MINIMAL EXIT TRAJECT ORIES WITH OPTIMUM CORRECTIONAL MANOEUVRES
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Minimal exit trajectones w1th optlmum correctional manoeuvres to a rocket between two coplaner, non-
coaxial elliptic orbits in an inverse square gravitational field have been investigated. Case of ,trajectories -

with no cCorrectional manoeuvres has also been analysed.

In the end minimal exit’ trajectories through.

specified orbital terminals are discussed and problem of ref. (2) is derived as a particular case,

Nomenclature ‘
n twice the aerial velocity for launch orbit
hy,  twice the aerial velocity for destination orbit

h twice the aerial velocity for transfer orbit

a angle between radius vector of the launch
point and maJor axis of the transfer tra-
jectory

B angle between major axis of the launch and
destination orbits. ~

& eccentricity of the transfer orbit

£, eccentricity of the launch orbit
&, eccentricity- of the destination orbit
4 launch  velocity

V1 orbital velocity corresponding to ]aunch
‘ orbit at the launch point

Ve orbital. veloclty correspondmg to destina-
tion orbit at the destination point:

y - launch angle i.e. angle between ¥ and local

horizontal o
y;  angle between V1 and local horizontal
Ve angle between ¥, and local horizontal
7 gravitational para.metei B

Lawden! has investigated an optimal correc-
tional manoeuvre programme for a space vehicle
by minimizing . the mean characteristic velocity
of ‘the correctional manoeuvres W. For §imilar
launch operation procedure and same set of de-
tection and correction instruments. with some
pre- ass1gned acceptable value to S for-all ballistic
transfer trajectories between two specified launch

corresponding W in

and destination orbits, it can. be assumed that the
total transfer time 7o will serve as a measure of
along the trajectory and
Wi is given by2

min + kelog (2 L) @
Ifm > ke '
W min =m + ke log (%) (B)

where m is the statistical mean valué of the error
in the impulsive velocity change brought at the
time of launch, k the statistical mean value of the
subsequent correctional manoeuvres, 7, the total
time of flight of the vehicle from the given launch
to the destination point, S (a pre-assigned value)
represents the time interval between final correc-
tional manoeuvre and arrival of the vehicle at the
target and e is the base of the natural logarithms.
Prior to launching, m and k are assumed to have
been determined.

The object of the present paper is to investigate
the minimal trajectories between coplaner non-
coaxial elliptic orbits in an’inverse square gra-

’vnauonal field. The optnmza.tlon criterion adopt-

ed is the least propellant  energy consumption
during the impulsive launch and correctional
manoeuvre imparted to the rocket. Minimal
exit trajéctories with no- -correctional ;manoeuvres
have been investigated. Minimal eXit trajecto-
ries through spemﬁeéf terminal points on the orbits
are also analysed and problem of ref. (2) is shown
to be a particular case of the present problem.
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TRANSFER - TIME AND PARAMETERS

Let the equations to launch, transferand desti-
nation orbits be

b = yr L+ by o 0 )
= wr{l 4 £ cos (60— 61 + a)] {¥3)
h22 = pr[l + € cos (6 — B)] 3)

The impulsive velocity change AV of the rocket
at the launch point (r;, 6,) on the launch orbit
-will be o
12

= [V2 4 V12— /2V V1 cos (y—y1)] Q)

If (ry, 62) be the entry point of the rocket on the

destination orbit, the relationship between ¥ and
y can be expressed asd

no_ B 1— cosA ) 4
“re r V2 ( cos2y + )
_cos N - pi<a2 5
cos y
where
0 = 61+ A

The transfer time F of the rocket along the trans-
fer trajectory is given by

F= J a [(¢z~¢1)—~§ (Sin¢2¥sin¢1)].’ O]

where 1 and P are the eccentric anomalies of
the exit and entry points on thé transfer tra,]ectory

and

§-|—'cos(0—01+a),
1+ £cos (6 — 61+ a)

From orbital dynamics, it can be shown that
V2sin ycos y ]
(Veosy—uip |

(7

- cos =

(8)

o = tan— [

—1 )2 cosZy - sinZy ] ®

=[5

and .

a = ( 2111;'—' Vz\
7

)—,1
‘where a.is semi-length of the major axis of the
transfer trajectory and u; = 1/r;.

(10

Equation (5) can be written as

u (1 —cos ) sec?y

Vi= _ )
ry (Fifrg -+ sin X tany — cos A) (1)

Also for launch orbit, we have

an yy —_—— u 2 (12)
__ o ’ 1 — &2y 11/2

h= v [ 26— T hzf”]_ (13)

Eq. (6) can be transformed into
a2

L
v/ 1 — £ tan }/2 \ e
(1+§(Cosa-~smatan)‘/2)) §(1—'§2)

{sm/\(é+cosa)—-—-s1na(1—-cosz\)”(14)
(1+£'cos()\—l—a‘))(ll—l- £cosa)

F.—:

It can be seen that F and AV are functions of
three independents variables 61, A and y by virtue
of Eqs.’ (8—11) -and (11—13) respectlvely

