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FLIGHT-PATH CHARACTERISTICS FOR FEW RE-ENTR¥ TRAJECTORIES:
8. K. GurTo*
Terminal Ballistics Research Laboratory, Chandigarh
(Received 1 April 1971 ; revised 23 August 1971)
Approximate analytica) solutions on velocity, rithgv; detdloration; mkxiirari dbeelration; distatios andl™ tits* off
flight, etc. are obtained for object entry in a planetary atmosphere when (i) rate of change of velocity is proportional
to the nth power of the velocity, and (i) rate of chahgs'of altitude is proportional to the pth power of the velocity.

Loh’s results for constant deceleration flight and constant rate of chatige*of descent flight are obtained as particular
cases. Finally, trajectory characteristics are obtained for constant rate of change of range flight. .

, NOTATIONS
- = reference area for lift and drag expressiens- (sqy- ft.) - *

I

drag coefficient

drag (lb.) '

acceleration due to gravitly-(ftifsec?)

lift (b.) %

mass (slugs)

range (ft.)

radius of earth (ft.) .

distance along flight-path (fE)°

velocity (ft./sec.)

angle of entry . :
atmospheric density coefficient such that p = p,e—8¢ where p, is atmospheric density at
earth’s surface and y = altitude.-

il

i

I T |

f

wWe gt REINOYQ N
I

The' problem of vehiole entry into plefistary atimosphere: is gradually- receiving. increasing- attention.
Gazleyl, Allen?, Eggers® and Chappl* have considered the case of ballistic-type entry without
lift at sufficiently large angles of inclination. whers both. the. gravity force and centrifugal force have.
been neglected. .

Loh®8 has given analytical solutions on the dyitamical’aspect of various kind¥-of re-entry trjectories.
He has considered the case for constant and’ for variable lift-drag ratios. His approach is more general
and the results of earlier investigators't cofiie out as particular cases. The present paper is essentially
aimed at generalizing Loh’s reslts for constant deceleration flight and constant rate of change of descent
flight and also dealing with a new type of re-entry trajectory. The results for all the above three cases
are for variable L/D ratios. '

.Rate of Change of Velocity Va:ies as the nth power of Velocity

In a non-rotating two dimensional inertial coordinate system with its origin at the centre of the earth
or planet the equations of motion are® - -

T dpll-F)e- T (@0 o
(%) (Ber)- v E e
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For high speed re-entry the- gravity component in the drag direction is usually small in compam‘xon
withdrag itself ; consequently, it has been neglected in (2).

L .
. The tra.]ectory characteristics at B

dV- ‘
5 = K2 | & | (3)
are now worked out ;

Density :—From (2) and (3) the expression for density is

oam K.
P AT @

Altitude :—From the altitude-density relation and equation (4)

1 : 2m Kz
y—_FM[_ poCpd V2~ ] ©)
Time of flight .'—;Integrating (3),
1 o | »
| ‘hm["*l ] ©
where subscript ¢, here or elsewhere, denotes initial values. b 4
Dzstance along ﬂzght—pa,th :—The distance along flight-path using (6) is N
) : 1 ¢
o= g () o
Velocity :-—The expression for veloc1ty in terms‘of alhtude, is obtained from (2), (3) and the density-
altitude relation
2mK, 1/ e~
= —_——— 2—
4 ( 0o ) e—Byl(2—n) ®)
Angle of inclination :—From relation sin 6 = — dy/ds and (5) and (7), the entry angle is given by
' K, (2.— n) .
sm 6 = — _%—VZ_—T—' ) (9)
Lift-drag ratio :—From (1), (7) and (9) on simplification,
L _ @—nkK, [74—2n__' K2(2—n)12]" —
D ~ B' /
— 271/2
[174-—2n__ {,___.g__n_} ]/ YA (10)
where ‘ l
1 1
Z= v~ - (11)

Range :— In the relation dR = cos 0 ds substltutmg value of cos 8 from 9) and ds from (7) on integra-
ting ‘and simplifying .

3 (55 ) - ~———} ~)-
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It may perhaps be mentioned here that the expression for range as-given by Loh® is erroneous. The

actual-expression can be obtained by putting n = 0 in above equation.

When the index » vanishes, equations (4) to (10) give flight-path characteristics for constant decelera-

~ tion flight®.
Rate of Change of Altitude varies as the pth Power of the Velocity

The trajectory characteristics are now analysed for entry at

where

where

KV - (13)
Angle of inclination :—From the relation sin § = — dy/dé and above relation.
. CpCpd \ . - ' o
51n0=~(—~2)3T)V ]"{Tp (14)
Co=2mBEJOpd L)
Density :—Using (2) and (13), the relation dp = — B p dy and integrating
| — 019 — 14 - ;
p= 0= (1 —p) v » _ (16)
- _ - 2mB K,
Cig=pi + ChA(Q—p) Vii—r ) (17)

Flight-path distance :—Substituting (16) into (2), integrating, and simplifying
P 2m (1—p)C V2 —0C,4 : ;
ey e K 9

Range :—1In the relation dR = cos 8 ds substituting value of cos 6 from (14) and ds from equalion (18)

and integrating

‘ v ,
_ 2m(1—p) - 0,pyCpAd \274
B=—F7 Vf [VZ ”*( _2/3m“‘) ] .
¢

'[0197;013 V-2 (1 ;p)]-_ av | _ (19)

The value of R can be evaluated by numerical integration.

