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The problem of determining the geometry ofslender,axisgmmetric missiles of minimum ballistic factor inhypeqsonic , . ; 
flow has-been s3hred via bhe calculus of variationsunder$he tbssumptions$h&t the flowisNewtonian and- the surfsce- . 
averaged skinifriotion cosllicient is constant. The study has been made for oebditionsof given length and d i s d r , ' L  ' 
@;ivendiameter and qurfaoearea,andgivensurface areaandlength. Theearlierinvestigations" where-only regular s b p s  
were determined has been extended to Cover those class of bodies which consist of regular shapes, followed or preceded 
by zero slope shapes. 

- 

The problem of fiading the missile shapes of minimum ballistic factor in hypersonk flow was previously 
treated by a number of authors, viz., -Bemanl;- P*kT %<le & Humg3, Heidmann4 and Taw&ey & 
Jain6,6&7. In a recent paper fain & Tawakleys gave a variatioaal solution foi.exAr&sin@he sum of the 
products of the powers of several integrals and applied. the same for Clnding missile geometries of minimum 
ballistic factox for the three cases when my two of the three geometric quantities of th6 i & d e  via., length 1, 
&meter d and wetted area S are known in adva.nce.Those class of shapes which are oontinuous and having 
positive slope everywhere were discussed and it was found that the solubions were v&& upto certain 
critical values of the friction parameters k, (= 4cf 13/d3), when I, d are'hnowrr, k2 (E 4 9  @/PS #), 
when S, d are known and k , (  4cf 2 k/SS), when S, tar& kB0wn. In this-paper the fesults have been 
extended to cover these oases where k,, kz and k3 exceed these upper limits. This - involves , - -  msiderkg those 

of bodies which may have diswntinuity ia slope. Iqthe I, d given cab ah mlytical solution has been 
ob thed  instead of the nurnerhl solution as proposed by Niele & Huang3. -- - 

F O R M U L A T I O N  O F  T E E  P R O E L E N  A N D  T H E  N E C E S B A R ~ ~ C D ~ ~ T I O N S  
F O R  E X T R E M A L  S O L U T I O N  - .  

A -- 

Under the assumptions that the flow is along the axis of the missile, pressure d,istribution*obeys New- 
tonim law and the surface averaged skin-friction ooeffioient is constant, it -w&-&m8- for findbg the 
minimu b a s t i c  factor, shape, the following three funational eqressiom have tVbe minimised. 

P 11 IL c - = -  
a8 + k l  (1, d) given 

13  

s3 l1 13~- 1 2  - - C---- - 
?,a d6 + 4  -&- (8, a) given 

I ,  
7r2 15 I1 

Q ---A 
S2 - IP2 (s, C) given 

I a 2  ' 3  
-t k3 - 

. 13 

where -.- -- -- - 

X ( = x/l) -ard Y - y being dimensionless coordinates of the missile. (= :  ) 
Now since we are oomideriag the ~ossibility of the mimile' having a zero-slope shape, i.e. Y' 2 0, this 

inequality may be written as 
y' - 2 2  = 0 
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where Z (X) denotes a real vtuciable. 

Aomrding to the theory8 the necessaarp condition for extremidng functiond expremions 1 to 3 is 
identioil with extremishg a new funotiwal of the form 

where F denotes the fundamental function 
F = p1 Y Y ' f  & Y f lrc, Y2-v(Yt-2%) 

Rere r P Y (X) iB a variable LBgraage multiplier and n, k, pa are castant multiplier dete&ed8 
for $he tMee oases aa 

Alh , 

ha + i4h1 

kt &ha I (1 ,  d)  given l6) 
= & + 7 c , A 1  

~. P a = - &  

A, 
Pl = 1 Jr 42 A1 Aaa I 3A2 + k, hi A2, (s, a) given (7) 

= 1 + k, Al ha2 1 
1 - 

p a = - - &  . - 
5 A4z 1 C"l = + Wl 

2 A 2  (kdl -A4,) \ (8,l)  given (8) 
= A4% + &Al , J = -A8  

where 

b m  the oslouhs of rnriati0m it is b o a  that the e x t r e d  solution must satisfy the Euler equa- 
tions 

6p1YY'YM+2,y'3-  p2-2p,, y - V ' = o ,  Vz=o (lo) 

The seoond Euler equation admits the solution 

v = O o r Z = O  
the first of which is d e d  a regular shape and the seamd of which is &led a zero slope shape. The extremal 
a m y  be wmposed of one or both of these. Since the fundamental function B does not contain the inde- 
pendent variable X explioitly, the first Euler equation admits the first integral as 

2 p, YY*S- pa Y  - p3 YZ ==C (11) 
' where o is a oonstaat. 

