’

INTEGRAL TRANSFORM AND HEAT CONDUCTION IN A HOLLOW CONE
WITH RADIATION

, @. C. VarMa
" Govt. Engineering College, Jabalpur
(Reaeived 27 May 1971) N

Aney integral transform is developed whose kernel is a spherical tunotlon, a -solution of Legendre differential
equation. This transform is used to determine the temperature at any point in a hollow finite cone whose inner
angle is a and outer angle is §, with boundary conditions of radiation type on the outside and inside surfaces having

(fependent radiation constants. Tt isevident that most of th> possible. problems on boundaty conditions in hollow
cones can be solved by partlcula,msmg the method described here.

The purpose is to solve a problem of finding temperature inside a hollow finite coné bounded by
surfaces 6 = « and 8§ = B when there is heat radiation on its outside and inside surfaces. For this
.purpose, we introduce first a new integral transform' on lines with that of Marchi and Zgrablich.

Consider the Legendre differential equation of order ».
N e d C
(1—o?) 7 —2w ol fvp+T)y=0 0 (1)

The kernel of the integral transform is the general solution of (1) with boundary conditions given
in (3). We shall further use this transform to solve the physical problem sbated a.bove It is presumed
that all functions involved satisfy Dirichlet’s conditions. : S

THE TRANSFORM AN'D INVERSION

Let us seek the solution of our Legendre dlfferenha.l equatlon |

‘ d2y . da . - : :

for the boundary condltlone;‘ o | .
Y@ F by @ =0 5 yO)+hy B =0 (3)
where k,, and %, are independent radiation constants. ‘
The general solution of (2) is ;
y=0C, Py (x) + Cy 0y (v) (4)

where P,(x) and Q.(z) are Legendre funetnons of the first and second kind, respectively. Substituting
(4) in (3), we get

Cy Py (a) 4 Cy @y (@) + K, [ 01 P’ (a) 4 0 Qv@)] =0 } ”
CiPy(0) + CoQu (B) + K, [CL P (D) + 0,Q» (B)] =0
Let ' '
P, (kia z) = P, (w) + k,;P'v (w)
: \ or (v =1 2)} (6)
Q (b, 2) = @y (2) + & @'y (2)
Then (5) can be rewritten as ‘ :
Cy Py (ky, 0) + 03Qy (b, @) =0 ) ™

OIPy (k2’ b) + 02 Qv (kz, b) =0
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I-Ienoé ‘
| _ G _ Pk _ Polinb)
O Gk al  Q (ks B)
* Therefore - , e o
PV kl, a) QV (kz, b)"‘" Pv (kz, b) Qv (kp “) = O ’ ’ . (8)
Let va be the root of (&), then the genera.l solutlon takes the form ‘ » N
- 0 N / B ;\
S yl:”‘$m Qvn (kl’ ) [ P"n ($) Qv. (kla a) QVn( )PVn ( ) ] ‘ 7 (9)
. ,yz,f» (% ) W[ Py, (@) @, (ky, b) — @, (@) Pyn (g, D) ] (10)

By a linear cbmbina.tiqn of (9) and (10), we get the general solution
Yn (93) = EVn(kl, kz; r) = PVn (.’12 [Ql’n (kl’ a) + Qvn (k2s b) ] - .
—Qvn (w) [ Pvn (k]_’ a) + Pvn (7‘72’ b) ] '\ . ’ (11)

whlch are solutions of Leo‘endre differential equation (2), “of order v, and satisfy the boundary con-
ditions (3). Such fun.cblons are Bigen functions? and are orbhacrona.l in ‘the interval (a , b) Now
let us deﬁne the finite integral transform

f 1@ By bomdn (12)
where 7 (n) is ‘the tramfom of f («) with respect to the kernel E,,,, (&, kz, )
. Inwersion Theorem . . : ;
If f(x) satisfies Dirichlet’s conditions in the irite;val aZz .b aﬁd }" (n) exists, then
&= aby s b 9 | )
" where
- — ) b ) - . ‘ v
Op = fc(;z) ‘ and Cn == f [EV” (701, ]cz,‘w) ]2 dx | ’ R o ‘ - (14) :
. A
Proof

+ Let us take that I (w) is expressable in the form o
| f(w) - Z a'. Eyi (kl’ kz, w)
Ta.kmg the transform of both the sides. we get

