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The contact problem of two conducting plano-convex solids having different conductivities is considered assuming
that steady state heat conduction takes place. The problem is formulated so aste involve a pair of dualintegral equa-
tions having Legendre functions with complex index. These equations are reduced to a single integral equation
whioh is then solved iteratively. Lastly, the quantltxes of physmal interest are found out.

In recent years several papers have been published on the dual integral equations. These are important
while solving the boundary value problems of Mathematical Physics with mixed boundary conditions.
Majority of them have. been considered through the Hankel transformation whose kernels are expressible
in oylindrical functions, Also the dual integral equatlons with kernels expressible in Legendre functions with
complex index have recently been investigated!™. These equations belong to the class connected with
Mehler-Fock integral transformation and are of considerable interest in various problems of Mathematical
Physics. - References of mixed boundary value and bounda,ry value problems of heat conduection
are avallableﬁ-

, In the present paper we have reduced our problem into simultaneous dual integral equatlons ha.vmg
Legendre functions with complex index, and then they are reduced to Fredholm integral equation of second
kind. Pinally itissolved iteratively. :

 PORMULATION OF THE PROBLEM

To solve the I;rbbleﬁi‘we introduce a syétem of toroidal coordinates («, B)related to cylindrical
coordinates (r, z) by the expressions

_ a sinh o
"~ cosh « -} cos B .
0<oc<00,0< [3<277'.

asin B
" cosh « ~ cos B

~ The temperature distributions in two plano-convex

solids ABCOA & ADCOA is here considered. The total

region ABCDA isformed by two intersecting spheres

as shown in the Fig. 1. EC and FA portionsof the.
cemented surfaces of the solids are perfectly inStilated

and A and C are rigidly connected. In the upper solid

» the temperature function is prescribed along ABC.

Hence we have the boundary conditions:

m=v@ B=f, 0<a<w, ()

Fig. 1 —Region ABCDA formed by twointersecting spheres — =0, =0 oy < oc-< 0. 2
(theinsulation takes place along the shaded lines). 7/ ﬂ ’ ﬂ ? 0 ( ) .
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The cemented portion denoted betWeen EF is perfectly conducting. Smce we shall assume that the surface
"ADC of the lower solid, isa smk at the surface of sepa.ra,tmn of the two med'a we have the following boun-
dary condmom .

C wmw  B=0, O<a<um, &
»K 3'“1 — - au2’ =0 N 0 . | -
1 2B K‘_—~aﬁ B <a<a (4)

Where K, and K, are the condustivities of the upper and lower solids resPectlvely As ah'eady mentioned
the cemented surfa.cg has EC and FA partinsulated: 'and on the lower surface ADC temperatﬂ.re is taken

to be zero. On theselinesif we take 8 = — 8, on the lower surfa.ce, we can write :
au2 ‘ . . N i :
-,—=0, . B =0, tx<oc<oo,. )
) R f S SRR ,( )
, cUp=0, B=—PF - 0<a< oo, , (6)
where u, and u, are the solutions of Laplace’s eqaation’ g R Tt g
Vi u1-=40, (a) T . .
, , L T
V2 u2 = 0,. (b) . Cee ‘ o

" REDUCTION TO. INTEGRAL EQUATIONS

For the upper plano—convex solid we assume the solut;ion of the Laplace’s équation in the form :

- ‘ h ‘ : R
=, (a) + \/cosh x + cos B f 4 (1') Smoo(sil 3 Tﬁ)/’,',, temb v p_y;, (cosh o) dr,

P _ . 0<p<h 0<a<o ®
This form satisfies the condition (1). Also 4 (7}, is unknown constant. For tbe lower sohd a smtable tempers,-
ture function is

N a0 .
s = v/ cosh « +cos B f sm‘;cési 73;; :fz) ~ B(7) ’f&nh TTP_y 4 ir(COsha)dr,

;0

\ — B<B<0, O0<a< oo ‘(9)‘

Here B (r) is unknown constant. This form satisfies the conditions (6). In satisfying the bounda.ry condi-
tions (3), (4), 2 & (5) the followmg equations are obtamed )

oy (a)

- ®
(')r [ B ("') taILIthﬁz T ——-A (T) tajp.h ﬁl ’r] tanhmrp o, ;. (cosha)dr= A\‘T**——m, ,

<o <ay, (10)

f [B(T)——'O‘A(T)] rta'nhﬂ"rp__l%_l_i’_ ((?O?hoc)(l'r-:(),
0 : ~ .

