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In an attempt to unify some earlier results in the theory of the functions of hypergeometric type, the author
establishes some new results involving the product of generalized hypergeometric function and H-function.

The object of this paper is to evaluate some finite integrals involving the product of generalized hyper-
geometric function and H-function with the help of finite difference operator E. ~As on specializing the -
parameters the generalized hypergeometric function may be converted into a number of special functions
and polynomials, and H-function into G-function and all those functions which can be defined through G-
function, the integrals obtained in this paper are of general nature and many interesting particular cases
have been obtained some of which are known and others are believed to.be new. :

Bajpail, Chhabra & Singh?, Sharwa® and Sharmat have established useful results in the theory of
functions of hypergeometric type. The H-function introduced by Fox5 is represented and defined as follows :
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where z 1s not equal to zero and an empty product is interpreted as unity; p, ¢, K and [ are integers satisfy-
ing 1<K<q, 0 IKp, (j=1,...,p), fu(h. = 1,...., q) are positive numbers and a;(j = 1,....,
» (k= 1,...... » ) are complex numbers. L is a suitable contour of Barnes type such that the
poles of I'(bj —f; S)(j = 1,...., K) ie to the right and those of I'(1 —a; + ¢ S)(j=1,...... )
to the left of L. These assumptions for the H-function will be adhered to throughout this paper.
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In a more compact form, H-function is represented by
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where “(op, Bp). stands for a set of parameters («;, 8,), ...... » (ops Bp) and will be reduced to Meijer’s
G-function if ¢j (§ = 1,......, p),fi (¢ = 1,...., q) are positive integers, i. e.
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According to Braaksma$
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The following formulae will be used in the present work.
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where m is a positive number and % is a positive integer,
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- provided tha.t m and n are positive numbers and % is a positive mteger
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According as m > n, << n or = n, where
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where m, n are positive numbers and % is a positive integer and the coﬂdition of validity being
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when n=m, n is to be replaced by m in the above conditions.

The formulae (3), (4) and (5) can easily be established by replacing the H-function (with %=1) on the
left hand side by its equivalent contour intégral as given in (1), changing the order of integrations which is
- justifiable due to the absolute convergence of the integrals, evaluating the inner integral’ and applying the -

multiplication formula for H-function, viz. ’

K[, onl e} ] oo B[, (A (g, o)
B leeen iy | = @0 =i s e yon| 10 G e |
The finite difference operator E is8 _ o
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We shall now obtain the following formulae : -
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where m is a positive number, hi§ ;é, p@sitive integer, v and p are non-negative integers. The above formula
holds if u<vw(oru = v +1 axidl ¢ | ‘< '1), no one of the denominator parameters *Bl, vevier, Bo i8
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4ero” or a negative integer,‘R (B)>0,R(p + %‘%) > 0 (y =1, viveeee. KBy M >0,r< 0
. Ji _
and |argz| < 3= M. :
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prov1ded that m, n are positive numbers, & is a posu;we mteger, v and p are non—negatlve integers, %<V
(w=v+ 1and| C | < |), no one of the denominator parameters f;,...... , By1s zero or a negatlve

. -,K),M>0,r<oand[argz|<%1rM ‘
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Stvexm : E-Operator in Evaiuating Hinite Integrals

Kr +1, 41 [(zk")" (1—p—rv,m), {(A (B ag), ep)} ]
ph +1,gh +1 (B + i m), (A (B, b, fo)} ,

* where m, n are positive numbers, % is a positive integer and » and p are non-negative integers. The formula
(10) exists when v < v (u = v 4 land |C]| < 1), no one of B, .......... » Bo 18 zero or a nega.ﬁize
b\ ’
integer, & (p+ %,—’) >0(j=0L1....K),R{g — };—;7 (G—1)}>0(j=1....0, M>0,<0

i % :
and | arg z| < $ Mz when n =m, n is to be replaced by m in the above conditions.
Proof of Iniegral (8)—
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Now using (7), changing the order of summation and mtegratlon of the left hand side and replacing («; -+ 9)
by «; and (B;+ 8) by B; we get (8). The change of order of summation and integration involved in
the process can be easily ]ustlﬁed ; -

The results (9) and (10) can be established exactly on the same o lines using the same multiplyer and
operators except that the formulae (4) and (5) are used respectively instead of (3). o
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PARTICULAR CASES
(i) Putting »=0 in (8), we have D :

=1, ﬁ“luFL R N K1 i (Open)} 1,
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The. conditions of validity being the same as given for (8). v ;

