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Studies are done in thls paper to find an optimal sequence of » jobs, which when processed through m
ma,ohlneq mmlmlse the total Waltlng time of jobs, -

Situations may arise in practlce where ]obs as soon as they come out from the machines are requlred for
immediate use and-the waiting of jobs result in significant costs: For example, consider that certain refuel-
lers are under repairs. If these are the only ones, flying schedule of the aircraft will be disturbed until
at least one can be got ready quickly. Thus it is clearly seen that we are not 1nterested in the mlmmum
elapsed tine, but in getting the repaired refuellers as eaily as possible.

This paper deals with the » ]ob— m machine flow shop sequencing problem in which the Jobs are assumed
to be equally costly. The method is illustrated by neans of a numerical example

MATHE'MATICA'L FORMULATION

Consxder aset of jobs1,2,3,........ n whichreq.ire processmg over each of the m machlnes 4, B, C,
Sevieenn L, M in this order of machines. Let. e
.8 = a schedule of the n jobs in the order, 1, 2 ‘ )

Xk = the processing time of job % on machlneX X A B, C' . . Ma.ndk—r 1 2, 3 PR
| % (k,X) = the completion time of job % on machine X. SRS
8" = aschedulederived from S by mtercha.ngmg the position of jobsj and J+1in the schedule S

o (kX ) “the completlon time of job k on machine {X when the jobs are scheduled accordlng to the
: schedule 8.
We have, :
2 (%, x)‘_____ ma;( { ;glr)rlglleg;ré lfllrrze ng preceding , ;(:;réﬂitzoxn Eme qu]ob kon }_ v ch for all . 1y

If the jobs are scheduled according to schedule S, the total waiting time of the jobs is

-

n

T‘='Z 2(k M) )

k=1
On the other hand the total waiting time of the jobs acéofding ti) 8’ is
n ) . . .
= Z 2 (M) (3)
= : :

Thus sequenee 8 will be preferable to 8 if B . .
r<r | ‘ @

*Now at National Sample Survey, R.K. Puram.
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Since S and 8’ do not differ before the jth poéition 19 pi;oéessg&, the above ,iﬁéquaﬁty reduces to

M) (A LM)R (G L MY L (M) - ®
and - z z(kM)’Zz(kM) e
o o k=jt2 o k=gt2 ‘ : '
The inequality # (m, M ) < #/ (n, M) holds if = | -
- - i I)gd(m L) L m
and  #(a—LM) g7 (n—1M) o o ®
Now “ z(n;——l,M)=§z'(n—1,M)\, | v N |
1f V ' | v (n—2 M)g2 (n—2, M) . o ‘ 9)
o z(mei)gz(w_LL) . ¢ N
,' Oontinuiﬁg in the similar Way; we have o ) ‘. : ' 3 | | |
A=A (WM (h=jt% )
£ 2+ LM< (5, M) oy
and e(hL)g # (kL)  (h=§+2j+3 ....n) )
On the same lines , | k‘z(k,L)gz"(k,.L) - '
i > | 2(j+LL)g7(4,L) r ; e  "10& kV
and d(LE)S? (KEK) (k=j+2%.ciom) ooy o
Prooeediilg in the same manner, we have : i B | o
R DB M)KEL (M) (b= 2545 ... n)
T C 2(JH LX) e (5 X) (X=BAL¢KLM)f‘,'k, (15) -
I-Iegcé the condition for seqﬁen‘céﬂto{ﬁé pref'erablé"'tOAS'is g v - ‘_ ‘ S IR :
| zUJD+?”+LM%<ﬂj+LMFM%%M)”gf' (m
and - “(i+LX)<#(,X) (X=BOC, .......L, M)

The sequence S can be written as {J;_, j (j+1) =} where Jj_y denote'the presequence consisting of j—1 jobs.

Condition (16) ensures that sequence {J;_y j (j+1) =} is preferable.to J;_; ( J +1)jm} where 7 denoteapy . =

permutation of jobs from j+2 to #. These condit’ons Say notliing about the preferability or otherwise of iy
J(§+1) moverd;_, (j4-1)a’ jn" where =’ and =" are subsets of = such that’ 7 v = and 7’ nn" =0. Taking .
- now the sequences J;_; j(j+41)7 and J;_; (541)«’j »" and &pplying the above results and using -
equation (19) of Smith-Dudek! it can be seen the correspbnding conditions for the sequence J;_; ji(j+1) =
‘to be preferable to J;_; (j+1)#'ja" are ’ - . s

PG M) 42+ LU)< %W (f+LM) mind,, 1 e

#(J+LX) <7 (j+1L,X) + minX, R I
D - E=357+2....n J :
) (X:BQHWMM)



i Thls 18 due to the fact that ¥
) ‘determmmg the optimal é‘equence can be stated as follows:

As (16) is alwa,ys sa,tlsﬁedwh
not les than (17) The declsmn rule

Job J domma.tes j—l—l 1f o,
(M )+z(y+1M)<%z(a+1M)+m11Mk e o
Cand e(j+1,X) g (4 +1 X) EREITIE e e e sy

: k;*]*]+2 ,',‘.Jﬁ
(X B, KLM)

SEQUENC"E DOMINANCE CHEGK S T S

If pand p’ p be two dlﬂ'erent permuta.mons of the same set of ]obs then the: partlal sequence p doml-

nates,o 1f‘ S ;
i’ zz(k M)L\zz (k M)

‘kep S kep!

