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This paper gives an analysis of the distribution of thermal stress in an infinite isotropic élastic layer, which
_rests on asemi-infinite isotropic elastic foundation and is indented by a rigid heated punch. The thermal and elas-
tie properties of the layer and foundation are assumed to be different. Two problems are discussed. In the first
problem the punch is a flat ended circular cylinder of unit radius, while in the second it is of conical shape. The
problemsare first reduced to dual integral equations, which are further reduced to two Fredholm integral equa-
tions of the second kind. Iterative solutions of these equations are obtained for large value of #. Expressions for

" quantities of physical interest are derived. ) : -

. George & Sneddon! have discussed an axially symmetric problem of elastic half-space indented by
a heated punch and made a comparision between the stresses caused by the punch alone and the stresses
induced by thermal effects. Using a different technique Keer & Fu? considered stress distribution in an
elastic plate due to heated punch. Recently Dhaliwal® has considered a punch problem for an elastic
layer lying over an elastic foundation. ‘

In this paper we shall study distribution of thermal stresses in an elastic .layer indented by a rigid
heated punch and resting on an elastic foundation. We shall consider two problems. In the first problem
the punch is a flat ended circular cylinder while in the second it is of conical shape.

By making a suitable representation of the temperature function, the heat conduction problem is re-
- duced to the solution of a Fredholm integral equation of the second kind. - Then using the solution of ther-
moelastic displacement differential equation, the problem is reduced to the solution of similar Fredholm
integral equation in which the solution of the earlier integral equation arising from the heat conduction
problem ocours as a known function. Iterative solutions of the integral equations are found, which are valid
for large values of 7. These solutions are used for deriving expressions for quantities of physical interest.

FORMULATION OF THE PROBLENM

Consider an infinite, isotropic homogeneous elastic layer included between the planesz =0 and 2 = — 4
of a cylindrical co-ordinate system (r, 0, z). The semi-infinite isotropic homogeneous space z >0 is an elastic
foundation upon which the layerrests. The thermaland elastic properties of the layer and of the foundation
are assumed to be different. In the case of symmetrical deformation the displacement vector U assumes
the form (u,, 0, u,) and the non-vanishing components of stress tensor will be a,,, 0¢4, 05, and o,,. The
region is divided intotwo domains (1) thelayer — A< 2 <0 and (2) the semi-infinite elastic space
0 <<z 0.

The boundary conditions at the free surface 2= — %, when it is indented by the rigid heated punch are :

ufD (r, —h) =g (r) 0r < 1 o)
oV (r,—h) =0 r>1 2)
- oV (r,—h) =0 r 20 3)
the function g () can be expressed according ta the shape of the Vpunch.
‘We shall consider the following two cases of temperature conditions at the free surface 2 = — fi :
Case {(a)

When the temperature is prescribed,

TO (r,—h) = T,(r) 0<r<]1 }
’ 1

~0 %
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Case (b)
When the . ﬂux of heatm"presenbed ’ S
o e : <y :
ET z=+h = (1) | ;0.\@ <1 | ()
T‘l’(f—k) o > - ()

Smee the elastm 1a.yer is perfectly in contact with elastic foundation, the continuity conditions on
the interface z = 0 are :

w® (r, 0)

= *-u;@) @ 0 o ()

w (r, 0) = w® (0 ' - (8

o (0. = ¢ 0,2 (r, 0) for all values of r - ' )

o) (r,0) =aww0), , (10)

I® (r, 0) = T® (r, 0) : 2RE (11)
TG 2T @) , |

L a0 ky ¥ lz=0 ‘ o (12)

where %, and &, are thermal conductivities of the layer and foundation, respectively.

FQUILIBRIUM EQUATIONS OF- THERMOELASTICITY

The thermoelastic displacement components U; in the absence of body forces, satisfy the following
system of equationst:

~ UD:IIG'{_(A—!_F’) Uk:ki—Tu =0 : ’ (13) )
where the temperature field is determined by La,plaee equation
Top=0 ‘ . (14)

in the steady state, and in the absence of heat sources.

