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The effect of viscosity on the axisymmetric stability of a radially accelerated cylindrical shell of plasma in the
presence of & solenoidal magnetic field has been investigated. It is found that when the Reynolds number as well
as the dimensionlass wave number is small, the gystem is unstable and the growth rate of instability depends upon
its acceleration. This is in agreement with the experimental observations of Dickinson. ~

Considerable interest on the problem of stability of a radially accelerated cylindrical shell of plasma
in the presence of high magnetic fields has been shown recentlyl:2 as it leads towards tte success of ther-
monuclear energy generation. The idealized theoretical investigations of several authors®? show that
such a system is unstable against small perturbations. They%7? attribute this instability to the neglect
of viscosity and finite conduetivity of the plasma shell.

This paper deals with'tne effect of x}isi:osity on the stability of a radially accelerated cylindrical plasma
shell of finite thickness, in the presence of solenoidal magnetic field, against small amplitude axisymmetric
disturbances. - '

We have set the problem as an initial value problem. We assume that the shell is moving radially at
a uniform rate before any disturbance is imposed on the system. In order to avoid cumbersome analysis
we have considered only those disturbances for which the Reynolds number ‘R,’” and the dimensionless wave
number £k, are both small and have discussed two eases of interest. In the first case, we have taken
R, =k, = € <. < 1, and have expanded the amplitudes of the ‘disturbances in powers of ¢, neglecting
terms of the order of 2. 1In the second cass we have assumed that R, and k, are of different magnitudes
of smallness and have expanded the amplitudes of perturbations in powers® of R, and %, neglecting
terms of the order higher than the first. We find -that the imploding shell as well as the exploding
shellis unstable in both cases. This is in agreement with the experimental observations of Dickin-
son et, al®.

INITIAL STATE

Let at time ¢ = 0, the inner and outer dimensionless radii of the shell be 1 and 8 reéiiectively.
The dimensionless magnetic field in the various regions of the system is

H= (0,0; Ho) ; 7'<1
0,0, H) ; r>B

8))

where 7 is the radial co-ordinate and 8 is the ratio of the outer radius to the inner radius. The regions
r < 1l'and r > B denote respectively the inside and outside vacua. The dimensionless plasma pressure

is given by » o
2 o
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In passing we note that for non-dimeusionalizatiorn, we have made use of the following characteristic
quantities : ’ , -

‘TLength = Inner radius of the steady shell”
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oy [ Rate of 1mplos1on or explﬂsmn
Velocity LT Inner radius -

Pressure '.- Denslty X (velomty)2

~ Meguetic ﬁeid = Umform axla.l mmgnetm ﬁem ml < a: <: ﬁ. S

Startmg mth thls mltxa,l stata w "f e 5 zadzai Velﬁét%ywjf- tot}wsystem and calculate the physieal . -

and the dynamical state at any tlme t# 0, T’he ehmensmnless ‘set of solutlons consistant WIth the Vo
- equatmns of motioa and the boundary condltlons at the boundaries of the system is :

{a) E:vplodwy shell (tv> O) S

Plasma (R@\,\’)‘ Ro) R e B R
R = 1+4263R¢ = Ph2t

" v ,=.[_,7z'0>0],;11,

A

Inner vacuum (r < B) : \

H;‘,= -0,».9\’ —~R:2—]
- r H.
E; = 0,%{—,0]
J*= 0 "_""'——-—rl 0]1 " s
B - ‘R‘ B - at gy = R. i
q*= 0 ) }— s
* Outer vacuum (r > Ry): R Y §
H = _’0,” 31‘- = ,:Ho]‘ : o : : B
- T fH “ : r; o {t)
E0= -O,T,a3(t) log T—— 1322 ]
- [ ‘ — oy (£) ]
*= [0, H —1, —2— -
RS e SRR I [ SUPIS S
A= L
h “2t)_2R2 [—1 1 __2_.
where (=28 |2y — 37 t mar t
1 Hp 2 (H2—1
,“L_z‘(%-—; R.-4f)“-“ R; B2 _( 2 )] - GO

, S>> > > > :
where o, H, E, J, p, J*, ¢* denote the ﬂuid velocity, magnetic field, electric field, ourrent density,

R



Buar, e, dl., Radmlly Aoce]era‘oed Cyhndnca,l Shell of Plasma

fluid pressure, surface current denmy, and surface charge density respectwely The subscrlpts sand 0
with a physma,l quantltv denote 1ts value in the inner emd outer vacua respectlvely

(b) Implodmg shell (t < 0) V :
- In this case, the solutlons are obtamed from (3) by changmg dlmenswnless time ¢ to ey,

PERTURBATION EQUATIONS

At any time ¢ = ¢, (#0 ), ‘we apply a small amphtude axmymmetrw dlsturba.nce of the type |