0<a<a, (1)



w‘ 2 E B ‘ - . B ' Y; L .j o N - 8
fv 4 (z) tanh o TPyt (cosh 9‘) d+ - 0.

Boundary Value Problem of Hea‘.t; Cdndﬁétibﬁi e o

a2

- (13)

a4)

‘.*: ‘.“ “Q < a;h‘ - ,
PRI 3 ; N ‘,: i ‘ . . <
[ enaan <o
0 : :
“0 < Ole
Wl}ere. “; . x .  "‘ S ’: "a‘ - %
R S . SOME USEFUL RESULTS
o Birors We glve below some resultsl, which we sha.ll now make use of
B e’ o e
f cos 7l Py tin (cosh a)dr = [2 (cosh am,_:’cosh ,;) ]“* H (€ — 1), - -
0 | ‘ ) ’ e
. m . . - B . ——§ » ) ) 'A' ‘ .
f Py tin (cosh oc) tanhuTSMq'srlf —{ 2 (cosh s—coah o:)] H@—«). (15)
0 - | B o |
Here H (t) 18 Heavy~81de unit’ functlon . o '

, The Mehler-Fock transform? is given by

f(“) = fg("') Peyte ;;,. }(GQSho;)d T,
; H o :

g7 = 7 tanh = 1- J‘f (5() p__% + i ‘(coéh o;) da,
0 N

and hence the following relatioh can easily be derived :

8 . t
1 d [ p_34i,(cosha)sinhada

g o8 TS = \/2 “ds } T (cosh s — cosh @)t
/ 0 E

SOLUTION OF SIMULTANEOUS DUAL INTEGRAL EQU
LEGENDRE FUNCTIONS OF IMAGINARY A

zm
3 -

ATIO
RGUM

We shall now solve the eqaations (10) to (13). Let us assume . .

A(r) f ¢(t) cos rtdt

o

whererﬁ(t) is unkuowa Equablou(w)ca.nbe wribtten in the form after mtegra,bmg it by parts.

RS '*"'uﬂ=ﬂﬂ?£ﬁ*éf#mmﬂﬁv’
. 0

(16)

(17

(18)

NVOLVING

(19)

- (20)
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" With the help Qf (20) and then, (15) 1t can be shown that (12) is satlsﬁed 1dentmally for a.ny funbtlon cﬁ (t)
which has a oontmuous ‘derivative. Wealso have

| b 1 d@)d
f 4 (7) tanhwrp P+ (OOSh “) df = '\/2 (cosh oty — cosh ') RV ,\/cosht—coshoc"
) ) ) ’ o

0
| C0<a<a (D)

Now from (11) <

. . . e
B(r)tanhmrp . .. (cosha)dr = — - 2% (%) e[ #ma
f" ) ‘”'TP__.,}‘_I_”( it /2 (cosh «y — cosh «) V2 J A/ cosh t — cosh «
0 : . : ~ .
Making use of (16) & (17) We'oanvget eaéﬂy"from~(13)&(22)‘ R L i

smhacP—-;-.f.n (cosh a) do
B = \/2 # () f 4/ cosh oy — cosh «

. G
- \;—5 f p_ ttir (cosh ay sinh adas
0 ‘ AR

N . Go » ! . . o R
L : ER &' (£) dt i
: . ———— , 23
- " 4/cosh t — cosha (23) ,
a . .

On mberehangmg the order of mtegratlons in the setond m‘tegra.l of (23) and then integrating by parts |
and ﬁna.lly using (18), we get : ;

, w \
B(r)=o0 f cosrtd (f)dt . (24)
mee |

Equation (10) canbe written in the form

o .fB(-;)[tgnhﬁzftanhﬁr;__]_]vp__%_l_“(coshoc)d'rﬁ— 3

+J A (,-)‘[ 1 — tanh ﬁlrtanhw-r] p_%:‘i_;-,r(cosh a)ydr 4

+IB(T)P P (Ooshoc)dr—-— fA(r)P._ +07(003h“)47=7:1_—*“—(2:;)‘?—ﬁ

~

0<a<<ag, . , @5)

f
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. If we subsutute the values of B (T)&A'(r) from (24) & (19) in (25), then nsmg (14) we ﬁnd thst