In the particular case of symmetry of temperature and stress fields with respect ta z-axis, equations
(18), (14) : reduce to two equations

i 1 204w ]
—y—2 . _
Vo —1 =2 u, -+ T—g, &r T—gy % T, = 0 |
' 1 2(1+49) -
2 i Gl N L — . (15
Vuz"l" 1__21] ?gz . 1_—_.217 “tT:z 0 ' ( )
VT = 0 -
where :
€ = Uyyy +'rurf‘+uz,; V2 = % _|..4r—1 or + o2

w is modulus of rigidity; n Poisson’s ratia, o, the coefficient of linear expansion.

The two components of stress, in terms of displaeements are

e - I (16)
2 'z ‘ Oy 7 ’ '
eAne=:Tiz[<L~m 2o (BB adawr ] )

- Inregion 1 (—h<<2< 0). we follow the method glven by Srivastava & Palaiya®for deriving the
expressions for the displacements, stresses and the temperature field. These expressions are
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where A B, C’,. 2

b

f[{&(C‘JrDZ (2—'2n1)D+A},;,Z+ l
{5(0+DZ —-(1-2n1)D+A reaz
{S(E+F7)+(1—‘2’71)F+Bje—5z]fef (Er)dg_ff‘:‘,..~-v

__;L,.;Jf [Aeéz}Be—a%]fJ (f;)df

e B and F are unlmovm constants to be determmad

ey

(@

()

The correspond.mg expresswns for the region 2 (z > 0), Whlch are obta,lned by rep]acmg %y, ,u,l, 7, B,
F and B by oc,_, T El, F, and B1 respectwely and puttmg A-—C’:D 0 in the above expressmns, are:

2p ur(zy

24, 4,®

0':5(2)

0

) -

f‘s(E~1+E1‘Z)e zJ*(fr) at

f[g(E +F Z —{—(3——4112) 1+231’]-6‘;52 J, (¢7) a&
] ‘ | | e St

O;"—‘ts

[ 3 1.,+,.F 1 Z),TI'»(€¥2WQ)_ ¥, + B, ] H?E'Jo_(_gr) d% :
f [ £+ 1) ¢ “*‘2’72”‘ +B ]H" £3y (Enags
0 . ;

. . 1 - T = o i - ’ L :
T (I ff Bie=% Joléndé . .

(23)

oy
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e
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- where

. ; : E”fﬁ (1 + 7)')9 ¢ = 1’ 2.
and By is the Young’s modlﬂus ’ s

; ff»f?TEMPERATURE FIELDS
Let us consider both the cases of tempera.ture flelds. 5

The cond.ltmns (11) and (12) are sat1sﬁed pmwded
“1 (1 + 7’1) ’B'
vty (175

&%y (1 +'r}1) B

-‘H1'~7‘)
B —%(H—k) m ;

Henoe (22) can be written as

Th= 2, (1 _|_ n9) k, ff B, (E) [(kl — k) & + (% + kz)“e—gz]"o (¢r) a¢ . (28)
‘ ‘ ' D , o : .

where S : EEE o
: % ='i‘k1/k2 | Ll e : o

Case (a) ;
- Thus case (a). gives the following equations

ng [ (k. ——kz)e —EH 3 (%, Jrkz)eﬁh] J (ér)df (r) O<r <1 } (29)

Il !Ir ~

(:)l r > 1
o:wehave ,
[(kl—k;) e~ah‘+(k1+k2)_efh} B, () = f T enar ey
o T 0 I
" where o
Ty (r) = 2a5 (1 + n5) B, T, {1).
O’oss (9]

