
MINIMIZING WAITING  TI^ OF ~ B S  FOR EREDULING n JOBS I 

THROUGH m MACHINES r 

! 
P. C. BAGGA 

University of Delhi, qelhi 

AND 

N. K. CHAKRAVARTS* 
. ' 

Cabinet Sectt., New Delhi 

(Received 28 September 1970 f revised 13 04ober 1971) 

Studies are done in this paper to 6odan optimal sequence of n jobs, which when processed through m 
machis?? minimise &he total waiting time of jobs. 

Situations may arise in practice where jobs as soon as they come out from the machines are required for 
immediate use and the waiting of jobs result in signifidant.costs: For example, consiaer that certain refuel- 
lers are under repairs. If these are the only ones, flyingschedule of the aircraft will be disturbed until 
at least one can be got ready quickly. Thus it is clearly seen that we are not interested in the minimum 
elapsed time, but in getting the repaired refuellers as early as possible. 

This paper deals with the n job- m machine flow shop sequencing problem in which the jobs are asswed 
to be equally costly. The method is illustrated by means of a numerical example. 

1. 

M A T H E M A T I C A L  F O R M U L A T I O N  

Consider a set of jobs 1,2,3,. . . . . . . . n which req lire processing over eGch of the m machines A, B, C ,  .-. . . . . . . . . L, M in this order of machines. Let 

. S = a schedule of the n jobs in the order, 1, 2, . .n 

xk = the processing time of job k on machine X, X = A, B, C ,  . . . . . . . . , M and k 3 1,2,3, . . . .n, 

r (k, X) = the completion time of job k on machine X. 

St = a schedule derived from S by interchan ging the position of jobs j and jfl in the schedule S. 

8' (k, X) = the oompletion time of job k on machine [X when the jobs areichdduled accordingto the 
sohedtlle S. 

We have, 

z (2, X)=max Jcompletion time of preceding , completion time of job k on 1 ' 
1 job on machine X machine X-1 r +Xk for all k. (1) 

On the other hand the total waiting time of the jobs according to 9' is 

Thus sequenoe 8 will be preferable to S' if 

T < T' 
*Now at National Sample survey, R.K. Puram. 



DEB. XOI. J., VOL. 23, JANUARY 1973 
\ 

Since S and Sf do not differ before the j th position ir processad, the above inequality reduoes to 

z ( j , J f ) + z ( j + l , M ) <  z F f j + 1 , M ) + z ' ( j , M )  
8 (6) 

and , z ( k , N ) .  .I(,,,) ( 6 )  
k++2 k=j+2 

The inequality z  ( n, M  ) < z' ( n,  M  ) holds if 
I 

z ( n ,  L ) I < Z ' ( W , L )  17) 
and z ( n - 1 , M )  g x ' ( n - l , M )  (8) 
Now ~ ( n - 1 , M )  . < z f ( n - 1 , M )  , a 

if z l ( n - 2 ,  M ) g z f ( n - 2 ,  M )  . (9)  
- 

z ( n - 1 , Z )  g z J ( n - 1 , L )  (10) 

Continuing in the similar way, we have I 

( ( k = j + 2 ,  j + 3 , :  .,... n )  

if z ( j +  l , M ) - <  z f ( j , M )  (11) 
and z ( h L ) C  z l ( k , L )  ( k = j f 2 , j f  3, .... n )  (12) 

On the same lines z ( k Y L ) C z f ( L , L )  

if z ( j + 1 , L ) < z f ( j , L )  
I (13) 

and ~ ( k , K ) g z ' ( k , X )  ( k e j f . 2  ,....... n )  
9 (249' . 

Prooeeding in the same manner, we have 

1 ~ z ( k ~ ~ ) b . Z z f ( k , M )  ( k = j + 2 , j + 3 ,  ........ n )  

if 
7 

z ( j + l , x ) < z f ( j , X )  ( X = B , C ,  .. R L M )  (15Y 

Hence the condition for sequenbe S to be preferable %o St is 
d 

z ( j 9 M ~ + z ( j + 1 9 M ) < z f ( j + l ; N ) ~ z 1 ( j , M j  

and - z ( j + l , x ) . < z f ( j , x )  ( X = B , C ,  . . . . . . . .  L,  I) (16) 

The sequence Scan be written as (Jj-, j ( j + l )  n )  where JjF1 denote-the presequence oomisting of j-1 jobs. 
Condition (16) ensures that sequence ( J k l  j (j+1) nJ is preferable to 4-I ( j  + 1) jn) where,7 denote'agy - 

