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We have consldered the application of H-function, generalized hypergeometric functxon and Gauss’s hypergeo-
metric funetion in Solving the fundamental differential equation of diffusion of heat in acyhnder A few
known results have also been derived as particular cases.

We have employed H-function, generalised hypprgeoméfmc function and Gauss’s hypergéometrif-.
function to solve the fundamental differential equation of the diffusion of heat in a cylinder of radius y
when there are sources of heat within it which lead to an axially symmetrical temperature distribution.
The fundamental differential equation is then of the form?*.
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If we assume that the rate of genera,tlon of heat is independent of temperature and the eylinder is in:
finitely long so that the variation of z may be neglected. We shall in addition suppose that the surface
x=1 is maintained at zero temperature and the imtial distribution of temperature is also zero. We further
suppose that

(6 0= @90, . ®

where % is the diffusivity and K the conductivity of the material. Cases in which heat is produ-
‘ced in sclids are becommg increasingly mmportant in technical ‘applications. Space research and nuclear
reactors also give rise to different problems of heat transfer. It will be observed that the single function
f(rt) can repreqent hoth sources and sinks embedded in the system. Whenever the product f (z)g (¢) gives

. a negative value, i shoud be treated asa sink. ~We shall characterise the heat sources by the behaviour of
the function g (£). Since the Gauss’s hypergeometric function may be converted into Jacobi, Legendre,.
Gegenbauer, Tchebicheff polynomials, H-function and generalized hvpergeomeme function into a number of
higher transcendental functions and polynoinials, the results obtained in this paper are of general chare-
oter. Some resultsrecently obtained by Bajpai® and Bhonsle3 follow as particular cases of our results.

The following formula due te author? is required in this paper. -
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jph + 2, qk + 2 {(A(h’ bQ):fQ)}’ (1 foa—p—B— rd, m),(l -+ V—p——ﬁ ——rd, m} ’
where m, d and h are positive integers, (a;7) =a (¢ +1)...... , (@ 4-r—1),
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is the H-function defined by Fox5 and ean be reduced to Meijer’s G-functlon if ¢ (j = 1,. s P)s S (h=
..... 3 q) are positive 1ntegers, e.g. « : '
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where D = Z-I—ZL—Z I—f’- 4 z 1 4, Z L 28" and A (n, @) represents @
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The formula (3) holds if u < v (orw = v+ 1 and|c[ <1),nooneof §, ...... » By 18 Zero or a negative

mteger, E(ﬁ) >0,R(p+ /S—oc-—-v)>(), (p—|— f’)> 0(;- 1, ........ s My

v : ; l ‘ P"‘ n ’
=Ze, zf] < 0, Z j"—zej—i—z ?f, M>Oand|argzl<-%1rM
j=1 j=1 j=1 =i+l =1 .9—”+1 , . :

if we take u =0 =0, d = 1 in (3) and replace 1.— @ by @, we find that
1 o
B—1 .. p=1 —ow (a,v ) nyl [ o mlh (aqn ep)X ] :
z H 1— do
f (= Bl Bio)Hy 209 h(bq, )}

(2)‘1"""41'3 I(p)e _GZ &t T o
r=0 ’
nwhy th -2 - [(zk) l(l——p T, m), (1—|—ot-|—v———p7-—;9'—"’" m) {(A(h “p) epp ] 5
e ph+2,qh+2 (B Bg)s Jo)3s (1+oc—p— —r,m), (1 +v—p—B—1,m)

WhereR(ﬁ)>0,R(p ﬂ——-a-——v)>0, ( f )>6(j=1,.....’.,'n,,'r<0,.M>0
andlargz!<'}wM
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FINITE HANKEL TRANSFORM'
Let the finite Hankel transform? of f (z) be |
[ . ) S ¥ ‘ e ‘ ' o
fJ (’w@) =f fl?f("”) Jo (w wi) d$, R . (6) \
0 o '

where w; is.the root of the transcendental equatio‘xi \
Jo (yw;) = 0. ‘ ‘ ' , - (M)
—3 B—1 o, v Ny Ogyeeeestly f & \¢ -
when f (z) = z” Y — T F( ;1—————)F e ;c(_ﬁ), }, .. (8
f() (y ) 21 ﬁ - y B]_”"’Bv y ‘ » ()
then in (3) sot g=fr=1 (j=1, ........ , p h

n:h:l,m=q=2,l—p-_b =b,=0, z = y?
we have

=1, ... <vves ¢} apply the formula (4) put
wﬁ/tf} replacs @ by a/y and use the formulae’,

II (aj;'r) F(p -+ rd) I’(p#—ﬁ—}-frd—~oc——v) cr

fJ*(We)=y”+B,"1F(B)“Z = ’
; . r=0 1](ﬁj,'r)l’(p{—ﬁ-}-rd—oc)I’(oc—}—ﬁ—}—?'d——-v)@‘)' :

j=1 ;
P, [ AQ@p+rd), A@p+p+rd—a—y) yzw,ﬂ} D ©)
L A@2p+p+rd—a) A(z,p+ﬁ+wl——v\’ ¢ [
where d is a p0s1t1ve integer, ¥ < v {or w=1v + 1 and | ¢l <'1), no one of B e , Byis zero ora

negative integer, R (8) >0, R (o) > 0 and R(p 48— a—») > 0. By virtue of the inversion
theorem!, from (9) we get ) .