Similarly for the case (b) we obta.m the following pair of dual integral equa,tmns

f [ L+ B (2§h)] ESE) Ty (endE = To ) O0<r<l
0 - ' '

o ’ - : S _ ; (31)
. 0 : : / : {'
vwhere R
R oMb
B e 2

ne



T, ) - 2%(1 +nz>k Tl (r}

‘The solutmn of the a.bove dual mtegra,l equatmns as gwen by,Sneddon e

¢. (g) f g (t) sm(.gt) dt’ e

whee (0) ~,0 i
“andy (t) is deterlmned from the Fredholm mtegfal e‘i“a"’mn S

g’(t)l = t)--fg t)K'(S t)dS

T," (r) dr
(2 —r2pp . 5

EXN
=

'/‘wheré Ay = —12;

——g

- K'(8,¢) =—?—,— H’ (Zé‘h) sin (gt) sm (68) df

a6 g
"zr,’lv*—,('sz?—)-“ro‘ )]

i
ey
rr——t @

I, = f X B @)d), n=1,2
£ . : . 0 » ; . .

‘We assume that the iterative solution of (34) ié '
T gt t
P S L P ”, +0(h—6)
If we take 7" (r) = constant = ﬂo'k('say) then, -

9 &) = —,2,- 0, t = 6 t(say)

') = g (t) =0

ot

ol
90 (8) dS = — 231

95 (t) ==

SBIVASTAVA&GFP‘I'A T}xern;oelagtxc'%nfact Pmbbm LN S

e = “’ ® ["“ "'kz)e‘"fh (k +k@>ef"]l

(35)

(36)

(37)

| (38)
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T

9 (@ =T 2 t ngl (*&)JS——O S

Ly

, g"5‘4 , 1 _ [21 5'892, (S) MIZ% (S)]
,   0 ST o
Iy i‘; ot ';_l
sb tha ' = i }
g = et{l— 3"h3,+ 45 h5 (3+5t2)+0(h 7)] L (39)
where - | ‘ ' -
0 — 96, -
| REDUC‘TIdN OF,P“ROB'L'E‘M TO DUAL INTEGRAL EQUATIONS
- The continuity cond'itio‘ns’(7 ) to (10) are sg.tisﬁéd, provided . S T .
4 (1—ny) £C = (u—1) B—4n;) £ B, +oF, + 8B, (40)
4 (1-—1,1)D_2(,4—-1)§E1+(y—1) (3——41;2)15‘ +»B 1 : (41)
4(1-"771)§E —(M+3—"4'}1)§E_‘°‘F1“"33 C - - (42)
40 —n) F=[+pB—41)1F+0B | (43)
@ = pB—dn) (1—2m) —(1—2m) B—4n)
og= ‘2p~(1/’-|—k)L ,
B =p(2—49)—3+4n +Lk
v =2u—2+(1—kL
L= al(l*i-’h)/otz( + 1)
and  po= plm

Now the a,pphca,tmn of (3) Ieads to

[m——l) (1——267&)6”257‘*—#—3—1-4?71 ]
= —F, [{oc——(p——-l)(?)—-—-‘ing) (R +1—2n)) }r%h
— (1—29, — ¢h) {1+M3--4nz) }-l—oc ‘——‘

_Bl[(L-—1—v§h)e—2fh—L-—3+4n1+oco§h ]: R (44)

Equations (40) to (43) express the unknown functions €' (¢), D ( f), E(¢yand F (¢)in terms of E, (&),
F, (¢) and B, (¢)  and (44) expresses the ﬁnkuown function B, (¢) in terms of single unknown functlon,

Fy (¢).
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SRIVASTAVA & Guru Thermoelasmc Conbact Problem

Nﬁw lf we deﬁne F, (¢)in terms of another unknowu functlon G (é) by the relatwn
Fl(f) ' 1—~—m) e—”’ M

B(f [nde“%-l-a e “‘+M %] o
- —éha ! ’ 5 370l (48)
4z1—","71) ‘ M, Msx( ) e (f) B M, (a;) , ()
" where S
g =2k M1 = (3~—-4’71)--M(3-—4772)
Bo= u-1 in = BL (l*k)(l—"h

Cx (@)= 1 + [a4+b (1 ——~w2)] e*w—l— ce—2%
a = Ml/Mz“: b=— F"'/Ms . ¢ =r— l’{' Ml/M2 Ma, ’

the boundary conditions 63 and (2),a;re Saﬁisﬁét{ 1f G (fy)"is‘thé solution of the dual integré.l equations