; i | o o |
¢ (6)dt V2 v (x) e
: 0—1 = P . ALY d . r — r
RN )f\/ cosh ¢ — cosht V1 J-cosha vz J"‘#(t) tfcosh( — BT .
- | | J ’

co8SrtP—3 4 ir(cosha)dr

cOs‘h-',Blyooshﬂv ~ + aﬁf?‘(t)dt
S o

%Bh(vr—- ﬂg)a'cos'rt

coshﬁz'reoshwr’ 4—%+% (°°sh°‘)d""
| , | ;°<“<%'
- Equation (26),is‘Ai‘7@l type. Hence tﬁ"e soldtion is obﬁainedby‘ using (18) ;}
s VT A eman@ds . 3

@ (o — 1) ) V1 ¥ cosh @ Veosht—coshe . . w(c—1)

- .. o ; ! SN . . :

cosh @ —B)r o eos oL

f & (w) du | \COShBl‘TGOShwﬂT cqs;r.tco“udr +
; 0 - ; , ,

I

20 7 — T '
l)qu(u)d f cOSh( By) co§ft0037ud¢,

cosh B, 7 cosh = 7

S ; ) L 0<t<0{0.

i . L vy (@) = —l: , (consta,nt),'

V2
then (27) can be written in the form '

sech (—;—) 9 % 4 .
¢@= T +(0_D"!¢QQ[K”m0+KﬂmQJ&A

where

_ COSh (‘n‘-—- ﬁ)—r ) )
K, ('u,f) = — J‘cosh_-r 310081171'1' cos 7 ¢ cos -rﬁudq-, (a) )

i cosh (ﬂ — By 7
. ’t = - . 2
By §) = o cosh 7 By coshm 7

cowtco&rud‘-r, (b)

)

R

@n

f%y

(@9)



Equa.tmn (28) is Fredholm mtegra,l equa,tlon of second kmd havmg kemel K (u, t) + K (u, t)

fal
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(28) is a standard equation. .

SOLUTION OF FREDHOLM INTEGRAL EQUATIQN‘_ :

‘Equation (28) can be solved for any suitable partmular value of By and ﬁg Here we shall get the

%

SRR

Equat_idn ‘

‘iterative solution of the Fredholm integral equation and obtain the solution of (28) asapower series in ap

provided that oco is suﬁ'iclently sma,ll

If B, = .’2_7. i a,nd By = il then the domam ABODA represents a sphere.

“ If we take - b= 1oy

2

-gech (; )

2
‘ﬁ(t) = —(**—1—)— + ;!

TN -

2

cosh u - cosh ¢

; "= @ oy
then (30) takes the form N '
V7% b V
gech —-— , cnash‘-——2 > cos h 3

¥ =

E1

5 % b ) ookl cosh Ldu

0<t <ay.

plrag) =¥ (r f‘&‘o) = ‘I’ (rh)ﬂ,‘ .. say

iy,

T guy [y
1'1'(¢:r——,1)k+ . 6" ¥ @)

If & is very small such that «, < < 1, then we can represeﬁt ;

cosh " % cosh 2 %0 ' -
. 2 . _]'__'OCO2 (:1:2—[—1‘2)—]— 50‘0
coshrog +coshwe, 2 16 " 4' 32

and

: ) rog "o 4
sech L =1—

2

2o Dréoat
) + 0

-8 384

" Ifwe represent the solution of (32) in the form
k P (r) = no () + ogny (1) + “02 g (7") + xg® my (r) +

" Thenby sﬁbsbituting the value of ¥ (r) in (31) and equa,tmg the like powers Qf oco, we obtain :

ny (r) =
™ (;") =

ng (r) =

1

[CEPENS

1

(o —'1) 72 "

— ] 1
87 (c—1) + e

s

1

f!)‘ ny (‘w) dv =

—_2

cosh 7 ay 4- cosh » «,

‘mao:"‘

Ly

0<r<1.

(ot +r4 087 o (o) +

........

1

8w (60 —1)

| SR

+,

w3 (o — 1) !

~ | (@ + ) m (@) do + = f na 0) d,
0 ~

0
Cap o1
2 (o — 1) SR y—

T 8m(o—1)

.......

EQuation (28) reduces to

(30)

(31)



38t (c—ba. ' 4 1671- , J- 9.