; -

T = Z f By, (b, kz, 2) B, (byy by 2) do

. . %
From the property of oithogonahty
, b ‘

| f EV,' (kp kzs $). Ei’n (kl’ kg, .’E) dx = 0, v for ¢ #n
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-Hence ; .
. b ' S
fn) = f [ E,,,, (ky, kz, w) ] ‘dw,

a

therefore an = f (n) [ Cny Where 0,, is glven by (14)

CALGULATION OF C’n

If wy (2) and we (z) denote any solutmm of the Legendre’s dlfferentlal equation® with pa.rameters v and '

o respectlvely, thén from second rela.mon3 [p 169, 3 12 (1) ] 4 :
d. . o , )

| .f dz SR S

Wy » Wg — (V——O‘)(‘V—I—O'—]-Ul

)‘ - [z (v‘—— o) wy. we —]— Twy woy.._l‘—li- w;/_lo éba] (15)
¢ ‘ ' ¢

- then

@ _ . S " g
- Ny . - 4. Oy Wel VWi . D
f wo. wolz= 5o [ et tlm. T y—e ]
¢ ’ A ) L . i o . ¢
Changing v to o + % and taking the limit 4 -0
’ a ’ [ ‘ N Sl . v
P f a)aado"_' 2 +1 [Zwa—-—wa._l "W +0‘L] '/ . (16)
H ¢ . ) .
where )
. L.__ 1 Wy +’I,- wa-.._l """wg--'.h-—lu Wag . : R 17
h—>0 . h ‘ ( )
As sta.ted wy 18 the solution of : _
d d . ” ‘ o
(1-—-z2) 209y =2 + o oo+ 1) wo=0 | (18) -
‘ dwa . ; . g L. ( - R .
Let o'y = To " ,Daﬁ'erentlate (18) with respect t0 o we get
- k 2w’y ’
‘ (1-—-—z2) w’ T+o‘(0+1)wa+(20‘+1)wa—0 ‘ .(19)
Further g b will be the solution of the differential equation '
a2 dw; \
(1—2) —55= —22. ° o0 th 4 (o) +htenr=0 (20)
Now for small A a.ssummg the approx1mat1on i , N |

and substituting this in (20), we get

A ‘”0' ; d2¢/a T dwg. » dw a
=9\ *' = }"%{“""‘ g
+(o+k)(o+k+ 1) w,+h(a+k)(a+h +1) e =0
Now substltutmv vahies from (18) and (19) we caloulate the first order approx1mt1on of w's

’- : Weo '
a e
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Hence ; o/
Qo410 '

| We b N m wWeo . ‘ ’ (22)
Hence substituting value of w + b and we 4 h—11n (17), we get - :

— ]_i wq-—]_-wa 20’—1—1 - 20"'—-1 ] .

L hfo h 24+ h 41 9¢ + h—1
2wa—1 « Wg L :
o —1

Substltutmg thls in (16), we get
, ‘ d
f(wa) dz = o +1 [ zwzg - “’%280———1 (40-‘———-20—1} ]

c -

Further changing z to x and taking limits from a to b, ws bemg repla.ced by E,,n (bys, Bgy J:) we

get

i

f [ E, (kl, ky, :z;) ] dx |

1 B, B, TP e
= —.._.___2vn + 1 [ ] EZV“ — ———————-—'Z 2 l (41)”2 —_— 21’”— 1) ]a. . . (23)
" PROPERTIES OF THE TRANSFORM v
. . ‘ \ . af af .
We investigate the effect of this transform on the expression (1—x?) =% — 2z ——. Taking

dz? dz
the transform of this expression and integrating by parts we obtain

fb[a \ df_~2 df]Ev,,(kl,k2, 2) do

a
a2 E dEy .
if _ ds ] [ (1 —at)—22 — 9 —— ] fode (24)
[ (1 —2% By, {d ~ %, dz? ,da: | ,
"It can be easily deduced from (11) and (6), taking into account (8), that
@By T dEw Co
dx } 1 ad'dw _ 1 - (28)
Evn z=b o k2 Evn r=aq ! kl .
- Now substituting these values in (24), we get , ‘
b N . ) v -
d d ; :
f [ (1 mz) f — 2 —— f }Ev” (kp 'Icz’ zj dz ’ .
a . ; L ‘
1—5 1—a2 ‘ af .
= Bl k) {4 Y i e {ren L)
—a (vn & 1) f(n) . . S ' (26)

This is the basic property of our transform tha,t wﬂl enable us to solve problems in which such terms
are involved.
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TRANSFORM OF SOME FUNCTIONS

-, "We shall obtaln here the integral transforms, defined in (12). of some functions f(z), defined in the
' range — 1<z <1, Wechoose ¢ and b, the hmlts _of “the integration of the integral transform,

- such that —1<ae<b <1 , : .