If the extremal arc is composed of more than one aub-aia then the comer oonditiobs 

A yy'a) = A(3 p, YY'S - V )  = 0  

must be satisfied. Here A(. . . . . . . .) denotes the difference between the quantities evaluated immediately 
&r and before the oomr point. 
12 
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The first exprewion implies that the value of e does not ohauge aaross the oow point, Also the two 
exprecrsiom admit the pair of so lu t io~~~ 

and 
Y # O ,  v = O ,  a Y t = O  

These solutions imply that, (i) a disoontbuity in slope can occur only on the axis of symmetry a d  (ii) re- 
gad,les j of whether there is a discontinuity in slope, the relation v=O holds on both sides of tihe coraer point. 

For the extremal a o  to be minimal the Weiergtrw condition 

&' = pl Y (Y*' $ 2Y') (Y*' - Y')" v (Y*' - Y') 2 0 

must be satisfied. Here unstarred ggmbols stand for the extremal am and starred symbols for a wmParison 
arc. For the regular shape, since p1 is positive for all the three cases [see eqns. (6), (7) & (8)], the positive- 
ness of E is ensured as 10% ag Y' and Y*'. satisfy the constraint (6). For the zero slope shape, the posi- 
tiveness of E is ensm'ed provided v > 0 everywhere.-Thus, we have 

Y' 2 0 for regular shape 

v )I o for zero-slope shape 

v = 0 at the corner point 

T O T A L I T Y  O F  S O L U T I O N S  

Considering the zero slope s h e  Y1=O, i.e., Y = coast., the Euler equations (10) gives 

vt=-(&$2p&3Y) 

whioh may be integrated as 

' V = - ( P ~ + ~ P ~ Y ) ( X - X ~ )  . (12) 

where b u i b  0 represents the corner point. 

&om (12) we observe that the tramitio~ from regular shape to zero slope shape a d  vice vewa will 
oaour when 

c $ ~ ~ ~ o ~ ~ y ~ = o  (13) 

Also(12)indicates that along the sero slope v varies linearly with absoissa a d  so it caa vanishat odY one point 
of each zero slope shape a d  this is the corner point. This implies that the regular shape can be pre~ded or 
followed by no more than one zero dope shape and the equation of the zero s10pe.shape only be 
Y = 0 (a spike) and/or Y = 1 (cylinder). 

If Y = 0 be the Be& slope shape then from (12) & (13), we muet - - have p, > 0 and o = 0. 

If Y = 1 be the zero dope shape then again from (12) & (13), we must have (p2 +- +pa) < o and 
c + pz 3- Pa = 0. 

Sinoe no more than two corner points and three sub-arcs om exist, the totality of e ~ t r e m a l . ~ r ~ ~  an. 
aists of the following four oltasses of bodies. 

Chss I - Bodies aomposed of regular shape only (v = 0). 

Class II  -Bodies composed of a spike followed by a regular shape (f = 0 -+ v = 0). 

CLa III - Bodies oomposed of a regular shape followed by a oylinder (c = 0 -t r 'a 1). 

Class IV - Bodies oomposed of a .  spike followed by a regular shape followed by a &linder 
( Y = O + v = O - + Y = l ) .  