T 8n f 0, (@) (& ) dE + - J‘ :

Wy @ds

o Bh Bt @dd 1
R 384(.;; —Da' 4! 15775(03— 1) : 8773‘0-—-,1‘) ’ 715{0'— T
grie—I) = o e T e L

[ﬂ“’ w—hH 8r(o— 1\] +

e W(ﬂ T {e—1 + (0 —1) + /“02‘

xa

+ g [——__——w"'(c—l) — 2 (0 — 1) T 8t (o — 1) ]-1—
b B4R (PR
T4 (e—1) T 8(c—1)

T EAE—D " A1) }+ Off) 4 oo )

v

. Equation (19) can be written in the form
. ] . ‘ 1 e . - . ‘ )‘ ’ .
} ' CAn =y [P (reosTragdr, CoTia el (36)

T) = ‘ “_0 “v ST L B %2’ VP 31 1 . B
B o LA ﬂ w-—-—ffz o 1

T m(o—1) 6m(c—1) ] '+'°‘°é"[56;r§(a;;1f) t A1V

T §(o—1)m?

——

]—'}-0(0(’05‘)‘-]—,\!..‘....1... . : : o (37)

SOME APPROXIMATE RESULTS = -~ oo . <

- We shall get the total quantit}‘r' of heat passing pér second thrdugh the circle ‘of radius o, this 'circle
" being situated at the surface of separation of two media from upper solid to lower solid. This quantity of
- heat isequalto T T et Akt e :

swle e

: ag o . :
et S0 , : o ‘e

Lo

i
o - Lo B g . . - . - . N

— =24/ 3k aq f osh da"fu (ryp . . (ovsha) tanh ardr.  wu {88)
: P 4 — 3 i . : . ‘ G

1
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{sterling).and lead; . o (sserhng) an&oopper ’

Making use of (21) we ﬁnd that

cosh. ( ) do

\/2”7"1“0 “of -
\/smk‘é‘ —smhz—- -

L

. ¢' t)dt

— b df e o
f 008 * \/sm hzgsm hz— ' C (39)

Interchanging the order of integratiﬁhs in the second temi of (89) we obtain that-

& =«/§w7‘c~1a‘o [‘«ﬁ (%) —é.a;o fl ¢" w;:r )-dr]-'
0
Hewo.

e L, S
Ql_‘-\./:z‘”z’.cl["”(c——l)  m(e—1) +

" 1 | of 1
) (71'8(0'—-1) 8”(0'__1))4-'% (11'4(0'——1) -
b 1 ) \ .
4"2(0._1) + 877(0"'—‘1))] +0(a0’)+-'.....'.: (40) B

.- The varlatlon with « of @, is shown in Fig. No.2and3. In Fig. 2 and 3, the set of solids are tgken o
s sxlm (sterlmg), lead and silver (sterhng), copper respectvely ‘ o e

N ;

8



SiveR & ‘MacRWE: Mixed Boundary: Value Problem of Heat Conduetlon
We shall now get the approxzmate results for temperature funotlons For thls purpose, we make use
of (37). Forthe solid portion A B C O, if we take v, (&) = \/’—— and B, = g , equation-(8) can be written

as Tollows :

Sl )+

\/- +4/ cosh & + cos ﬂ[((a — T o—1pm
I, - I » I,
-+ (78(0—1) T e —1)r T Gar('o,——l))+
+°‘°‘(vn‘!"(‘o-——-l)_—'&r“(‘a——.l)-—‘fiﬂz(o" )) A O(P) v iiiniians
' C0<a<®0< B <—"2i (41
where ‘ ‘ S
4 sinh(%-——ﬁ)
I, = - p _ (cosha ) tanh 7 dr, (42)
98  cosh 3 7 — it
and |
wfamm(g—-ﬁ)f
I, = - P (oosha ) tanh wr dr . (43)
0 oosh3 z —tiv \

' \(42) and (43) are convergent infinite integrals.
Similarly we can write the expression for temperature function assigned to the lower sohd portion

AOCDA as ~
—_— ocOS 0(0 S sl
u2=°"‘\/005h“+003’3[(a INE +(0'—-1)1‘”2+ (‘"'3(‘7""1)—

Sh Sy ) 4( Sy
“ M (o—1)r Ba(e—1) ) TH W (e—1) —
8, 8, 5
- 871'2(0'—1)— 611‘2(0'——1))] + Y (d. 0) +..o» .......
' 0<a<w,—3;<p<O (44)
where ‘
% smh( )1- '
f tanhar p  (cosha)dn (45)
S cosh 1' . —3% iz
and
* -r?smh( )-r
f tanh @7 p (cosh o ) dr (46)
0 cosh —i4ir '

Here (45) and (46) are again convergent mﬁmte mtegrals With the help of7:8 the values of these integrals

oan be found out,
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