J[rvmen]e@unene= - 7250 ocr< (i)
o J. £G(£) Jy (¢r) dE = 0 r>1 ‘ (47)
0 ‘ Lo )
Where
H (@) = — erlat? 14;;2)_;_206—:0] L e (48)

and G’ (r) is defined as

& () = g0+ M(k2+k f‘“’f) [1+Q(25h)]Jo(mdf (49)

¢ (¢) ean be obtained from equation (33) and @ (w) is given as
Q (z) = [3_4‘”(01——-01’2:»)—}-3 (0 + 6, w—]—bP as2——bP w3)+ ”2’”(0 + 6,z —
—bPyz?—bP m3)+e (06+0,a;+bP .'z;z)] [1‘1-1-5(1-@-)3—” }
_3(l—a e )x(w)] L (50)
where L R
‘ '(L— S u L=k
Py = J—(—I{—“)+a'b, Py = _”‘__2_(1{__'1_,_@,5-_
w | » ,' B ) o . #4
A T [L(i;—Kk) By

19



'V*wmwma“

34=P +cP -(p4 ——c Ms) . : “"(“’f'b) Py

“um%aﬁPQfﬁ“ﬂﬂ ?—W+m

y. aco (2 21}1) g
. 4

The solation Of the dual mtegml GQdatmns (46) and (47) as glven by Sneddons is

G(g) f W(t)cos(gt)dt

4 (t) is determmed from the: Fredholm mtegral equatlon :

1

| whe:e '. Py ‘*"—“ "" "(2‘_,_2,,1) ‘172\(= Ma (ky + &y)

I

d rg(r)dr ,’ N

¥ ) d ) (@—ri
0

K81 =\-3“'— j H (22) cos (A s/h)-oog(a’tjh)d;\ \
: J e

([

h
1T 4 &4 . #rense S _
_;'_[_%0___, ;:; J} ,+ h5 \+‘ 2+0(h 7) ]

120

W(t)*pul'(t -th f—-—gl[ 1+Q(2£h) ] cosftdt fK(S t)W( yas
. e Q ’

o

62

o




Servasrava & Gupra : Thermoelastio Contact Problem -
w

and ) o= 5T f H (2 2 . dx - (n =0, L 2) SR (55)

, The expresswn for K (8, t) is obta.med by subst1tutmg ¢ h A ani wntmg the espansion for cosine
and sine f unctlons in powers of h. , ‘ :

~On subsmtutmg the value of ¢ (§) from (33) mto (52), we get BRI e . ‘ s

W(t) = PH/‘(t)'l' 'plpg fg (u)du+p1pzfg u)duf% Q(2§k)sm(§u)

e (gt’dg— fK (8,4) W(s> a8 S o e
| ‘ihserting the value §fg () from (39) into (66), We‘get | | | ) |
| Wl = g+ 2BE 2p1Pz o [—--(1._t)+, o= 33;&{51 (1_tz)+
46801 +5t2) } - 23 ;4; + i 2526};5‘ {71 (11——6t“ 51) -+
+ 1203, (3 +42t2-|—35t4) }+0(h*° ] fK (8,0 W(S) ds (57)
where R “
;3"’= (27_11_—1—)—![&@(2»,\2"01;\‘ ‘(ﬁ=o, Ly " (58)

An itetative solution of (57) can be obtained by wntmg
W1 (t)

Wty = W, (t) + + ol + s “{ -+ o(h‘*‘) = ) (69)
whefé o |
LW = pb O+ BB e —n
W = D o,,ao_i;—fwo(sms R (60)
) 0 : '
L1 » ‘
Wy =~ [w,(s)as
5 L , 3 |
Wy =—~-ilr 00[ B, {1 —1) + 68, (1 +5¢%) ]—: | [ Wy (8) jo—
R T

i +m ] as
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me=_~%gsie_%ff%@mthm@wuﬁ”w
We() = %% '[ﬂ(n*az wy+HM(&+mﬁ+%ﬂ]-;

