n)l(1+ﬁ) —-nlz(\1+p)
1+B)x~« \/(1+p) ‘\."_{‘;‘

1_|_51/n ~(+ﬂ)w2
VA—(1+8)e

_l..

L T |
N

Tlf e—w-—«wuwmqf % a1+ 8)
J vV (1+ B8) o

2 | | ,
A ﬂ“”z] l n +i~(“%}“p) TR whon s < T F B (28)
vV —(1+ B)a?

The stress pr§duced in this proBlem is obtained from equations (13) apd (27), as

_ . «ET, o ot | AR
P ; [1_6-—[(1+ﬁ)p’+p] x] L -

[T+ (1+ A7 &)
Inverting, we get

» 7
BT, | e—'-f'(l+ﬁ)_J' | g (T =148
148 '

Gll(w,"')r =

“/(L+B) =z
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[ . —EVITE 2 , A +B)
\/1+B

[(1+ﬁ) V7 - ‘1”’”‘2] in |

Vg — T+ B a2 o _
| when-r>\/z1_§)w o ' (30)
oET ’ |
= 1% ’ﬂ) [e /(L+ B) — f e——nHi+p)
: VITFpe
[.___21’__ e—n2a+p) LI+ B /7 — 1+ B) w“‘]] d,,]
vi+ B VE——-(i_ﬁTw_z

when 7 < VI +B) +ﬁ)w'

STEP IN STRAIN

This problem was solved3 for the half space and for small 8. The boundary condmons are

B , o, <0
S . .7 _(Q,T): e ‘ e (31)
) €ps >0 T : 7
and 6 (0, 7) = 0. “
and the regularity conditions at ¥=qo,
Using the Laplace transform and proceeding in the same was as in%, we gpt
when 8=1.0, the strain is given by .
r__ i — » 1 S ». E .
U =7 e~ 1+ p*+ PP g - . (32
Inverting, we get
T r .
. —_—
w' (2, 7) =\J- | e—%Ry/ 148 -} — 2:” — 214 p) *
) - VTR f
V1+pz
Lty vi—ame |
1 1+ ﬂ 7 —( + B) @ i
e
: when + > /(T B) 2
f - o S Iy 1
. f e /2<1+mI [1+3 ! HM | a
= € —
' v V=1 + Bt }”
Viitp 2
when 7 <4 B)a. (33)
The temperature is obtained from equation (11) : ‘ '
aff =U" — pz U o ' ; .
§ = [ ST ]—m+ﬁp=+w S
R A (R PR R ((Eay P 34
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Inverting we get

ab = ey (1+B) [f * [1 = (Lt ) J [ 248 4

V(itp =
f 1[_>__2__ FTAT R |
+ ’Le—n/2(l+ﬁ) 1 1+8 v J d
\/1+B : . ,.4\/,?2_(1+'3)x2 ] N
' when r > 4/(I:f- B) @
= (l+ P [ | [1,—e~<v-n>/<1_+ﬁ>] [}713% ¢ = 2L+,
' VTR # ' : .

2 AR
——— (1 ] )
L[ 1og VA @FPs ]dn]
Vi — (LF B & |

when < A/(T+ f) = (35)

The stress distribution can be obtained by using equations (4), (33) and (35). i

DISCUSSION AND RESULTS {

The strain history of velocity impact problem for the value of §=0, §=0.021 and for x=0.2 and
x=0.8is shown in the Fig. 1 and is compared with the existing solution of Dillon%. From the Fig. 1,itis
evident that the present solution deviates slightly from that of O.W. Dillon’s, which shows the effect of

4 [
£ <
1 1

STRAIN (U/V,)
®
T

- 0rds
03 J
- 02 - T T T T T T T T 7 T T T T 1
05 W5 25 35 &5 55 &5 %5
> TIME (T")

Fig. 1— Problem of velocity impaot.

relaxation time. It is also observed that for‘lar'ge values of x and 7, the solution obtained in this problem
is almost same as thatof O.W. Dillon’s, which shows that the effect of relaxation time will be felt only
for small values of x and 7, A .
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, ~ CONCLUSION ‘ ey

The solutions for the three p}oblems 1 (1) Velocity impéct" (2) Daxlxilovskéya’s problem (3) Step in strain

are obtained when the material coupling parameter equals unity (5=1), using the generalised theory of
thermo-elasticity. The justification for this value of 8 was given by Dillon2. The solutions obtained
are more general one. The solutions of the same problems in coupled theory can be obtained as a parti-

cular case from the solutions by putting =0 in equations (20), (23), (27), (29) and (32).
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