(7)) TakingC =t =v=p=1Lu=2 Bi =B v =0 in (8), replacing the H-function on the right
hand side by its equivalent contour integral as given in (1), then changing the order of summation and'
integration and evaluating the inner summation with the help of Gauss’s theorem’, we have
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provided that m is positive number, % is a positive integer, B (o~ 8 — oy — a3) >0, R (8) >0
R(p + %"fbf) ~ 0(=1 ., K), M >0, 0and jarg = § m- M- '
7 s V2 >

(iii) In (8) on using the formula (2), we get a known result recently obtained by Chhabra & Singh?
Further on taking C=v = k=t = v = 1, u = 2, p = 0, replacing g by g —¥—n =+ 1, «; by — n, where
n is a positive integer, o, by 8, B, by y, H -function on the right hand side by its equivalent contour in-
tegral, then changing the order of summation and integration and, using Saalschutz’s theorem?, we obtain

result due to Sharma?, - S , , L
(iv) Taking C =t =v =v =1Ly = 9, = 0 in (8) and rearranging the parameters in H-function on the

right hand, side, we get a result given by Sharma3.
. N ‘ . f o 1 .
(+) Ontaking C =t =v=h=v =1, u =2 &, =, 0= 2 p, fy=p+ -+ 5% = p = 0 in (9),

replacing ?/3 by pand H-function on the right hand sid,eb'y its équivalent contour integral as given in (1)
changing the order of summation and integration-and applying the Watson’s theorem?®, we, obtain

p-—-ol ’p-,‘_-l dqu ° '~ K,Zrm o m {(ap,ep)} » N
[ ama T (i) 7y [ oy |
0 o : i , .
1 v :
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(15
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C b; , _ : , .
where m 18 a positive number, B («) < 1, B (p - %) >0(/j=1...., K)) M >0, + < 0 and
i -

| argz [ < 3= M.
(vi) Setting C =t =h =v =v = 1,4 = 2, p = 0 and rearranging the parameters in H-function on

the right hand, side, (9) yields a known result due to Sharma®. Further using (2) we get another result
given recently by Bajpail. ' :

(vi) Ewotake O =t =y =h=Lp=0u=4v=3 s =0 um=1+ —,5=1+a — p,

oc4=v,ﬁl=—-;£‘, B,=p and g; =1 +oc—4-vin(!10) (with m < ), repla.oe,’ﬁbyl +a—2p,n by

2 m, H-function on the right hand side by its equivalent contour integral as given in (1), change the
order of summation and integration and evaluate the inner summation with the help of Dougall’s second
theorem®, we get

1 o “
B B wl + o lda—py i i s

pr ](1—-:10)“ % A .« 2 ;a;,HK’l[za:m(l-—-w) L(ag,,e;){ ]d:z;

0 \ '2-,p,1—|-oc—-v P9l {(be, )} .
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TR T =n T o8 a4 2171+ o —2p, 2m), (— v, m), (b0, iy} ,
provided .misa,positivenumber,R(v)<O,R(p+7—;.$)>0(j=1, ...... , K),
7 ‘
=1
R{1+oc—2p-—2m((—l‘77-)}>0(j=1, ...... 0, M>0,r<0and|argz| < }n M.~
, 4

(viil) On settingC =t =v =v =1, u =2, p =0 and rea.rrang'ing the parameters in H-function on the
right hand side, (10) (with # = m) yields a result obtained by Sharma3. Further if we apply the formula
(2), we get a next result given by Bajpail. C

(iai) Lastly with O =¢t=v=v="h=1,u =2, p =0, replacing B8 by 8 — p, «, by «, &, by 8, B,
by y, proceeding on the same lines as in (vi5) and evaluating the inner summation with the help of
Gauss’s theorem?, (10) (with n = m) yields ’ ,

'(a s & )} .
oy | da

I KEaldil f1—nm (ap )}, (y — p, m) ]
~ F(B) 'y — ) p+2,¢+2] (B —p, m)(y —a—p, m), {(bs £} 15

fwﬂ'“l(l—-w)""”“ gy (%P i) B sam oy
0
(w7

. by
where m is a positive number, B (y —a —p) > 0, B (p + 7—’—}1-) >0(=1,..... , K),
4

a,--1-

R{B—-p—m"( )}>0(j=1,....,vl),r<0,M>Oand!argz|<%qr M.

&
If we use the formula (2), (17) yields a result obtained by Sharma®. The results similar to (13) can also
be obtained from (9) and (10) on taking » = 0 ,
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