, - permutation of jobs from j+2 to n. Thebe o~ndi~dds ' i ia~ notliini abouftke pYefd?ability oi  otherari~e'd&-~ 
j  ( j f l )  n over J j - ~  ( j+l)  n'jrM where d and nf' are subsets of n such that' n u nl' = rr and n' n d =O.  Tsking . 
now the sequences JjVl j ( j f  1) n and t j+ l )  i j b  snd."d$plying the above results and using 
equation (19) of Smith-Dudekl it can be seen the corres$bnding conditions for the sequence JGl j+l) n 

, to be preferable to .Jj-l (jf 1) n'j," are 
- ,  

z ( j , M )  + z ( j + 1 , ~ ) < 2 z ' ( j + l ,  ~ ) + m i n M i , '  

a ( j + l , X )  < z l  ( j + l , X )  + m i n x k  
k =  j ,  j + 2  , . . . . .  n  
X=B,C,  . . . .  KLM 



I 

1 A" 4 

BA&A 6 % ~ ~ 6 ~ $ L ~ i a & g X ' ~ h % f b r  f+ch$&~i&~&bi <ii?.&ti& gfi&C6in&" 

' \  

As (16) is always sabisfiedwh&(~n ia satidled. ~ 6 i s  is due to the fact thst thk right haid side of (16) is 
not le 3s than (17). The decision rule for d e t m i ~ i n g  the optimal"kquence can be stated as follows: 

Job j  dominates j+1 if 

z ( j , M ) + z ( j +  1 , H )  . S z z l ( j  + 1, M )  +Mi1  M k .  
- .  

and z ( j + l , X )  < z 1 ( j + 2 , X )  - + p i n  Xk - 
p t = j , j + 2 ,  ,,.. n 

. . . . K L N  X = B,C, 

8 E Q U E B e ' E '  D W I M A N C I  C H E C K .  
I 

If p and p' be two different permutations of the. same set of jobs, then the partial sequence p domi- 
nates p' if 

C L  

A. 

L 

i , kcp kep' 
l 

t ( p> X  ) " t' ( p',, X ) 

i : e r e  t ( p, X ) and t' ( p', X ) denote the completion time of last job of sequence p and p' respeotiveiy 
on machine X. ( X = B, C, . . . . K ,  L, N ). The proof for this can be shown on the above lines, 

+;; $mmpb 
Let us consider the following 5 job - 3 machine sequencing problem. The prooessing time. of the jobs 

on the machines are given in Table 1. I 

TABLE 1 

PROOESSINQ TIMES OF 5 JOBS ON 3 NAOHIXES 

* J ~ b e  Maohines ---- - 
(k) A B 

, - C -- 
1 ' 125 '. 300 100 

2 57 156 '. 200 

3 198 201 211 ' 

4 6 4  162 170 

5 &42 "1 179 211 
- 'SE 

The problem is%o find a sequence of the jobs w h i c h m i ~ i i s e  the total waiting time. 

ponding conditions for the job j to d&idatd$ob j+1 become 

z ( j , c ) + z ( j +  1 , ~ ) ~ 2 z ' ( j + l ; . ~ ) $ m i n ~ ~  

z ( j + l , C ) ~ z v ( j + l , ~ ) + ~ i n ~ k .  

z ( j +  l , B ) g g ' ( j + l , B ) f  mh-B, 

- . ( k = j 9 j + 2 , j + 3 ,  ..., 1 2 )  . 

29 
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Considering job 2 at position no. 1 and job 1 at position no. 2, we have the following sequences for comparison 

s = 2  1 

8' = 1 \ 

Caloulating the values of z ( 2, C ), z ( 1, C ), z' ( 1, C ) etc. and aubstituting these values the corresponding 
condition for job 2  to precede job 1 becomes 

As all the conditions are satisfied, job 2  dominates job 1. Similarly replacing job 1 by 3,4, 5, we see 
2  dominates all of them. Thus we schedule job 2 in the first position. 

Having determined the job for the &st position, we now examine job 4 for the second position. Placing 
job 1 in the third position and comparing the sequences S  = 2  4 1 and S' = 2 1, the conditions for 
precedence become 

As all the conditions are satisfied, job 4 do 
ponding conditions as 

, 
Since two of these conditjions are aot satisfied, job 4 cannot dominah job 3. Sipilarly, it can be shovn 

that job 4 does not dominate job 5. This shows that the seoond position can be filled by any of the 
rernainiq jobs 3, 4 and 5. Thus we have three feasible sequences : 

s 1 = 2  3 

I s , = 2  4 

s 3 = 2  5 

Taking all these sequences one by one, it can be seen that none of the remaining jobs in all these sequences 
are dwninated. As any of the remaining jobs can assume the third position, we get the following nine feasiMe 
sequences : 

s 1 = 2  3 1 

S z = 2  3 4 
* s , = 2  3 5 

S * = 2  4 1 - 
s 5 = 2  4 3 

s , = 2  4 5 

S , = 2  5 1 

S*= 2  5 . 3  

I $ = 2  6 4 

30 
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