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In an earlier paper the author has established two theovems on generalized hypergeometric functions. In each
theorem a numezator differs from a denominator by a positive integer. These theorems were further used to prove

* some theorems on the sums of Kampé de Fériet function. Here, we have established the theorems which are the
basic ana,logues of the theorems proved in the earlier pa,per

The au‘ohor1 has established two theorems on the sums of generalized hypergeometric functions. In
the first theorem, & ;4 Fj1;, in which a numerator parameter exceeds a denominator one by a positive
integer, say m, has been expressed as the sum of m-+1 ;F’s. In the second theorem a ;. Fj.,, in which a
denominator parameter exceeds a numerator parameter by & positive integer, say #, has been expressed
as the sum of n+1 ;3. F;1,’s. The two theorems were further employed to establish some theorems on the
sums of hypergeometric functions of two variables. The aim of the present paper is to give the basic
analogues of the theorems established earlier.

Assuming 1g| <1, and m, a positive integer, let

[6} =(1—0q) (1—ag)....(1—ag~); [a]y=1 ‘ o
(0] = (—1)* ¢Zn o [q/a]u, o T (2)
where Zn =1+424....+n ‘

- The generalized basic hypergeometric functions of one and two variables have been a'eﬁned as

5o

i ’ IT [a;], ) '
;@j (d;; bj; :17) = —I‘IT:[I;]}—[Q?"", le <1 (3)
r=0 ‘
g:hH | ap:by Ba; Mlalpsr M, O(Bal 2y
Ql' kK [ o1 Cr; 01,, :, pZO ,Z Ulwlpsr Hctlp M[Cklr [glp [g)e ®

where |#| + |y | < 1. Here and in what follows fI[y;], stands for the product [p.l]., [egds: <. .[plss Om

denotes the set of parameters a,, as,..... > @n. The colon (:) and semicolon (;) separate the terms of
thetype [aglp+r and [bs)y, [Bal, onthe left of (4).

If nis a positive integer, then by a g-binomial coefficient we mean

[(n] _ LN [g) 7 ‘
1] = 5] = mthe e<Een - )
Clearly
| 0 ] = [n] =1 (©)
| n-1 N S e n g
| r ] o [r+1] - [H—l] = [r]q + [r+1] @)
The author? hasrecently given a contiguous relation
1l—a 1—bg 1—b
[ a _—T](D(a“a bybw)’_ “'“_—'q)(au aq,bpb 9)) q q— di(a,,a bybq —I, w) (8)
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SUMS OFF BASIC HYPERGEOMETRIC FUNCTIONS
" Theorems :
Theorems to be established are :

n ' p
Tn T H o], (azgr—1)A
.+1‘I’J+1(ava9 br“ ) = Z[ ,\”] »«t I (229 ’ ).cpj (agh bg? 5 @) -

II[b;
&l [b1ala]a
n A N
e e : n | Hla], (—oz "A+AA-12
i+1Pj4 (% 8777 bjp @; ) =z [A\] — [bjla gi)\ -
) 2=0 ' ' '

. e i1Pi41 (0 g%, 4 By gX agh 5a)
- Proof : ’

We shall prove the above theorems by induction on n. We have

H[a,]rw' o ol—ay

Py (o 0g; bj.’ a; ) = moble gl 1 ';“ ~

r==

Z n[b,[;']'[qlr [ 1+ a(ll :qa) ] -

R I
T =iyt Hﬁ;*}*‘[a? ETI TN

Thus (9) holds for n=1. Let us assumethat it holds for n=m. Further-

i+ Pty (a., ag™+, by, a; 2)

_Z Meyewey, e

ool e T—a

. N H[a.']rw'[aq’"; B a(l-—q')
5} 14 [ [ Tz ag]

y=

. k . : g,z a g™ - - P
= i41P41 (% 09™; by, a3 7) + ——IE’T:?LW 1Py (@ g ag™+1; b g, ag; @)

Now using the result (9) for n = m, this becomes

M§

(e A—I]
7] Bzzz][?»,]&aﬁh LT A+

>
]

0

i, aog < [ m | _Miogla_(aag)
+ e > (3] iy

A=0

i“

A\ gM=1). — (@ A+lb A+l g
i [adla (3 (@g? + 15 byg )

©)
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1 | = k |
= { :,n ].-‘Pj(ai; b )+ ,H[a‘]" (ﬁa]a ) [[ A I+q'"““‘ [Amlu I o wH—
. A=1 ‘ .

Y

m | H{ai}m 4, (awgm)m+! IR
+ [ m ] [blm + [@mty D (a; gt bj Y 7)

The result (9) now follbws from (6) and (7).

That formula (10) holds for n=1, can ea.slly be proved Let us assume that it holds for n=m. A.lso (8
’ ylelds o _

N\

i1 @i (0 @™ by 5 w)——i+1¢j+1 (@ ag=™; bjs a; 3)

.