(o — P2 B—IF(a’V’l——x—)uFU .ocl,.......,ocu; (_:v__) }
f\x) z (y—=a) o4y g’ m B o ¢ V)
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i r=0 H(p,,r)r p+,g+rd~—oc)I’(p+p+¢d—u)/r,![J1(yw.)]z

F{ A (2, p +rd), A(2 p+ﬂ+¢d—‘u—-v) ,_y2w,-2} - - (10)
TP ULAR BT —a) A2 p+ BArd—v)’ 4

where the sum is taken over all the positive roots of (7). . The result (10) will be ‘proved useful in the veri-
fication of the solutions.

SOLUTION OF THE PROBLEM :
We apply finite Hankel transform (9) to obtain the solution of (1). Its qolntlon obtained! is

' ® H(ocj,'r)l"(p-l-rd)l"(p+/3+rd—-oc—v) c’J0 (ww.)
¢ (1) = 29"t (g —’“,;ZZ" .
. i "=’O H (BJ’ 1’) P(P + B +7'd_°‘) F(P‘I‘B‘{‘ rd“"”’) (r)' [J1(?/wv)]z '

A(2 p+rd) A(2,P+ﬁ+fd——oc——v) y2'w. } :
— 'P( .,t : 1
L.A(p+B+rd—a) A2, P—I-B-I-rd—l’)’ N ) ja) :
‘where d is a positive imtéger, u v{oru=241 andie < 1) no one ofpl, coepin _Bv;szero ora
negative integer, R (8) > 0, E (p) > 0, R(p+3_¢_.,,)>() L e
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and _
g ] ] ’ : M .

o ok wd (=T, o
¥ (wi, t) = f g (e Wi ¢ )d, T, . (12)
S0 S
VERIFICATION OF THE SOLUTION

Trom (11);’ and reference 6, we have

o I (% ,r)l"' P—H‘d) I(p+p+rd —a — v} o Jo (2w)

5 = f'”“"'ros) —Ez

H (/3}’ P {p + Btrd— ”) I(p+B+rd— “) (ry! [J1 (yw.)]l

A (2 p 41 A(z p+3+rd—a—v) i) .
o), A(z,p+ﬁ+rd—a) A(2,p+ﬁ+rd—v) Ye T dT. {13)
From (2) and(lO)',,we\have 7 R . s
- | g 2 .Hl‘(otj;r) I'(p+rdj P(P—!—B%—?‘d——a—v) c“"Jo(a:zé,-)‘
0 (o 1) = 2y”+ﬂ—3r(m—;{—zz’i | .
- ‘ i o= (BJ:"')F(P—‘—B—FM"—“)FP B id —v) (T, {yws)]?
, - j=1
- A (2a +’rd) A(Z,p+/3—{—ﬂ‘d——oc——v) o y2wi2 } N
| .-4,1?5‘_ LA @R p+B+rd—a) A(Q’P+f3+ d ) g(t); (14)
and from (11), we get -
® H “J”’)F(P‘i"”d)r(f’—l-ﬁ—%"d-—d—-v) ¢ Jo(ww;)
P+ﬁ—311
| i r=0 H(ﬁJ:T)I’(PJrBHd*—“)T(p+ﬂ+""~")( )‘[Jl(ywz')P
A (20p+rd) A2 P—l—ﬁ—l—?’d—oc-—-v) _._ _@/2111)@2 b [ 3
.4F5 1, A(Zsp_l“ﬁ“l"lrd—“) A 23P+B+¢d“‘"1’) 4: } !](t)"‘k’W;2 .
. /J‘g&(T)e-—-kw@z(t*T)dT]: . » (15)
o B . . P R ‘

substlbutmg the sbovevaluesin (1), the equation1s sa.ﬁsﬁed

"The boundary condition & (y,t) =0 is satisfied becau%e Jo (yw;), which is present in every term
of <P (y 1), is zero. The initial condltlon is satlsﬁed because ¥ (w;, 0).= 0. ; :

We see that (11) converges uniformly when ¢>0 and so the function P (z, {) ropresented by itis
continuons when . 0 < z < y.. The term by term: dzﬁ‘erentla’uons are 1ust1ﬁed because (13) and (15\ are
" uniformly convergent when t>0 and 02 Y. o
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Sinenr : Use of Special Functions

HEAT SOURCE L
(i) Heat source of general character : Let the function g (7)) be

o N = —1 —ST Q0. .T a1 mih | {(a,. e :
T = T . /t-——T F ( : )H ’ ,[ ( . ) (p; €p) |
9 = 4 ' Sy ) gl P 'qu,fq)f SR

then using (b) (withg == —z—, and¢ = st); we get

b (13,1) = go (2 7)1 —P4 B (P + N =1 st () z L_Tk_;’gi)'l
| —

nhlh+2 [( | (L= P =m0 FQ+b—P—N—pym), {(Alhap),ea)}
ph+2,9k+2 {(A(k b)f) 3 (1 +Q—P—N—p,m), (1+b P—N—p,m)|’
where m and 4'are positive integers, B (N) >0,R (P + N—-Q—b)>0R ( P —l— h;‘\ ) > 0

=1, ........ s 7 0, M > 0and |argz| < }m M.