- Let f(z) = Pm (), then

, b
f(n) = f Pu (%) . By, (ky, ky, @) do g ‘ | (27)
Making use of first' relation? ' o o I e
Fon 1 ! dBn . dPn@ 1T .
70 A — ) (m +va + 1) [ (1—=) { Pute) —gp — B g ]a’ ' (28)
Further replacing - P ( @) by using the recurrence relat10n3 [p. 161, 3-8 (19)], (28) can be rewritten as
Foov 1 ' dmn b
flmy= gm—Vn) (m + va + 1) [ @%) P (2) + ms, {me (:v)——P,,._l(x) }]a
Now applying the property given by (25), we get ' :
7 . _‘ ‘ Evn(k]_: k?; b) _
fn) = ) (0 m 1) [ um__llb) — { k 4 mh (b)]
' By, (ky, by, @) : 1—a? ;
—5m—wﬂm+m+n[mﬂ“1 { 'Hm}lwm] @

Further any funetion f (z) defined in the ranae —l<z<l, if satlsﬁeq Dmchlet s conditions, then
it can be. expanded in a series of Legendre polynomla.ls o :

7e) = ZBum~ ' o (30) -

where

‘ 1 . : rd .
B, = mtl f f@). Pa@ds - - (31)

Since the range of integrationi{a, b, of the transform, isa submterva.l of (——- 1,1) hence the expansion
(30) is valid in the said range. Assumlng the va,hdlty of the term by term integration the transform of
S (x), defined by (12) wi].l be ,

n’) z Bm J‘ Pm(x) Evn kl’ kz: )dx 2

. )m=0

z m—'Vn (m + Va _|_ 1) [EVn (kl! k2’ b) i’”LPm_l (b) (

pm<b>} — B (ky s @) { Py @) — (5 + ma ) Pa @ }] e
e : 1 : \

where By, is given by relation (31) which can be easily determined, ; 4

1—b2

—|-mb)
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APPLICATION TO STEADY STATE PROBLEM OF A HOLLOW FINITE CONE
: WITH RADIATION

. Consider the steady state solution of 2 hollow finite cone, whose axis is coincident with
zaxis, defined by «<8< B, O0Lr < a where o and B are interior and exterior
~ angles of the cone, and (r, 0 D) are ephenca,l coordinates, with boundary conditions of radiation

type. Assuming symmetry with respect to z-axis, the temperature u (r, 6) at any point of the cone
will be the solution of the equation :

Pu 2 ou | 1 of . . ou _ | »
R o KL EU
If we take p — cos @ and p, = cos B and p, = cosa, then wu(r, p) is the solution of
fu w2 [ au] ’
2 e U | I—pN =] =0 34
" T m'fw( P &

. Let the boundary conditions - be

w(r, py) + &y up {7 Pl) v '
‘ Icr<o ' (36)
(s pa) + Ky up T ) =1 '
where k, and k; are radiation constants, and . \
‘ e p)=[fp)=Pnip) s (38)
Now applying the transform (12) mth respect to p to (34) and (36) and denotmg &= @ (r,n)
as the transform of u (r, p) and f {n) as the transform of f(p), we get

3 42 di 1) = ) __ 1) o | 37
—jﬁ—l—-zr“%_‘ Vﬂ(vﬂ"[" u+¢(4r - ) ( )
where v S -
1—pg? 1—pp? ' \
' B (1) = 2 By ey, By ) 70— 2L By, by ey ) 0° (38)
. 2 1 .
| @ (@, n) = f (m) . : (39)

" where f (m is given by (29)

Equation (37) is second order equation of homogeneous type, calculatmg lhe complementa.ry fun- L
ction and the particular 1ntegra1 the solution can be.written as

i 1 RSN .
- ) ] v”. Vn 1 - p2 : ’ ‘
i (r,m) = 4r" 4 Br Tl Bl TS
P
1—}312 L 7y
+ kl Ev,n (k]_, k2: 171) (P—_V”) p + Vn + 1)

Since at r =0, @ ha.s to be finite, therefore B =0 and by applymg boandary condition (39), we get