X ( r, 1) = X (r, t) efa? to the system wh‘ere k is the dlmensmnless ax1al waye numbers and K the dimen-
s1onless axial eoordmate ’ ; L

e e e - e D

e N ) “..; s -

; ~ ;ri & o s s
Let e:, p, H E’ and J denote the perturba.tlons in the veloclty, pressure, magnetw field, electnc field
"and current denmty respectxvely The Imeansed set of equatlons in dlmensmuless form determmma

‘them in various regions of the system is : - - 2

e N e T e

Plasma ‘
3 ~ o M
T T ,(?, oV )v"":i-( v+ VT»-Q_, =+=Vyp+
e EEUNRE + M {Cur1H° X H..»{— CUIDH—X He) +~— Vv @)
~ - " - . _': R PR g CE ) _ e . P
> 5 R o
QH , T T ~..+~~ £y - et -
—a—t——_:(}url(v“ X H)+Cm‘1(v><H°) : (6)
dv H=0 . m
—: g - - Jad .
E=—{vx B +o x H) e
where M — Magnetic pressure ¥ B = Rate of implosion or explosion

Pla,sma.«pressure , Coefficient of kinematic viscosity

and 'v° and H° denote the unsteady state veloclty and ma,gnetlc field respectlvely

Inner and Outer Vacua

p i _: R
| TR E=b e T
‘ Curl/H = 0_ N (10)
o | ;
> . i .7 c I o
Curl % = ..33_ : | -

4



ey

Dy, Sat. J., Vor. 23, A 1073

G e A B e G e S a9

The set of boundary conditions to he satisfied by the perturbations in the linéarisec} form s as follows : :

no-[y] + n[ﬂo J=0 (13)
i o3B3 we

- "—") 3 e > 'l ‘

wx [F]+ax [B] =u [B]+e[d] - an

s S X e - - o = ‘:;l :

ﬂﬁ[p]-{—n.[p"]=,J_*'><H°+J“*XH+9*EQ+.‘I°*E (16)
L BRSBTS e
n"[E‘]-}-n{E“]..-: Ty

- e 35 s o~ - v
om0 vt .vr'v"’=u“' y o ‘ (18)

where «® and p stand for the velocity of the boundary in the undisturbed state and the stress
tensor, respectively. Further, the superseript 0’ with a physical quantity denotes its value in the unper-
turbed state. : , e ' o

The equations to the disturbed boundaries are

r=R; o [ S« () ]g,deiklz , ‘ a9
ek R e . ‘ ‘
" where (3,) stands for the displacement of the boundary. The perturbation in the unit normal to the:
surface is o P i
P * " T
- o= '['020’ — ik (82)i,o e"”‘z] R == (20)

PART ‘A’
SOLUTIONS FOR R =k < <1

Here we shall solve the partial diiferentia,l’“equa.tibhs (4) to (12) under the assumption that
R, =F, =¢ << <1, asthistype of disturbance is of particular interest in such problems. - We set

A A =

A
X=X,4c¢X +0( , (21)
and evaluate )}o and ./?\{; from (4) to (12) and (21).:
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(@) Solutions fm‘ Expladfmg Shell
The zeroth order seu of soltmons in thls case is as follows
Plaama : '

-~

-f) : 'r ; ’ :
'v(,:’ 0,0,Fs(t)}

A ) . -
- [ ‘
H,= ,0,0,0} |
A,, L.,

- o

}’o == ¢5 (t) JIV' .

. where Fa (t) and ¢; (t) are a.rbltrary functions of integration,

- Inmer vaouum :

(), *l“’,(l-ﬁlgrt>*'?,"] *
(SR‘)O =0

Outer vacuum :

(B = [o-00]: (3, =[ 22200 cmamo

(8 R )o and ( 8 Ry ), are the zeroth order

where Q,, (t) is ‘an arbitrary function of integration.
displacements of the inner and outer boundary respectwely

(b) Solutwns for Implodmg Shell

Raaiany,Aecelemtéd Oylindrical Shell of Plasma -

(22)

(28)

@4

* The solutions for imploding case are obtained from {22) to (24) after changmg t to—¢. The first order

set of solutlons after making use of (22)to (24) is

[{———- o+ Thof B

{*— Fiy (6 + 6.0 logr + 4 (”}]
> EAUN

—
El—{_" \T

- Plasma :

)\n

= LB )+ () o}

L g

o

where é, (t), B3 (), B3 (t) and ¢, () are a,rbltrary fungetians of mtegra,tlon and Ay is & pure constant,

49



Dzr. Sct. J,; Vor, 23, Arrin 1973

A - , . )
>\ ‘zér .
| (H‘)i - {_ 2(1-|f2t) 0.4 (t)}l " (56\

(§J;=i{é; ox dt“&m}

A
(), - {20 n) |
g @n

(5), = [ 22, 2 0]

r o

Inner vacuum :