. - .  . * - -  - - . -.-- - - . .  - -  7 , - - -. 
The atxig&ekdf- ~ & e  ektremd arc h o f 0 h 8 . t ~  &I witl; thi he$ of (1 1) c+ be reprehqnted 3 -  - by tho ' 
equations - . .  '- * -. - 

Y = O  A 0 < x < Xl0 
- 

- .  - 
x-XI0 - 0  - . - - 1 - x,, 5 x < x,, - - X@,-X1* 

(14) 
.- j -Y' (?-+ - - Y +  . p 3 : ~ 2 ~ - + * a ~ -  

.- .- -, ., , . Q 

Y = l  -. - - - - -Zzo < X < . l >  - - 
- .. 

where XI,, sDd X ,  represent tb ab~isme of the. two. possible tr*sition (comer) points. B~dir  s of ckaJ I 
be obtained from *, of class IT by putting X,, L r ,  XLW= 1. -f%milarly bodies of class 

and &SF I l I  oan he obtained by p~t t iag  " ,  - X, . = 1 and -XIB = 4) .respectively. Thus from the above. 
. d ~ u s e i o n  we see that 

:- -4,=o . :Xk,j= 1 .~rcitrzl~Fbodies - 
. .. 1 - - - - - .  

c = 0 , Xeo = 1 for class IFbodies 
- - - ?  . .,- -- 

Xio = 0 , c + p2 + p3 = 0 for class III bodies- 
- - 

c = o , p, + p3 = o for class lvebodi& 
- - 

S O L U T I O N  O F  T H E  P R O B L E M  - -_  - -  - - - -  - - -- -,- 
" ->. = .  b r n  (a), (9) & ( l l ) ,  it can be deduced - - tbst - ' - - 

- --- 1 - 
/ 

S 
- 

x;, or (1 - x;J = @+ 14 Y) @=+ p2 Y + p3 Y2)+ dY -. (15) 

\ .  . -- 
Combining (16), (17) & (18), we arrive at 

. . 
T 

- - - 
- .  ' - - -  (c+-P- + + -  - -  . 

> I 

- '- .- cm'9, - - 
. J&& Taw'akley8.obtained bodies of class I only i.e., t ~ o i e  bp&s whC& mnsiat.of regular shape only. 

It Was shown that such bodies can be obtained upto cert;ajh. vdues of k, , P anil k, for ( 2 ,  d) given, 
(8, a) given and (S,1) given cases r&ctwely: Now we dikws th6se clam of bcairs which are minimal for 
values of,, k, . and - Je, exceeakg. those limiting values. . - .  
Case 1 : Leqph,oncl akrraeter care g i m  . . 

, Jaip & Tawaklef' caloulated that in this oase - - .  
. . 3 4  

c -2 
A, + h,h, 
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md so c is always positive sn& oan never be zero. Therefore, the existenoeof bodim of h s  II a d  c b s  Iv 
are ruled out and the errtremal bodies ooasi~t of 04@ I and/or 01w 111, i.e., the zero slope shape is Y=l - 
(X,, = 0) aacE so from (13), we have 

~ + ~ l - l -  pa=O 
_ I '  

(2')) 
Therefore (16), (17) & (18) reduce to 

* * . -  - - -e . :  - - - . .- - ---- - 

where . 

- d = hg/G (24) 

In the above, wemaJre the substitution Z=(l - Y), we get - *. - 
1 

, - 
xW= (-+)tj~--~)t I Z-J.&-Z)* - - (1 - y ~ - l  a2 (251 

0 
- .  1 - - . \ 

= 1 - Y *  J Z+ (1 - zpqi - y z r )  dz + 0 -  x,) '. 
A2 

0 

(as) 

- - 1 

2- = (+)*(I-y)* Jw (l-.5)Tla(1-yz)-~ dZ+(I--X~J 
5 - -- 

(27) 
0 

where 

Y = al(l + a) (28) 
These om be integrated ia the form 

Ia the above ,9 and F represent Beta and, Hypergeometrio fupotioas respectively. E'rom (241, (24) & 
(28), we find that 

Ps I - %  -= 
0 Y - 1  (32) 

But (6) & (19) give 



- .. . -- - - bi+.%cri. J;; Qof. 29; ~&ir~<l&'9 ' 

* .  . - -- , , - - Com%%i"g (32) & (3@, we get -. - * " .. L - 
, 3 ( 2 ~ - 1 )  

A, = ' - (34) 
- -- ?!I(:- ?? 