(40)

ao
A = T [ f(’i'l/) + E‘P” (kl’ k‘” pz) (O' ) (o‘ -—I_ Va + 1)
— kl Eyn (kl’ k?) pl} (P-"‘Vn) (p + Vﬁ + 1) (41)
Hence ‘ .
- ’ — Vn_'__ 1 _pzz 1 . W -
U (r, n) = A r ; k2 Evn (kl" k27 _p2) (0' . Vn) (O' + Y + 1) +
1—p? o S (42)

| .,l_ -,T Evn (Icp k2’ p]) (P_" vn) (P + Va + 1)
where 4 is given by (41) | o
210
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Now applymg inversion formula ( 13) to (42) we get the solutmn

Irp zo Evn ]Cl,kgv )u('r %) . : , (43)

~where C, is given by (14) and & (r,n) by. (4;2)

- APPLICATIONTO THE TRANSIENT HEAT EQUATiON IN A HO'LLOWFINI 'E
CONE WITH RADIATION *

We consider the translent heat flow in a holloW ﬁn]te cone, with boundary condltlons of radiation

c 1
type. Let the conduct1v1ty of the material be ky, a constant and —’];—0— = o5, where p is the
density and ¢ is the specific heat of the material of the cone. The temperature « (7, p, t), where
-p = cos 0, is the solution of the heat equation : : )

1 ou 32u 2 3u : 1 s - % . -
mE T wm Ty e 910[(1"—102) a_]{ | 4
The boundary condltlons are. ‘ R o
w7, Py t, + kyup (7, py, ) = Ry (1, 8)

fort >0, 0<r<Ca - (45)
rpg,t)-l-k@up\'r pz,t)_ Ry(r,t) . } ’ =

' where up = u
£ ep ;
Assunung that the solution is of the type '

u=Ade=2¥T (r, Z))* ’ (4:6)
~ and B, (r,t) = Ae— % f, (r) and R2 (r,t) = Ae— A% f2 (,.) :
The equations (44) and (45) reduces to

- _& — 22T 2 8l 1 2 g_T
g T0p) = + 55 —I—‘“-»,.z 5[(1 %) ?p—] (47)
"~ and s
' T, p) + & Tp o, p) =fin)
(48)
Tir, p;) + ks TP (" pa =fa(r
Now taking % k2, the equatlon (47) can bexewntten as
" 31’ k2T+ [ —p 2L ] o
ap ‘

Naylor4 has developed a Lebedev transform for the group of terms 72 ¥,, 4 2% ¥, —f22 ¥
and has suggested that a transform can be devised for group of terms 2¥,, - nY, + ey
Such a transform can be easily developed as

5 | i(v,p) =f hw,r) T, p) r—1 dr ' ' (50
where ‘ ~ .
hiw, 1) = J, (kr) Yy (ka)—J, (ka) Yy (kr) o 61
and lts inversion formula will be ' /
v o J, (kr) o . ‘
T . p) q# f T(v, ?) J(lca)d. - 4 (52)

- m
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where L is the path Re (v) = ¢, 0. < e < r, the strip in which T (v, p) is ' reguiar.
Applylnff the’ transform (50) to (49) and (48), we get.. '

al .. aT] L
v, P) ——~T @, p ——] 11— 2 — B 53
w—B Tp) + 3 ()+ap[( ‘>3p @
and ‘ S :
(v,m)—f-klﬂ'(v p) =F, (v) ) o
- {5
T (v, po) + by T(v,p2)~—F(v) )
- Now applymg the transform deﬁned by (12), we get.
‘( — 7 (v, n + — r@n)—vma+1) 7(,n) +
lp ' | ,1?"}912 1, \-\' 0 - )
+ EVn (kv ks, po) Fy (”) ~TE By, (ky, kza p) Iy »(”'_} = (65)
where r(v, n) and = (v, n) is the transform {12) of Tw,p) and T(v,p). . ~
. 1— 1—
Writmg W@ = { ' k2”2 By, (kyy fe, pa) Ty (v) — kp ‘B, (kl, Fyy py) Fl (v) }
 we getb ' o P
;w;n)=— o+ een o0)
. 02 —1) —vn (Vn -+ 1)
Hence taklng the inversion step by step B ‘ ’
. Tep= Z—C— Fom) By, (kl, bop) o
Where Cy, is given by (14) ‘
Further by applying (52
L v(k’l‘)x v
T = 5 f” Jflc) v
L
k'r ‘
E,, kl, k, p) Ty () | DT
Tp) = 2@ 3 z : f T o) 7 (v, n)do (?8)

Further the a,rbltrary constant A in (46) -can be ea.sﬂy determined by prescribed initial condltlons
¢ .
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