MINIMAL EXIT TRANSFER

' For optunal transfer between speclﬁed orblts
cha.ra.ctenzed by minimum ' energy consumption
in exit and correctional manoeuvres (A Waiin +

AV) should be minimum and hence from (A)
a.nd (B), we have

9F , F 3 (V). _

26 _;.-)‘e ,.____ 3, ,_0 (15)
C9F F BAn o

9% T ke =0 (8

SR
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’D(AV) : S
FrOm Eq. (14), we get
Gi Coadlz Tr; tan y' ‘
200 = V& (L X + —————2 ) (18)
EY — 2y '
BF - g ](19)

asl2
X TR [MX + A Eoos ()\—I—a)
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NTrkl‘d SGzcosy ‘

JF a2 ' ‘ SInACOSy
¥ [(2—0)2 / £ ( siny + (1—0) T—os 2 ) +
K(rs — 1) (1 — 508 1 i o
+ Hrysinycosy ] 20)..
where ,
‘ G = I‘l V2/[L - :
H = (1 — rifrg)2 cot y — 2 (1—ry [rs) sm X —I— 2tany (1 — cos })
s = T 5 sxna(2—|—£cosa) 81n(a+A)(2+§cos(a+A))
= VI8 |—11 € cos_q)2 0 F € cos (« + V)2 J
7 WEQ—QF ‘ |
2ryad2 ’
PREC) AR 1 ]
k==& [<1+§cos(A+a))2 T O F Ecos e |
r1 G2 cos? y (tan ys —-tan yl‘)i o
L= ra (I — cos'2)
G0y [ (rira— Dy sin A + (1 3 teny + - tanyy
M = m [(l‘l/rz-—~ ) sin +( —COs )(any—l— re tanyz)]
L ; in A
N=G [;“any/‘“ _%ST] o
and _ . ,
S(G—1)costy K (I — cos N2 r
X = £ -~ GH f:o\s2 y 2—G)?
Also from Eq. (4), we have T B
ALY _ LA [(_L‘£ — vrang ) (‘1__ Vi 005 (y—71) )__
2Aen o | (£ tan ) | s |
=2 {--—-—-"’smﬂ (" ﬁ»t’f’VCOS (‘J’“,YI)) + ¥ sin (y —y1) (Vlf— _¥ )}] Q1)
N o S T rn vy o
AN _ 1 A [w( . hncsy—p ] | | |
@n @R[ (s =) @
2N _ L iy [2X (1— A e=m) apnsmp—n] 03
dy 2 ry } V‘/ - . g A

‘ Substltutlon from Egs. (18) to (23) in (15) to
(an gives three equations in unknowns 61, A andy
which can be numerically solved for known values
of launch and destination orbital parameters.
Having known 61, A and y remaining elements
like launch velocity, entry point, eccentricity of
the fninimal exit trajectory can be determined,

Case of No 'C'Orrectional Mdnbeuvres
In case of exit trajectory with no correctional
_manoeuvres Egs. (15) to (17) reduce to

2 (AV)
26

3 (AV).
92

=0 ©4)

=0 (25 )
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’Subsmtutlons from Eq. (4) in (24) to (26),
‘dlﬂ‘erentlatlon and simplification gives

- (26)

Y ( pL —~V2tany1)-——2
r. )
{%—”S‘;‘l”‘ (V1~Vcos(7-?y1)) +
1 o L
+ Vsin (y —y1) ( Vi— _"-)“} =0 27
; R4 i/l
pMY =0 (28
and . '
,uNY—rZrJL I/Vl sin ('y——~y1) {29)
where . '
Vicos (y — )

Y= 11—
: V

Egs. (28) and (29) when solved humerically gives
01, X and y for minimal exit trajectory with no

correctional manoeuvres ‘and then. othel elements

of the trajectory can be known

] Mzmmal Exit Trajectories for Specified Orbital
 Terminals

Minimal exit ﬁajectones with correctional
manoeuvers for specified orbital termmals can
be classified in three groups. i

(i) when termma_l on launch orblt is: speclﬁed v

30, Ocrosrr 1980

(ii) when terminal on destmatlon orbit is
‘specified, .

Ve

(iif) when terminals on both the launch and
destmauon ‘orbits are specified.

' For tra_]ectorles of group (i) since launch point .
‘(rp 01 ) is specified, Eq. (15) vanishes and F and.

AV reduce to functions of two variables A and y.

‘The optlmahty gquations in this case will be given

by Egs. (16).and (17). Solutions of Eqgs. (16) and

" (17) will determine the values of A and y for the
‘minimal exit tI‘d_]CCtOl‘y and thereafter the other

parameters of the tra]ectory can be known pro-

-ceeding as bcfore

For ‘group (if) when destination pomt (r;, 02)
is specnﬁed '

9, — 61+ A = const (30)

Substitution for A from Eq. (30) in (4) and (14)
transforms -A ¥ and F as function of 61 and y and
optimality equations are given by Egs. (15) and (17)
which can be solved as in the previous case. In
case (iii) both the terminals (r,, 61) and (rz, 6;)
are specified, hence Egs. (15) and (16) vanish and:

g {,thus ‘the .optimality . cquatlons will be Eq. (17) as

obta.mgd inxef. (2). -
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