(0 X) % U (o, x) BN O

where t{p, X )and? ( X ) denote the completion time of last: ]ob of sequence p- and P respectlvely
on machlne X. ( X =B20,, K L M. The proof for th1s can. be shown on the above hnes‘ :

Emmple

~ * Let us consider the followmg 5 ]ob 3 machine sequencmg problem The processmg tlmes of the jobs
~on the machmes are given in Table 1. , : B

TABLE 1

- PROQESSING TIMES OF 5 JOBS ON 3 MACHINES

Jf’bﬁ . Machines . - :

® a4 B 0
1o 1e T 800 100
- '2 e s & 1s6 200&.!_‘{ SRR
3 18 201 et
. 1Ben - 182 170
3 5 M2e - 179 211

The problem is to find a sequence of the jobs which minimise the total waiting time,
- Solution e ‘ RN o '
'%” Thﬁ corresponding condltnons for the]oln to do“imﬁaté‘_}ob J%1become
(.7,0)+Z(J+10’) 2z'(;7+1 O)_|_mm(]k
z(3+1 C) ’Z (J+1 C’)—F—mm()’,c
( + 1 B)<z (.7+1,B)+mmB,,
o e (F=dit 2543, n)

; mgh ,ha,nd s1de of (16) qg
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Consxdermg job 2 at pos1t10n no. 1 and ]Ob 1 at posﬂ:mn no. 2, we have the following sequences for companson
8§=21 ' :
8=1 ' o

Caleulating the values of z( 2 O Y2 (1, ¢ 12 (L, C ) ete. and substituting these values the corresbozidiﬁg’ :
condition for job 2to precede ]ob 1 becomes '

413 + 613 <2 X 523 1170
-~ B 613 < 523 4 170
e  B13 < 423 + 156

Asg a.ll the conditions are satisfied, job 2 domma,tes job 1. S1mllarly replacing job 1 by 8, 4, B, we see thab ]ob
2 dominates all of them. Thus we schedule job 2 in the first position. * ”

Having determmed the job for the first posmon we now examine job 4 for the second position. Placing
job 1 in the third pesition and comparmg the sequences S=2 4 1 and §"=2 1,theconditions for
precedence become :

583 s £2 X 613+ 170
| 775 < 613 +170
675 < 513 + 162 { e

“Asall'the condlumns are sa,t1sﬁed 30b 4 domlna,tes job 1. Replacmg ]ob 1 by b 3::f :
ponding conditions as , }
583 + 821 £ 2 X 667 + 100

821 < 667 - 100
610 < 456 4- 162
~ Since two of these conditions are not satisfied, job 4 cannot dommate }ob 3. Slmllarly, it can be shown e

that job 4 does not dominate job 5. This shows that the second pos1t10n can be filled by any of the
remaining jobs 3, 4 and 5. Thus we have three feasible sequences :

) 's';z 4
8,=25

Taking all these sequences one by one, it can be seen that none of the remaining jobs in all these sequences

. are dominated. Asany of the remaining jobs can assume the third position, we get the following nine feas1b1p e

sequences : :
8;=2 3 1

o o 8=2 3 4

‘ ) . 8,=2 8 5
| 8, =241

) S,=2 4 3

8y =2 4 b

S = 5 1

Ss=’2 5.»3

; So=2 8§ 4



; "'3”4} {2 625

' Applying seq eck:to - the sequence pairs {

43,12 38 ~ hown - that the sequences 23 A4, : ) nd 2 3 5 “are. domma.t- ,
ed. Thus We foll,vnng feamble\ sequences . . S .
o Si=241 0N 43
o  ~ ,‘52 ;____2 iP5 -
8 =245 :
C8=231. i
=251
‘, . 8 =2 5 3 | |
Determmmg now the Ia.st two posmons we have ﬁn Hy }} followmg feas1ble sequences .
ST , 51”2 4156 3.
8;=2'4 3 5 1
S,=2 463 1
8,=2 38 14 Vs‘\*
—25143

& =2581.4

,"V,nar\e enumerated a,nd ‘the total Waltmg tlme of the ]obs is determmed The
' ,sequenee 2 4581 has the mlmmum waiting time viz., 3 9 5.0 hrs.

VERIFICATION AND DISCUSSION

Thus we have the solution for the m machines flowshop scheduling problem. 1t can be easily seen that
conditions for total waiting time of the ]obs as cr1ter10n conta,m condmons for the eriterion of minimum total -
- elapsed t1me. ~ e

!
TABLE 2 :

NU‘MBEB. orF- FEASIBLE SEQUENCES AND: TRE MEAN GOMPUTING TIME
- IN' GBTTING OPTIMAL SEQUENCES

No. of . No of jobs No. of Average . Average

machines ; : problems ~feasible. - computing time

. sequences = g
. : (min)
3 3 15 3 021
4 2 5 051
5 2 10 e
6 18 20 ‘ 2-272
7 10 25 ‘ 5-275

5 3 15 4 o 0125
4 ¢ 15 7 0-418

, .

5 10 15 2-345
6 10 ‘ 25 14-672

- 31