Outer vacuum

where I, (t) ; 1, (t my (t) m4;(t) , mg (¢) are aFbitrary furetions of integration and E,; and &, are pure
00 stants ; o ' : :

DETERMINATION OF A.RBITRAR'Y' FUNCTIONS OF INTEGRATION

 After applying the boundary co. uhtlms {13)to (18) upta—thls mder of approxxmatlo'l we hav‘e the i
- following set of equatioas from Whlch we.detérmiae the arbitrary functioas of time occuring in the solu- -
tlons (22) to (27) s

o~

\ " ;__. iy (t,__o gnmﬁ_ﬂk»f
() = 0, By = — ’% : ;; BTN G e
‘Zﬁgig o ‘”“f‘ o= R
#s (0 +zsl+2 tf%(g) _ 1:}” - o )
| %g +'_%% ="’.—:‘i§"‘s’,'+%;‘¢1(t) _ | .‘ v (30) |
L kit 2;;:)_;; o e
%AF%=HJ%%+¢K) ‘ | 4 )
mo = 50 {—inn0 +n.l;?1__’;1 0} )

- h } (34

where 1 = (8 Ri)y and yip = (5 By), are vthe“ first order displacementé' of the inner and outer boundary
respectively. ' _ oL BN

’?‘4@ = Hy R, {_ SELS Fy () + 5

From (29) and (31) we get

. B - H i ' .
L ko= 2(32"11, Erzo @

iy,
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Again from (31) and (35) we have
H, ¢

| sty = — ¢ 8 — TSTI:T ~ (35a)
Making use of (35) in (30) we get
- 1 ) -
Ty = _\/‘—Tﬁ[ 2+2—<§2——(§2t+t2)——(t+92)31 ] (36)
where s, isan arbitrary constant of mtegratlon. (3 .4) and (‘%5) yleld
1 . .
Yo = —\/ﬁzz—;@[ 83+ w_,_) (Bt + tz)— 7 Sl(ﬁ’t-l-tz\] (37

where s, is 2n arbitrary coastant of integration. Similarly from (33) and (34) we have

1 1 T T o~ -HE 4
ms(”=[ (BF21%2 7 (1+21372 + R,(1+21) +( 1= ( +2t)2)""R (B+2n

— g | [ VEFT st gy VP +2t] @
and '
m4()—Ho[———-(ﬂz+2t)+2(ﬂ2 T Y] S
CONCLUSIONS |

" (a) Exploding Case

In this case t can take any Va,lue > 0, we find that the zeroth erder solutions (22) to (24)
are bounded for large time. The first order perturbation in the magnetic field inside the plasma
shell is steady and therefore remains finite as ¢ - co. Further the first order velocity field and the fitst
order electric field become unbounded as ¢ > co. The electromagnetm fields in the inner and outer vaccum
increase as time advances. Thus the exploding shell is unstable against small wave number disturbances
at small Reynolds numbers and the growth rate of msta,blhty depends on the rate of explosion. This isin
agreement with the experimental results®,

(b) Imploding Case

Ta this case the inner vaccum of the shell is extinct when ¢-> 3. We find that the perturba—
tions in the velocity, field, electromagnetic fields inside the plasma, and the plasma pressure
remain bounded as ¢ - §. The perturbations in electromagnetic fields in the inner and outer vacuum be-
come infinitely large as¢—>%. This shows that the imploding shell is finstable and the rate of growth
of instability depends on the rate of implosion.

PART B* =
SOLUTIONS FOR R, £ k WHEN R, AND L ARE SMALL:

Tn this section we shall discuss the perturbatioas for which both B, and %, are small but of different
orders of magnitude of smallness. This approximation helps us to separate out the effects of small %, and
small B,.. Thus accordingly we set

A
X=X, + k X1+RX'+0(R82,1,RIc) (40)
and evaluate - : : Xo , X1 and X 1.

After making use of (40) in equations (4) to (12) and separating the various order terms of the same
ordsr and solving ths resultmg partial dlfferentlal equations we obtain the followmg sets of various order
solutions, ;
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Emplodmg case: The zeroth order set of solut;ans for the three regmns of the system is g;ven s ‘
by (22) to (24). e S
Sotutms of (}rder L
: Phem ’ o

_{__._F(t);F: i‘(t) iy 10(@ F(t)lOgr—i—F(t)}

’ «'}';1 {m ,0, 9- fF ([V dt} B o . b
B L A ‘ T . 5 |
5 ={ M"*MF D0 5 fF(z)m o)

bwhbre F (S), F ), F, (t), Fg () and Il'm (t) are arbltrary fﬁnctmns of tlme a.nd %1 18 a pure constant,