] _(17) '

From (11) and (17) the solution is
] o0

II (ozj,r)l"(p—{-rd) I’(p—l—-ﬁ—l—rd—-m—v) c’ (s——kw,z)”"t"' o(a;w.)
J_

'Hl(ﬂj; r)I’(p+,3+rd—-ac) I'(p+ B —l—rd—v) (GEIRACEANIMY
J=1-

7 A(27P+Td)A(2,P+ﬁ+7‘d—oc—-V) _y2w’-2}an,lh+2‘ .
TS LA Brrd—a)A(%p+ B+ rd —v)’ 4 Ph+42,9h+2 "
[(zh“'.)h (1— p—p>m), (1 +Q +b—P—N—=pm) {(Ah “p)’ep)}] - (18) ‘
HA D) f0)} 1+ Q—P—N—p,m), (1 +b P—N—pu,m) .
obviouslytp @, 0) = 0. , ' ‘ Lo ,
Ifwepute = fa=1, (j=1,2,...... s pih=1,...... , q) in (17) and apply the formula (4) we «
get a heat source recently obtamed by Bajpaiz. )
Setu=v=0,d=Leg=fHL=1(=1, ..'/..,‘..:‘,”p;'h=1, ool Ces q) andusle the formula
(4), (18} yields'a known solution due to Bajpai®. C S
(¢¢y Heat source of hypergeometric character :—In (16) and (17) put ¢j = f;. =1 ( f=1 crurnn.
pih=1,........ , q) use the formula (4), again put s=kw?,n=qg=m=h= Ll=p=b, —0
’ repla.ce 2z by (b wz — z) ¢t and use the relation” we have v
- BT\ o
g(T)-—go N—l(t—T)P—l e 2F1 (Q "T) : o (19)

and

ot) = - _,tf(l\’)P'<P)P(N+P Q—b . [P,P4N—Q—b
,'ﬁ(w.,t)—gotfﬂv 1gv I’(P—i—N——-Q)I"(P—}-N )2F2 N+P—-Q,N+P b(z_kw’)t} (20)

prowdedR (N)>0,R(Py>0and R(P + N — Q — b) >0 '*ubstltutmg in (11) the value of ¥ (w; ’ t)
from (20), the solution becomes : v
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L aip—3 piN—1 —m FHT O T (P)T @ 45— @Z“’
Plat) =29y -7 "6 77 e ~.'F¢P+N—-4Q}F€P+N =8 K.

Ul R H (oc,,r)P(p+rd\F( +ﬁ+rd—-—a——v) C'Jo(mw,) .
, =1
_Hl (‘/3j§'r)P(P+ B4rd—a) r(P‘-l-\ﬁ“-}-{rd__‘.,,)”(,«) !‘[le(?/‘:lv"s)']é{ s
- ol P+§——Q g+zv P —kwd)t e o
, ) 7 ‘A @ p+rd), A 2;p+/3+rd-——<x~—v) y? w2 ) 21#
S AT 1A(2ap+ﬁ+f’d-—u\A‘Z,p+ﬁ+rd—~u) T 1

6bﬁdusiy¢3 (z, 0) = 0, with ¢ = 0 in (21), we get a next known result obtained in reference?.
In (19) and (20) take @ = b =0, P = 1, we get the heat source of exponential character given
' eZ — 1

i
recently by Bhonsle3 Further with N = 1,2 = 0 and use® viz. F ( ;z) = . we obtain hoat

source of a finite interval of time given by Bhonsle3

Behaviour of f (=)
From (8), we have ” o , ’
e 'B—l"F(d’v'I_l’_l) 7 g e Ly (f_)d} .
C S@= e R i e gy B Y (22)
Letv=8, c=1,0;=— 1, replace « by — « , then we have ‘ .

: ) f(m)—wp+“"~2 (y m)ﬁ_l {1——)\(—5—) },
R ) here A — ozgoes....;,...ocu“.'_ =
e WheTeA = B By B

Now wehave

Yooy

| o | N AR
-y @) f (@) =, whenz = 0 and p -+ « >~..‘2;x=yand,3>1;w~—,—?/;(—’)\_‘)d’

-1

‘ - o 1L vl
(%) f (¢) = negative, when0 <z <y (T) ¢ : ;
: S 1\ R
(%%).f (z) = positive, when y ( ) <<y L
, The value of A will determine the radius of the inner cvlmder If g (f) > 0, then the inner ou:cular
eyhnder will enclose the sinks, while the. volume bhetween the two coneentmc cyhnders Wx]l contain
‘sources, If g(t)< 0, ther’ smks and sources will mterchange their roles '

*
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