- %, hnmx~mwaw+m+mwmw+mw+w]w

~ Numer ¢al values of I, {n =1, 2) 8, (n =. 0 1, 2) hmve been compuﬁed for 'q = .33, 7,=.25, k,=. 4.-"
ky = 54 E/' =10x10" dyn/cm2 E = 21><10“ dyn/em2 ocl-O 000012 and ¢ oc; = 010000102 and p=

. The ya.lues of the mtegr&l Ju (n = 0 l 2) Lavc,be:en‘i gwen in Table 1,

. NORMAL STRESS UNDI‘R THE PUNCH
We shall now derive the expressmn for the normal stl:ess under the pun"h

The uormal stress under the punch is -

Substituting the vqﬁ:.e of G (¢) from (51) into (61) and interchanging the order of integration, we get
® o1 d t Wt)ds . T PRI
%“*“,*?‘%ff@:@‘ o

e

TOTAL LOAD ON THE PUNCH
We denve the»expressmn -of total load P apphqd by the punch to maintain the dlsplacement

The total kmd under the puirch is
. N F i 1 (1) . R : . )

P=—2n f Ty (r h) redy : (63)
v 0 : ’ it

msertmg the value of a,, (r, — ) from (62) into (6’3)~we get

EUR Y
b

:_%fmwt ‘:".«\ - (64

Tasre 1 L
VaLues oF INTEGRALS I, 8, AND jy TorR n=0, 1 Axp2 -

Integrals o 7 -
1 0T “1 - 2
In e 0-020632 0088248
S 1-191022 0185111, 04057212
. ©1-246001 1 0°800334 - 0381609

122



SRIVASTAVA & Gvrm $ Thermoeia,stic Cohtact Proi)leﬁ
SHAPF‘ OF THE DEFORMED S’URFACE
The shape of the deformed surface for r > 1 1s

(1 ;
uz(r?ek)=~(2—2nl)f[l-i-ﬂ(?fﬁ)]G()J(ff’)df N )

Sﬁbstituting t};e value of G (¢) from (51)into (65) we have
, ; 1 ‘
(1) :
u:(r,,—h>=~(2~2m>[f,(—w—£”i§+f W(t)K(M)dt] @

where

K(rt) = —%- f H(za) J, (refh) cos (m) ar
0

~ |2 Lert 1)+ ( #t gt e )] +O0G- ()
where j, (n =0, 1 2) 1s defined by the equatlon (55) V
- The expressmn dor K (r,t)is obta.med by substltubmg &h =X and Wm’omg the expansmns for eosine” |

v a,nd Jo functxon in powers of k.

. PARTICULAR CASES
Here we consnder cases for two different shapes of the punch
" Flat-Ended Cylindrical Punch

The shape of the punch is a flat ended circular cyllnder of unit radms and s the depth to thh the punch
penetrates (see Flg 1). Then we have

»éﬁ{ )

glr) =« L 0grgl ' - (68)
Therefore, the value (52) can be written -as = - : o '
Inserting the value of  (z) from (69) into the expressmns of (60), (69) can be written as '

W)= o+ 4 +.dy# 4 0 (1= (70)

where

0-188501 _0-074829

s
i

Ay = ¢ [ 0°474898 4

7 h A3
- —zh 0°024542 0'036233 0-002845
i B t ot 2 S ¥ ]
insnclg.:mn f . - . .
L e, [ — 0030365 — o3
TR T T RRRT TR e |
v . o R 0:002902 0°001138 0°000542
ELASTIC FOUNDATION ot 72 — 7B — 7
. 7-ax18 + ~—O—10—;‘f*506—] o
Fig. 1—Flat ended oylindrical punch (problem 1),
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. 0°015471 0 048021 | 0 090309
4y =— ¢ 73 - A
© 0-001863  0°000634 1
T T
0057685 0-001145
A2 =€ . -

e 0 ho

The normal stress is
(v k

and the pressure is

[ e ] oy

The shape of the deformed surface, i.e. u, (r, — h) for r > 1is

—l—@ [0'030365 —

s () — ) = — (L—12)—} [(Az-*—Al-,—A,,)}.; 2(4, ~_~-§- 4,) »

