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A uuifiedtre~tment isgiven to the problem of finding minimum total drag bodies-both two-dimensional as well 
as axisymmetric bg using Newton-Busemsnn law under the assumption that the friotion coefficient is constant. 
Particularcases have been discussed when two of the geometric quantities ddning the body have prescribed values, 
and the results have been illustrated by means of graphs. In case of two dimensional bodies when the length is 
specified and in case ofaxisymmetrio bodies when the surface area is known, the optimum shapes are independent 
of the friction coefficient. 

Recently Mielel, studied the nature of the body shapes- both two dimensional and axisymmetric 
-which have minimum pressure drag, using the Newton-Bnsemann law under various constraints 
on the geometrical quantities defining a body, namely length, diameter, enclosed area and moment of inertia 
in two dimensional case and length, diameter, surface area, and volume in axisymmetric case. But there exist 
practical configurations for which the friction drag has the same order of magnitude as the pressure drag 
and as such it is of interest to reinvestigate the minimum drag body problem from the point of view of 
minimising the total drag, i.e. sum of pressure drag and friction drag. As Newton-Busemann law is used to 
restudy the total minimum drag problem, taking constant friction coefficient and since from,the literature 
it is known that many problems of optimum shapes admit power law solutions, it is ~orthwhile to 
investigate the existenceof particular solutions having the form y=(d/2) (xll)", where n, is,a constant. 
A general treatment is given here which holds good for both two-dimensional and axisymmetrib bodies and 
then particular solutions have been deduced under various conditions on the geometrical quantities defining 
the body. 

F O R M U L A T I O N  O F  T H E  P R O B L E M  

If q d e n o h  the free stream dynamic pressure; Of the constant friction coefficient; x the abscima, y'the 
first derivative dy/& and y" the second derivative d2y/dx2 ; then the general expression for the total drag 
may be written as 
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where a is a numerical constant, a = 0 for two dimensional bodies and a = 1 for axisymmetric bodies. 

In case of two-dimensional bodies the enclosed area A and the moment of inertia M are given by 

In case of axisymmetic bodies the surface area S and the volume V are given by 

From (2) and (3), we observe that we can write 
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where 

and 

P - A  1 
When a = 0 (two-dimensional bodies) 

Q =z M 

P = S  1 - -  
When a = 1 (axisymmetric bodies) 

Q - 2v  

Now we restrict ourselves to the study of the shapes of the form 

Y = (di2) (%mn (6) 
where d is the diameter, 1 the length of the body a d  n is a co~stant to be determined for the minimum 
drag body under various situations. This equation clearly satisfies the boundary conditions of the problem 
viz. 

x, r= yo = 0 and xf = 1, yf = d/2 

S O L U T I O N  O F  T H E  P R O B L E M  

From (I), (4) and (5), we obtain 

D 1 n3 A 1 n2(n-1) cf a 1 
18 (na + 3n -2) + ('2) (&362)(a+l)+ 2 (2)  (na + 1) ' 4naq (6) 

Now in what follows we examine different class of minimum drag bodies under various given conditions. 
The quantities which define a body are I, d, n, Pand Q:. These are five quantities and there are three equa- 
tions (5 ) ,  (7) and (8) connecting them and hewe we have two quantities a t  our disposal to choose in 
advance and thus find the remaining three in such a way that the body may have minimum total drag. 

We have to ensure that the value of n should be sach that it does not make the presure drag {represented 
by the first term on the right hand side of (6)) negative and this requires that 

From (6), (7) and (a), it is obvious that for two-dimensional bodies, if the length k prescribed and for 
three dimensional bodies, if the surface area is prescribed then the optimum body profile is independent of 
the friction drag. 

With the aid of the previous relation&ips, the optimum shapes cap be determined for various 
combinations of the conditions on 1, d, P and Q. The- caIculation of these shapes for several such 
combinations is now undertaken. 

In what follows the drag coefficient CL, is defined as 

c, = (2/a)' + l (~l?rap) I" 

Example 1-Given the diameter d and the length 1. 

From (6) the drag is given by 
a+3 a 

1 4 (a + 2) - na 1 
(9) 
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In order that drag be ginimum dD/dm = 0,  i.e. 

This determines the optimum value of n to  give the required shape of the body. 

Again the drag codhcient may be written as 

Case (a) : when a = 0 (Two-dimensional body) 

In this case h m  ( lo) ,  we obtain m = 0.8644. Knowing the value of n, we can obtain from (7) ,  (8) and (11) 
the following quantitih 

Enclosed Area A = dl/(% + 1) 

d2 I 
Moment of Inertia M = - 

2 (2% + 1) 
n2 (2n - 1 )  d 

Drag Coefficient C D =  ----(T)2+~~f(f) (3n - 2) 

Fig. 1 illustrates relationship n (dll) and CD (dll) for various values of Cf. 
' Case (b)  : when a = 1 (Axisymmetric body) 

In this case the value of n is given by the relation 
(l2n3 - lln2 + 2n) (n + 1)2 - 16 Cf (l/d)3 (an - 1)2 = 0 (12) 

A h  from (7) ,  (8) and ( l l ) ,  the following quantities are obtained , ** 

Surface Area 8 = ~ d l l ( n  + 1 )  

Volume 

Drag Coeffi3ient 

Fig. 2 gives the relationships n (all) and CD (all) for 

r 1' 

d I (  
Fig. 1-n and CD versus dl1 for given values of C f 

given values of Of. 