Altitude :—Using relation p = p, e—B¥ and (16) on sinipliﬁcation

1 C 1 ‘ : :
= =] [ —BY; {—L— { ml+p P14
Y gine + T=p)pe j‘* V. 4 Py _ - (20)
Velocity :—The expressVion for velocity, as a function of altitude, follows from above
P-lt+p — PT—14p __ (1_.p)P0 { - \ '
v ?=V; 4 » {——————019 } {e—"ﬁ.’/—e ﬂy.f (21)
Deceleration and Mawximum Deceleration :—The deceleration expression follows from (2) and (16) as
K (W) [Ols"z* (T:-,.;)-V“P] (22)

.-
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-afid the' éxpréssivn for maximum: deteleration is

AV [ Cpd\  O@—» 14p\@ +p)/(1—p)
Tw Jmae =\ o ) 2/\1—11;(} AT \ Te~p ) -- (23)
~ where » »
_[fCs \(1ts ,}i/(l:»—m L
-G S w
Time of ﬂzght +—The expression for ﬁlght-tlme usmg (“18) is
’ V : , d
' : 1—mpav ‘
f ( o 4 ) f @ 018 Vo= G,y V177 (25)
v, ,

| wl(fbh can be solved by numerical mtegrattbn

Lift-drag ratio: —Usmg equations (1), (14), 18),'(22 and snmphfymg the hft-drag ratlo is

L 2 Vi—2r — K22 Z ;
: *p‘"““”( ) [OEs(I—P) Vlip]_o )] '*““”K*’[m_”"&-z«]‘m (&0

As before it can be easily seen that if the ‘exponent ps 0 equa.tlons (14). to (26) yleld resuli:s for cons-
tant rate of descent ﬂ1ght5 - ,

-

!

Constant Rate of Change of Range Blight '
It is now bmpésed to anglysera different type of re»énti'y trajettory for which

IIR
o Tat

-

= K, - 2D
Angle of inclination :—The expression for angle of inclimation from ebove is
sinf = Ve—g2t yv-+ 28)

Density :—Using relations (2), (28), the rélations'd o = — 8 g dgf and'sin-0 = — (ty/ds
and mmphfymg ' :

[ V+(P—E | (P—Epp -
“where , ‘ , P - » '
| , Vi (=R} ) (Ve—Ep ]
024=:P.\+Cw£ln{ R o (30)
" and B
023 = 2 B m/OpA ' (31)

* Altitude :—Using the altltude-deﬁsmy relation, (29) a.nd‘mmplifym& the altltude in terms of V is
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1 Cas V(72— K2R )
BRI e y= ? [e py'_." Po l Vit (Vi2— K2)§ }
. Os (V2 — K% ‘(Vizh——K]z)& 1 ] (&

Deceleration :—From (2) and (29) the expressidn for deceleration is

d Cp A [ V4 (V2— K2 (V2 — Kp) '
av (__t__D___) [024__023 , +( K;) }_1_023 ______1_)__1;72 (33)

dt 2m K, 14

i [y
ria (_dt—)=0

which gives the value of ¥ in implicit form as

2 (L [(F P - [-()T e

This value of ¥ when substituted in (33) gives mazimum deceleration.

For maximum decelerafion.

Flight-path distance :—This follc;ws from. (2) and (29)A on integration
- ) 14

. 2m - av
8§ = (—- Cp A ) J vV f‘(y) ' o N ) (35)
where “‘g‘
| (VK2 K23
=f(V) = Cyy—OCyln v+ I74 ) + 023 (Vz——-;{—li— » (36) ‘

1

* Range :—From the relation dR = cos 6 ds and (27) and (36), on integration

14 ;
. —2mK av '
¢ R= L —
( Crd ) V) > (?7)
. ‘ O _ .
Time of flight :—The expression for ‘time of flight is ’
v i 14 B
' ds —2m dav ' '
t — — = ——t —_— /
f V ( Cpd ) f V2 (V) 38)
The last three characteristics, viz ﬂxght—pa,th distance, range and time of flight can be evaluated bv
numerical integration.

\

CONCLUSIONS

av
The ﬁrst entry case at —— wrs K, V" is pa.rtlcula.rly interesting. At "= 0it reduces to the constant

decelera.tmn flights. It may be mentmned that constant deceleration ﬂlght is specxa,lly useful for proper
entry into Jupiter.

Further, the results for constant rate of a.vera,ge heat input flight® can be deduced by putting n= —1
and suitably choosing K.

The second and third entry cases, however, are more of general interest.
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