" 1—oa | " I ,
= —‘1—_—'}‘ (1@ (@5 ag—™ b @ @) — i41®jy (a0 a7~"1; by, ag; 2) .y

. Now usmg the assumptmn that (10) holds for n=m, we see that the rlght hand slde of ,(11), on using the
summation notation, becomes , ~

v

et S S Haiasr (—oa) ¥ gm0 VE T (6] - g ag,
Z) ; [ ] [b.7]l\+r ﬂ]]r ) [ [@]n+r .>—— (9" Iasr ]
a0 % M (—sopar gt g,
- 1—™ A=ZO Z}[ ] H[b_,],\.,_,[qJ, . v(l_q ) [ag= ey

[m—l ] H[a;],\.f.,-(-——aw)’\ a;rq;)‘[m—(A—l)jz]q—A ‘ el (1 —ag—!. B
A—1]" o lg - [ \1—ag™! )

"
M=
Ms

4
[

-
.
I

=)

— iwz[m—l] H[a;],\+r (—aac)z\g,;rq;,\[m—(,\—l)/z] [a]r‘ (1 ’ ag—1 (1—gn)
Est Wb @ Ee T T )

" v

m—17 Hla;]x (—az)? ¢—Alm+1-(-1)/2] ..
Z [ ] ( ) "+1_¢.i+1 [2: g2, a; bj_q"', agh; x]—
A= R

1 A—1 bl [ela
Cmtl . e ' . : 3
_z z [m_l T %At r— [0y (—om)A 27— g~ D [0 -3) 2] -1
< r—2 | Ib1a 4 r— [aIA [g)r—y [0gX]r—, -

A=2

oy
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Here we have changed A to A—1 inthesecond expression).

. [m—l] [l ()t
' 0 [63], [al

- 2>
A=

2

i-+1Pj41 (3 g, 6359, ag; 2) +

P
.

laa — g g~ A =01 e] -
[[ :|+ " A+1 [A___ZJ] [ ] ( _ )q .¢+1¢j+1(a6q)t-,a;qu,\, aq,\,w) +

a1 9,
J
m—17 H[glny, (—az)m+1 g—m+1) imi2)2 " —
. . - b gL ggmd-1.
[ ] b1ty [@may i1 Py (3 g™ a5 g7, agmtl; )
Substituting (11), using (10) for » = m again on the left hand side and using the results (6) and (7) we  see
that the theorem holds for n==m--1.- This completes the proof of (10).. v _

;, k of the numerator parameters exceed & of the denominator parameters by
., k), the form ;®; can be expressed as the total sum of (n1+1) ( a+1)

Remark.—1If in a form ;@
posmve integers, say (t—l 2
(nk—|—1) i—kDi—p.
HYPERGEOMETRIC FUNCTIONS OF TWO VARIA~BLES

We shall establish the following theorems on the sums of basic hypergeometric functlons of two vari-

ables : ‘ ‘ o
g:hH4+1 [ a4: by; By, ag™ : [
4 T, Y o ' T St
Lok, E+1| ot Ck, a;

Z [ ] H{ag]x II[Bala (aquwl)A ¢y: hy H [av g% by By g% T . (12)
_ | 2 y ~{12
Mwg]y, [Ck1y {a], Lk K Lag?; o Ok g |

g:h41,H+1 Jay: by, ag™; By, Ag™,
(0] ) z, Yy
l: k—[—l; K+1

%y Cky G CK: A:

H[“y]/\ﬂt 1Ib4]x I[Bg)w (az)? (Ay) gr(A=1) + (w—1) -
, Z H[oq])‘_l_“ g\ T[Cklp [ar [4]u '

A=p p=0 ‘
g: b H [ag gA+w: by g5 By g1y , ‘
@ z, Y (13}

1: b K | a grtes cr g% Cx g

g+1: B Hfag, ag® by By,
z, Yy
I4+1:k K

an a: o Crs

. n—A] . Magh+, Obi)i H[Bgh ad+e yh ok
——Z z [ ] [ ] Mo +u ex)p T[CxIA [a]r+p

g: h; Hag gr e by g Bagh; o o
. qn,,;—}-)t()t—l)-!-#([l"'l) ) eyl {(14).
b: & K|opgr+e: qgm; Oxghy

146 -



Wapawa : - Generalized Basic Hypergeometric Series

n—

=

[n ] ["—M] I TDo5Y Tl ad e ghaw
A Hlala+p Mgl H[0kIx [0]A+

-Z

lVJ

A=0
. g: ks H[agqrte: by ge Brg; :
L: kb K|orgrte: o gu; Ok gt : , )
g: b H4-1ag: by Bg; ag—™
0] z, Y
l: kb K+1las: ¢ Ok; @
" . 7 .
IITag)a I[Ck]x Hla]a Li by E+1fouqr:cs; Ci g, agh; Y e

g: h+1; H41[ay: by ag—™; By, Ag—"
@ ' Yy
I k4-1; K41 o :es 0 Ck, 4
A ,
Mot O TBals (00 (— Ay} iy gy A=)+ utu—i)2

‘Z Z [ ] [Z] lo]a+p ey T[Cxle [ada [4)u

A=0 p=0
g: het-l; HA-1T gy gAte: by ¢h a3 BHQ"’A’ o
. Y ] (17)

@
l: k+1, E4+1 | o q"'H*: cxq?, agt; Cg qry Age
g h+1; H--1[ay: by; ag™; Bu, A7
x, Y
l k4-1; K41

w:c @ Ok 4;

i b IT D) (—
[ag])\—i-y. H[ k])t [BH]}L (Ux ( ay) - q‘“nﬂ+[)‘(h—l)+l"(l-“—l)]/2 .

- z Z [ ] [ :i] Hlag)a+p Hce) H[OA]# [ala [4]n

g: h Hi1[a, gA+e: by q'\ By g, A4, ‘ .
-cp. . A - e A .w,y . (18)
b by B4 | ow g o gh; Ok g, Ags o
Proof:

On writing the value of left hand side of (12) as in (3), we have
g: by H+1[ag:b; By, ag™; ' g
1) z, Y
l: b, K+1

ai: & Cr @
§ X Maglrss [0, O[Bg)s lag™ " ¥
- o)y 4s ce)r 11 [CK]a [e)s [q]- [4)s

r=0 =0
-~

IIfa,), II[b ~ n
= Hléoc‘% I [En{l'}r[ﬂr i@ (@ O Ba o0 a1 07, O 639)

=0
Using (9) and (3), (12) follows immediately.

Other results also follow from the similar manupulations,
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