Inneramtmtermm cio o “" L P
- "The solutmnsare the same as (26) alﬁd (2‘7) respeetweiy. Gt s
",dew afOrder Rg ;
; Plawmm:
R

{Flz(t);—_ Fnr(t) ‘ an IOgr} 4

A : . ,
-> . -
Ell, =; {ﬁ,j...zl_;ﬁ)_’()} B ‘ R

1l

B Y ‘ e 1L B 9)
BRI ’ '**' _ .y dl"u
| | (E’)i*{o’-’f,T’”‘a(t’}J

Outer vacuum ¢ =~~~

()= (om0
i | | (44)
(), = { Lo, 20 50}

~ where Fy, (t), Fio (8) 5 pyy (), gy (t) /\13 (t) A (t) and Ags (t) are arbitrary functions of time and Al, ‘
4;, and 1‘}n are pare consta.nts ‘ : : . : °

‘ The solutions for lmplodmg €ase sre obtamed from (41) to (44) after cha nging ¢ into (—t)
0 |
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’DET“ RKINATION QF ARBITRARY FUNCTIONS OF INTEGRATION

the boundarv condltmm (13) to (18) at the perturbed bounda,mes(lg) to. (41) —*(&4} we have

g s , ; P 61
FR ‘ ,“,11_'-‘*'#

() =0, Fw(t) =0

By =— ’—;— () = Ezz =0 F-, <f> =

' ms(t)—() Ty (t) = 0 Fe (t) = 0 $ (‘5}
o t"’ T Viveeo
-y "1( V1-1!~2t_',7',"‘7": R
"where 64, c5, cs are arbxtrary constants of integration and il
’ #y = (B Ri)i» Yy = (8 Ro)1
Fu&her : , :
U
F T Cown
CAF Ay F ) . R S |
-%———logR.-_'—%‘r—Fm(tH 2(1+2/) {Rt"’-t-Ho}, © 48y
k &%3‘ P13 Fyy () o o,
T T RE TR | (49)
: Fyty \ o ‘
A15="‘_7131_é-)”><°‘s(t) (60)
‘ 0 ) ‘ .
H, py (B A, @) o
—,rzf’ O+ FH= = 1;% E (61
dF F,, () s R
n 10 Ro Rlo() F12 (i) ‘ 6y
df‘/ls L Y Fn (’) Ly Eo / b
where @y = (8R%) and gy = (3R, H |
Eliminating Py, (f) from (48) and (52) we got ‘
aF 1 1 Fuly Hyl, (1 +¢
__d_tlL + ( oy ¥ ) . 11R) . ol ( ;e (54)
log —Rg‘f— (14212 log?‘.’— ,
(3 {3

Solving (54) for F,; (t), we get

BR+2f H ) 1 «
F,) = {log _li“—_l-i-:2—t-} [—- ___0_1_1_{10 (142t — —l—q_—z'—t"} +T1] (55)’

where T, is an arbitrary constant of mtegratxon After making use of Fy, (¢) in (47) to (51) and (53)
we can obta.m the values of

gy (€) 5 Fpp (B 5 T13 5 Ags ), 7‘14 (ty and Y13 @)
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CONCLUSION“
* From ot sohitlons we ‘note that i in the exploding case, the velocxty, the plasma pressure and the elec-
tromagnetic fields in the outside vacua grow as ¢ becomes large. In the imploding case when ¢ — 1, the

disturbance becomes mﬁmtely large. Therefore, the exploding shell as well as tle imploding shell is
unstable. The growth rate of 1nstab1hty in both cases depends on the accelera.tmn of the shell.

ACKNOWLEDGEMENTS

- The authors are hlghly thankful to the authorities of. College of Military Engineering, Dapodl Poona-31
for their help and encouragement throughout the preparation of this paper. They are also grateful to :
I’rof K. R: Karmarka.r fot }ns suggest;o s and usefal dlscussmns ‘

: : S REFERENCES
1. Lawsox, J.D., Proc. Phys. Soc., T0B (1957), 5. :

2. 8prrzms, L., Nature, 181 (1958), 921. '

3, Tmnmsxn, P. Ia, Soe. Phys. JETP, 5 (1957), 301 ,

4. Fowras, C.M., GrAM, W.B. & Carip, R.S., J. Appt= Phys.; 31:(1960), 588.

5. Lixaasr, J.G., J. Appl. Phys., 82 (1961), 500. :
6. Hannis, B.G., Phys., Pluids, 5 (1962), 1057, - o
2ﬁmmmmmL&BmmPKIMcmwa¢@uMmAua%&us

8. Brysamin, T, B., Fluid Dymzmw Transactions, 2(1965), 383. }

@ mcxmsou, H., Bosrick, W.H., DiManoo, J.N, & Kostov;§., Phys Fluids, 5 (1962), 1048,

b