- - .  - AgaiP (6) & (34) @;ive 

Thm (29), (90) & (31) ow be mitten 85 

- I 

l) -}f -B ( 2 . i ) ~  ($ ;# ,LY)-  - ,- --- . 
3 ' 3  (38) 

1 
(3 ,  g,3,  y)  + ~ l - - X W )  - (3'3) 

2 10 
'=(-?)t ( 3 q  T ) ~ ( i , # j 4 , y )  +(I-x%) 

(37) 
A, 

Further making use of (6), (N), (8% (36) &-(37), we obtain 

2 =1A 

{ 
( - [ ( -  3 T ), (3,  +:r, 4*-i j-'sit, ,) F (i, s, 3, Y )  ] - 

k, 
-7 - -  \ 

-li- .- - .  -> 
* . ' = (1  -y)O[l - 3 (1 - XZO)] - - (38) 

Eliminating Xa0 from (36) & (38) and malung use of - thi well-born pqperties of the Hypergeometric fum- 
- - -  

I tioaa (see Appendix), we h d y  obtain .- 
-- 

x - 

2 4 
266 k l ( l - y ) s  = 2 7 ( 2 y - - l ) b  ( 1 - Y )  8 ( 6  3 ) q (f,P, 2, Y )  4- 

- - - .  - - - .  
2 7 

1 + ( 2 ~ - 1 )  8 (T (59) 

'mis e@ion give5 the values of y for b o r n  d u e s  of k, ( > I  -6293, see Appendix). -wing y we c a  
obtain the tradtion point from (36). The relation between X ,  a@+ h 5 .. presented - i n  Fig. 1. 

1-0 - 
.- 

- 0-9.-. - -- 

- .  - - 
0.8 - 

2 - 
X - 

0.7 - 

'0.6 

- _ -- - .  

- - 

- - 
- - 

I 3 

1 3 - 6 9 12 
4: 

Wig. 1-Absoissa of the oorner point, when ( I , & )  ere given. 
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Knowing X, the shape of the miaimising curve of class III is h o r n  by using (14) % - 

Y d 

J ' Y ~  (I-Y)--~ ( 1 .+ -J- Y ) ~ Y  
X 0 

1 - Y  
- =  
x, 1 o < x < x ,  

Y 
(40) 

JY+ (l-Y)* (-1 + - Y ) d Y  
0 

1 - Y  

Y = 1  X , < X < I  

This relation has been shown in Fig. 2. Further the values of A,, A, and 4 can be calculated from (34) 
P 

(36) & (37) respeotively and then the value of the factor C - is obtained from (1) a d  is represented 
a 3  

in Pig. 3. 

Case 2 : Surface area and dkmeter are prescribed 

. Since the drag of a spike is zero regmdlew of its length and it does not also add to the volume, we cas 
take any extremal arc of class I and generate from it an infiite number of equal ballistic factor solutions of 
c h s  II  by adding a spike of arbitrary length in front. Similarly, we can take my  extremal arc of class III 
and generate from it aa infinite number of equal ballistic factor solutions of class IV by adding a spike of 
ubitrary length in front. For these reasons, in oase the length is free, only solutions of clam I and/or class 
JII are con~idered. These aolutions occur when the friction parameter k8 is smaller or larger than s critical 
-7alue respectively. Jain & Tawdeys found that bodies of class I exist for k2 < 0.9113. Here we 
disouss bodies of class III .  It was proved that when ewlface area and diameter are hown, c = 0. Shoe 
Y 1 is the zero slope shape, we have from (13). 

p2+ H = O  (41) 

The ~ h p o  of the mixhising curve from (14) is easily represented as 



.- -- " - *..mi. b.; %f;. 29, $ ~ V & Y  1-rn -- -' ' 

- - -- + - 
Therefore (16), (17) k (%Bj@6 - '-- ,-- A 'f 

- ' 1 - -= , 81 - - - 
A 6 -- 

(43) , 
-- 

- .  < - - -- -- 
-- - (44) 

F 
- -  

I '-i -- -- 
i 

/ Y 1 
- - - - - _ -. - - a (4fi) 