-2 .0 

d lC 

Fig. 2-n and CD versus dl1 for given values of C f 
(Three-dimensional body) 



Exumple 2-Given the diameter d and the value of P. 

The following values of 1 and Q are obtained from (7) and (8) in terms of n, d and P :  

2 = 
p (n + 1) P (n + 1)  

T a d  ' Q =  - 2 (2% + 1) 
Therefore from ( 6 )  we deduce that 

D -- a+3 n3 (crf2) - n2 C d a  P 
47Ta q = n2a ($) ($)a (n+l)' (n cr+3n-2) (er+l) + i (y ) Q P (ncr + 1) (14) 

In order that dxag be minimum dD/dn = 0, i.e. 

n3(2a2 + 9a + 11) -n2 (7a + 15) + 4n P ( a - I )  
(a  + 1) (n + 1)3 (na + 3n - 2 ) 2  - Of n2a (*a + 1)2 d6 

= 0 (15) 

Also 

Case (a) : when a = 0 (Two-dimensional body) 

In this case the optimum value of n is given by 

lln3 - 15n2 + 4n + 4Cf (n + 1)s (3n -'2)2 (A/d2)3 = 0 

A l ~ o  from (13) and (16), we have the values of the following quantities : 

Length 

Moment of Inertia d A (n + 1)  M = -  - 
2 (2n + 1) 

n2 (212 - 1) 
Drag Coefficient C D =  8 

A 
-+lc,b+l)z ( (n+1)2 (3n- 2) 

Fig. 3 represents the relationships n (A/@) and CD (A/&) for given values of Of. 

Fig. 3-n and OD versus A/ds for known values of C 
f Fig. 4-n and OD versus S/dqor known values of 0 

f 
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Case (b) : when a = 1 (Axisymmetric body) 
b. In this case from (15) we obtain TZ = 0.7611. Also from (13) and (16), we have 

Length 

Volume 

s (12 + 1) 1 = -- 
mi? 

ran2 (3n - 1)  
Drag Uoefficieat c~ = 4(s/d2)~ (2-1) ( n - t - ~ ) ~  + ($) 
The relation CD (S/dZ) and n (S/da) are drawn in Fig. 4 for given values of Cf. 

Example 3-Given the length 1 and the value of P. 

In this case, we can obtain from (7) and (8) the following values of the unknown quantities d and Q in 
terms of 1, P and n : 

Also from (6) and ( I S ) ,  the drag is  given by 
, a+-3 a+-1 

D ( % + I )  ( n3 (a+2 ) - -na i  
- ha q = ( )  (an + 3n - 2)  (a + 1)  (19) 

For drag to be minimum dD/dn = 0, i.e. 

n4 (aa+lO aa+31 a+30) -n3 (aa-3 a+24) -5 ma (a+l) + 4n na (a- 1) ?raa Is , 

(a+ l ) (na+ 3n-2)a + Cf (n ~ + l ) ~ ( n + l ) 3 P 3  = (20) 

Also the drag coefficient is expressed by 

Case (a) : when a = 0 (Two-dimensional body) 

In this case the optimum body profile is obtained for n=0-8000. Also from (18) and (21) the values of the 
following quantities are known. 

Diameter 

Moment of Inertia M = 
A2 (n + 
21(2n+l) 

n2 (2-1) (n+l)a 
Drag Coefficient CD == 

I$ 1 

(:)2 (5% - 2) +4C'7 ( n +  1) 

Fig. 5 represents the relationships Co (lalA) and n (la/A) for different vdws of Cf. 

Case (b) : when a = 1 (Axisyrnmetric body) 

Here the optimum value of n = 0.6056. Also from (18) and (21), we obtain 

Diameter d = 
N n + l )  

7rz 



Volume 
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Fig. 6 shows the relationships OD (EajS) and n (E"8) for specified values of Of. 

Ezample 4--Given the diameter d and the value of &. 

From (7) and (8) we deduce the following value of E and P in terms of n and the two given quantities d and 
Q as 

Therefore from (6), we obtain 
/ 

For the drag to be minimum dD/dn=O, i.e. 
2n8(a2+4 a+5) - n2 (7a+16) + 4n &3 (a - 2) 

-32Cf 3 $a (na + 1) = 0 @+l) (2n+ 1)s (na+3~t,--2)~ - - 
(23) 

-- 

Here the drag coefficient is expressed by 

Case (a) : when a=O (Two-dimensional body) 

In this case the optimum value of n is obtained from 

Pig. 6-n and CD versus le/A for given values of Cf Pig. 6-42 and Cp versuaJg/S for given value of C 
f 
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After having calculated the value of n, we can calculate the following quantities 

1 = 
2M (2n+l)  

Length d2 

2M (2n+l) 
Enclosed Area A = 

( % + I )  
n"2n - 1) M 

Drag Coefficient OD = 
(2n+l )a(3n-2)  

The relatlon~l n(M/a3) and Cu (M/d3) for knowa values of Cf are illustrated in-Fig 7. 