0:001071
—

— 5 Ar]+o6 @

- (72)

o — B =— 2 —2m) [{s + dy i) 1/r—~~—~ =1 (41414-242)} +

{—- gin—1 1[7* —g Ay (P —1)t + 8 } 2 {Sz + 37 4, sin—! 1/"} "‘] {73)

where i
&=%%+4h+%%‘
S = 4, 3+A LG-}-A L,

1- 246991 0: 381609 0-381609
1T Th 3 BRE
L 0-800334 .~ 0-381609
2T T o8 + 3 3
3 0381609
' I e
¢ 1246991 0°800334 0°381609
ORIGINAL SUR;'A_C_Ehf ‘ Li=—g— — "5 T
€ L 0°800334 3 _ 0-381609
( DEFORMED sunrt\;‘g =" - T ‘ ;
SR ) S 0381609
ELASTICI LAYER Ly = 7P
ANSNAN \\\ P\\\\\\\\‘\\\ L 1246991 _0-800334 | 0-381609
, TR Th3 9hs
’ELASTIC FOUNQ{\TION R o 800334 3 0381609
1 == 7 T
“V2-axs 7 [ _ 3 0381609
ST 40 R

'Fig. 2—Conical punch (problem 2)
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SRIVASTAVA & GUPTA : Thermoclastio Contact Problem

Contcal Punch s

The shape of the punch is a right- clrcular cone and the ela,stlc Iayer xs mdented normnlly by it
(see Fig. 2). The displacement is ,

g (r) -—e(ﬂ/Z—-T)f‘ S ‘ O<r<1 A (74)
Therefore equation (53)is ‘ , ! ‘
P (t) = (¢f2) 7 (1 —-t) : Le ’ ¥ (75)
“Substituting the value of ¢ 1) from (75) into (60), equation (59) can be written as R
W) =Ay+ At + A8 + A8 1+ 0 (h—8 | ) (76)
where = : '
‘ ‘ : , ~0°148019  0-058765 . 0°007489  0-922171
‘43:;[_0 UBI + o — g + g + e —
0° 015760 0 - 08;
— g ] + 6, [ — 0°030365 — .00;314 4+ “:3”2 e
0:001138  0-000542  0-000506 o S T e
Iy T T ] .
A= 0745968 ¢
o 0095022  0°037716  0°030330 o
Ay =—e [ T ] + 6, [ 0030364 —
©0-001071  0-001863  0-00063t 7
- 73 e T - 75 ]
0°045300 0001145
6 = Gv ‘T‘ _— 0 '—hs——

The normal stress is ‘ /
o‘:(g""(y, -i) =—(1—1r?)—t [ (dg +- A;— A4, — A3),, -+ (‘—;-! — 24, + 53. 4.) %

X e g- Agrt 4 (1—r)} cosh=1 1fr 4, ] oy (77)

'andthe pre,séure is’ : ' S C )

P=—2nr [A3 LA+ A5/3 + 4,15] + O(h—9) - | (18)

3

The shape of the deformed surface, ie. 'u (r, — k) for r>1 is

) = (2 — 20) [ {8+ 4y sn Yr— 18 (4 — 1) (84, + 4y + Mo }+

+ A‘““{Si* 2 sl 38 4,61 bt 89 dgstifry et | (19

where, N .
Sy =A;L + A, Ly + Ay Ly + 44 L;
S =AdA; L, + A, L,y + A; Ly + 44 L
S =Adg Ly + Ay Ly, + A5 L +’AsL9
and

1°246991 = 0°800334 0381609
2h 'Y - 6%

LIO ==
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0°800334 3 0-381609
Ly=—"  *t71 %
N 381609 |
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