>. * 

But (15) gives - - lo--  _ - - .. - - 

xa = f $$Ji -- -4461 . .. 1 Q _ "  " . -  - .  ( 
as - 

Makiag us; of (71, (43), (44) k (45), it can be de- 
, duced that - - - + 

Q " c 

N 

2 &[ B ( 1 - g ~ , ) a + ~ ~ 2 ~ z o a ]  = x ~ 6 -  

e 
40 (I-a 2 x") 3 ,  . * ( 47) - .  $,*:i&~ +3P4 < \ *-* " * 

"",*A " 0  7 - 
? This gives the $ransition point for knownwalues of 

k, (> 0.91 13) aad isplotted in Fig. & lBdd~f10 
we have t$e geometrwf the &a1 curve from (42) 
mdis illustrated in Fiig.-& &, A,, A, and X, aZe 0 6 -----T-+---- 
hewn from (43), (44) md (45) re ctively a d  

1 

1 2 3 L 5 6 - 7 8 9 1 0  

thus the vahes of 0 IF BIT^ are ozuued - k2 n, - 
(2) and, are represented in Fig. .6. Fig. 4--Abaoissa of the omer point, v h s  (Sdk'are 

given I 

11.5. 

f - - 1  I ,  I 

o a2 O.L 0.6 0.8 t o  1 2 3 ~ 5 6 7 8 9 1 0  

X 2 

pig. &-Optimum shapes, wbn @ d )  are $ 4 ~ 8 ~ .  fig. 6-Wmum value of the feotor C a , when(S,d) 
are given. 4 d5 

Y8 



ce area and kyth are lcnowl~ 

In this case there is a possibility of c beaning zero. J a b  & Tawaklef showed that for c (r b o d h  of 
class I exist and hold. for k, 19.6313. For c = 0 the sohrtion consists of bodies of class 11 (XI, = 1). 
Tbr&e;for aemslope shape, Y ;= 0.. B o r n  (8) and (19), we Bee that p, + = 0 and so the sbpe of the 
optimiziug curve of class II is 

Using (49) in (,16), (17) & (18) gives - 

. - - - -  
Also from (15), we have - s (53) 

- .. . 
2 .  

. . 
M&g use of (8), (50), (61) &. (63, lead to 

- 6 -  . . 

This gives the transition poiat as a fundion of k, (>19-6313) and is represented in Fig. 7. Knowing Xlo, 
we h o w  from (49X the geomefy of; the minimhiiig m an% given k~-Fig. 8;&o A,, A, and A, are calculated 

rr2 z5 M m  C&&?, (61) & f6-22) and so C -p-i h w n  fiom (3) radis$qw&W%d in Fig. 9. 

'9 w 
Pipig. I-Gbmiav* ~f t4e oorner p in t ,  when (S,Z) are given. Fig. 8--Optirqam shape& whan (8,Z) wo given. 

19 



Dm. SOJ. J., VOL. 29, J A ~ A E Y  1979 

APPENDIX 

The analysis givep for the 61% oas5 when length 
ad diameter are known in advance can be u t i b d  
to fiad ~ l y t i c a l l y  the critical value of k upto which , 

- only regular shapes of clam I are p i b l e .  Por thb 
putting X,, = 1 in (36) & (38) give 

C 
U 

30 - 
1 = (a(2i~1t)t 6 (+, i) F(+,$,S,Y) (65) 

Fig. 9-Minimum value of the faator 0 "1 16 when (8,l) are 
8' given. 

Eliminating b, from these two expressioB3 gives 

2 10 
~y p 5 ) ~ ( f , t , 4 , y ) - 3  (2y-1)-6(:9 %) -)P(f,#,3,?)= 

&king use of the following well known propew of the Hypergeometria funations 

y{y-1-(2y-1-a-8)s) P(a,p,y,x)+(y--a) ( y - p ) ~ P ( a , / % y + J ,  x)- 

- - y ( Y - - l ) ( l - x ) F ( a , p , y - l , x ) = O  

Solving this equation for y the critical value of k, upto which reguler shapes of class I are possible 
be obtained by using (56) as 1 6293. 
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