Case (b) : when cr=l (Axisymmetric body) 

In this case the required value of optimum n is given by 
n(n + 1)"10n2-lln + 2)2+1024Cf (2n + 1)s (2n--lj2 (V/d3)3 = 0 (26) 

Knowing n we can easily calculate the following quantities 

1 = 
2V(2n+l) 

Length ?rd2 

4V ( 2 n f l )  
Surface. Area S .=: - ( % + I )  

Fig. 8 gives the relationships n(V/d3) and CD (V[d3) for given values of Cj. 
\ 

Emmple 5-Given the length I and the value of Q. Making use of (7) and (8) the values of d and P 
in terms of n and the given quantities I and Q are 

Fig. 7-n and CD versus Mid8 for various values of C f 
Fig. 8-n andCD versusV/da for various value of C f 
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With the aid of (6), we obtain 

a+3 

D 
a 

-- &(2n+1) 2 1 n8(a+2)-n2 Q (2n+l) I 
4*lq - [ 2rP1 ] P (na + 3n-2) (a+l) -I- % [ 2 ] 
If the drag is to be minimum, dD/dn=O, i.e. 

n4 (a3+12a2+41a+42) -n8 (a2+20a + 39) - n2 (Ba +l)  + 4n 
(a +l) (na +3n-2)= 

Also the drag coefficient is given by 

Case (a) : when a = 0 (Two-dimensional body) 

Prom (28) we deduce tbat n=0.8141. It is now easy to calculate from (27) and (29) the following quantities 
for the optimum body 

Diameter 

Enclosed Area A = - \ 

2n2 (212-1) (2n+l) 2 13 Drag Coefficient CD = 
( 1 8 / ~ )  ( 3 n - r  + 2cj \I-& (2 n+l)  

The relationships CD (13/M) and n(la/M) are in Fig. 9. 

Case (b) : when a =l (Axisymmetric body) 

Fig. %-n and CL, versus Za/H for known values of C 
f Fig. 10-n and CD versus 281 V for known values of C f 
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prom (28) we deduce that the required value of -the exponent n for the minimum drag body is given by 

(212;+1)312 (n+l)2 (48 n3--30 ub2-3 n+2) -2212 Cf (2n-1)2 (13/V)31z = 0 (30) 

Having calculated the value of n,  we can calculate the following quantities for the optimum body 

Diameter 

Surface Area S = [4 n l v (2 n+l) I" 
n2 (2 n+l) (3  n-1) 

Drag Coefficient Cu = 
13 

n (2 n-1) (P/Vj 

The relationship n (B/V) and CD (ISIT') for the known values of Cf are shown in Fig. 10. 

Example 6: Given the values'of P and Q. 

In this case making use of (7) and (8) the unknown quantities I and d in terms of n and the known quantities 
p and Q may be deduced as 

Making use of (6), we have 
9, a4-5 a-1 ', 2 - a  

D .- -- - 
c (2n+l) {n3 (a+2) -?ha; cf Q + 4 a-2 4vaq a +7 I-a ! Z7 (%+I) (na+3n--2) (a+l) P n"(2n+l) (fia+l) 

For drag to be minimum dD/dn=O,i.e. 

Here the drag coefficient of the body is given by 

Case (a) : when a = 0 (Two-dimensional body) 

In  this case the relation (32)-.~duces to 

8 (2n.+1)6 (52%'-54n2+3n+4) + Of (n+l)g (3n - 2)2 (A~lM2)3 = 0 (34) 

This givw the required value of n . Having known n we can obtain the following quantities of the optimum 
body. 

i4 

Length 

Diameter 

16 n2 (2% + 1)4 (2 n - 1) 
3 h g  Coefficient Cf = 

(12 + 2 
(A3/M2)a (3  -2) + (2n+1)3 M~ 
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lo 
2 0 4 0 6 0  8 0 100 

s3/ v 2  

Fig. 12-n a n d c ~  versus S?/Va for given values of C f 

The relationships n (A8/M2) and CD (ASjM2) for known values of Cf are illustrated in Fig. 11. - .  

Case (b) : when a = 1 (hisymmetric body). 
* 

In this case from (32), we see that n = 0.6523. We can therefore obtain the following quantities of the 
optimum body. t x  

Sa 
h I = 4 ~ V ( 2 n +  1) 

Diameter 

64n2 ( 2 ~ z + l ) ~ n ~  (3n-1) Of S3 (n+1)2 
Drag coefficient = (&3,J72)2 ( , + i ) 6  (2%-1) + (2%+1)2 & 

Fig. 12 represents the relationship Cr, (S8/V2) and n (S3/V2) for given value3 of Cj. 
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