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In this paper associated Legendré funotions have been smployed to obtain solut;ons of the funda.mental di&‘enentla.l
equation of the cooling of a heated cylinder. :

Cases in which-heat is produced in solids are becommg increasingly importan$ in, technical apphca—
- tions!. 'Space research and nuglear reactors also give rise to dlﬁ’erent problems of heat transfer.

J

In t}:us paper we consider the problem of the cooling of mﬁmtely long cylinder ofJadlus a, hea,ted to _
temperature u, = f(r) [r is the distance from the axis] and radiating-heat into the surrounding medium
. at zero temperature. From a mathematlcal pomt 05 v1ew, the problem reduces to solving the equatlon of

heat conduction?®

« s cp. 3u/9t = k%, ‘ A o
subject to the boundary condition - o 7 | . .
L Wm0,
and the initia;i"i';otidition e - - o
ult=0 = u, = f(r), . ' (3)

Where the object has thermal conductmty k, heat capacity ¢ and density p and emlsmwty A a.nsi h = Mk.

Here we shall consider the"~f0110win‘g values of tendpérature':

R e e S

and ‘ ; , B S
f(r) == 7'20—!—,\—-2 [az___,rz]-'y’fz Py“ (r/a) ‘ V (5) i
- Voo . o
The following formulae, recently given by Bajpai3, are required in the proof.

roa : B ) i : !
) J‘ 120+ A—1[g2—s32 PF (rfa) Iy (op r]a) dr = R
0 . o ' '

ato+t At (—1f Tl +p+ )r(_li‘%‘_’i‘i)p( 2‘“2i7‘ )

I’(l—y-l— )1‘( 1+2o+2A+p——v )r r2‘-¢-2a'+2)\—|—p+u)

=

v »

s [(1 +2¢ 422, 20+ 1)/2; w,,./4]

1(1+20+A+#—V)/2,(2+20+A+F-+V)/2 ©)

.. where

Re(A+20) > 0. pp = 0,1, ...
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“and
_ f r20+2a—1 [d’ 4?‘?'3_“”‘?\?‘ (r/a)Jo (z,,. r/a) dr
\ 142044 | o ( 2042
eweoer (M) (2
(R )r(zf”“““",“.)‘;- :
2 , 2 ‘ :
{1 20+ A2, 2o+ A)2; - |
’ 2F3 [1 1+ 20+A—p—v)2,(2 —|—2o+/\—--p+v)/2 'mm2/4]’ ™.

where :

43&(/\-{—\20) >0, p.‘< 1.

»

‘ SOLUTION OF THE PROBLEM
" . The solutions of (1) to be obtained are ' S

‘ . 2
u(f,t)= ) - . 1-4+2 A —Y A
ra—ptnr| *‘“+2+“ )r('+¢°+{*“*ﬂ)'
o, [(142e )2 J@o+NR; - ‘\
z ofy L lt2oddtu—y  242otAtety —zdft |
a=1 o2 L T SR |
Jy (24 7/a) exp (—za? t/a?D) v 4 8
- J% (m) + % (%) T : : ®
where '

U Re(A420)> 0 p=0 L S
. 9420 +A—p—2 T (5—2211)‘—) r ( 2‘7‘;)‘ )
u(nt) = 1T+ 90 FA—p—v Tt 2ot A—ptr) "
T (e p ()

R 94 % FA—ptr —ft
s 9. ’ ‘ i R ’ ‘

T

n=

o w .i.f+2qy+x)/2,(2a+)n)/2‘;»
1

dep(—ntdd ®
EA ET A " SR
whera o .
Ro (A 4-20) >0, u<1.
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Proof. The solution of (1) is?

w(r,) _zM,.J (2) exp(—a:,’ z/azb) b= cp/k) o)

n=1

~

where because of the initial condition (3), the coefficients M, must be chosen to satisfy the relation
) w . . e M - o
f(r) Z M, Jy(zarfa), 0<r<a. (11)

ne=1
By virtue of (4), we have_ |

fr) = rio+A—2 [ gt — (28 P (r/q)

\ =ZM,,}0(x,.r/a) . L)
n=1

Multiplying (12) by » J, (zm7/a) and integra.tirig with respéct to r from 0 to a, we get

a

f r2o+A—1[gt _ 122 D1 (r]g) J, (w,,, r/a) dr = Z M,.fr Jy (a:,,r/a) Jy (w,,..r/a) dr  (13)
0 - 0 .

3

n=1

Now using (6) and the orthogonality property of Bessel functions?, viz.,

a [' 0, ‘ ( ifm;énl.
J,, om Jv vn dr = v }
Of "l @on 1) Jo (Euntia) dr 1—‘;’—[” () + (1 = o) 2 (rw) ], i m=n |
’ we obtain | '
220+ A+u—2(—1)pu I'(1 +p+v) I‘( 1+220+)\ )I'( 20‘;—/\ )
n g+ A — 242042 v
r(l_F+V)P(1+2 +2+;{ )1.,(-}- +2+p,-|— )
. 1
V'd¥i@m) + Jo¥f(@m) P
) (1+ 20 + N)/2, (20 + 2)/2;
coFs| Q4% Adu—y  24%Atuin 2l (14)
3 9 o ? 2 ?
Now with the help of the relation J,' (2) = — J, (2), the solution (8) follows from (10) and (14)
immediately.

The solution (9) can be obt_ained similarly by vi_::t,ue of the relation (5) and (7).
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