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Abstract. The problems of bending of aelotropic incompressible composite circular
blocks into  ellipsoidal shell have been studied following the method of Seth, ef al.
and a particular case has been obtained.

1. Introduction

The theory of finite strain has been developed on the hypothesis that the second order
terms may not be neglected in the components of strain. Very few attempts have been
made to obtain solutions for the finite bending of composite plates into shells. The pro-
blems of bending of plates have been considered by Seth'?, Lakshminarayana
& Kesava Rao®, when the material is isotropic and aelotropic. Following the Seth’s
method, Lakshminarayana* considered the problem of bending of composite circular
plate into spherical shell when the material is isotropic. Rama Rao, S., et al®
considered the problem of bending of incompressible circular block into ellipsoidal
shell when the material is aelotropic following the method of Green & Adkins®. In
this paper this method is followed to solve the problem of bending of aelotropic
incompressible composite circular block into an ellipsoidal shell. The problem of
bending of a incompressible composite circular block into spherical shell has been
obtained as a particular case. The solution has been obtained in terms of a general
strain energy function.

2. Notation

We adopt the notation and formulae of Green & Zerna’, and Green & Adkins®.
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3. Bending of an Incompressible Aelotroplc Composite Circular Block mto an Ellipsoidal
Shell

Suppose that in the undeformed state of the body it is a circular block bounded by the
planes x; = a;. X; = a3, X3 = a3 (@, < ay < a;) and the cylinder x3 + x§ = a2
where x; = a, is the common plane of the two blocks. The block is then bent
symmetrically about the x;-axis into a part of an ellipsoidal shell, whose inner, common
and outer boundaries are given by the ellipsoides of revolution obtained by revolving
the confocal ellipses

"x3=ccosh & cosv x, =csinh€siny, § = & (j=1,2,3) 0]

about the x,-axis respectively and the edge n = «. Let the y-axes coincide with
the x;-axes, and the curvilinear coordinates 6¢in the deformed state be a system of
orthogonal coordinates (&, 7, ¢). Then we have

¥, = c sinh E sinv cos ¢, ¥, == ¢ sinh £ siny sing, y; == ¢ cosh  cosn (2)
Since the deformation is symmetrical about xz-axis, this implies® that
x, = Fx (n) cos ¢, X, = Fe(n) sin ¢, x5 = fx (£), k=1,2 (3)

where k = 1 refers to the region bounded by the curved surfaces £; and &,. Similarly
= 2 refers to the region bounded by the surfaces £, and &;.

The metric tensors for the strained and unstrained state of the body are given by

c?(cosh? £ — cos? 1) 0 0
(Gighe = 0 c? (cosh? £ — cos? v) 0 4)
L 0 0 c? sinh?* £ sin?y,
(g = | 0O Fy 0 &)
0 0 F!
. dfe _ dFy
Where Je = dE.. and F, =T

The condition of incompressibility I; = 1 gives

c?(cosh? § — cos?y) sinh & FuF,

fo = sin 7 (6)

With the assumption that » is small®, we get

¢® sinh3 § FyF,

7 = . = Ax - U
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where Ay are constants. From this, we get

-cosh® &

3
%= fi® =5 (P53 — cosh 5) + B
and X} x3 = Fin)= AP + Di

where B, Dy are constants.
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As the internal, commoh and external boundaries of the ellipsoidal shell are given
by £ = &;, (j = 1, 2, 3) respectively which were initially the planes x; = a,, x5 = a,,

x3 = a3, The Eqn. (8) gives

o = f:l (cosh3 £, — 3 cosh El) + B, ]I

» r

02?7(COSh3£ —3coshk“,2>_'_]31 J[
3 hd £, — 3 h

ay = %2 (cos £y cos Ez) + B, 1

oy = %3; (cosh3 63— ‘3icosh” Ea) i Bz J|

which when solved give the values of 4z and By,

(10)

(n

Since the bending is symmetriCal about the xz-axis, we must have x? +x2=0

when % = 0. - Then Eqn. (9) gives
X2 4 x} = F2 () = Awp?

The strain components are given® by

(e = (eag) = % (é—si;]:ﬁ—g —-1)

| 42
(o) = 3 \ orsimpag !

(eis)e = Oforizstj

The components of stress tensor are given by

A2
(’Tn)k — k 14 ) D

c® sinh® £ (88—33 k ¢? sinh® £

1L (oW - pe
gy, . L [OW
(T = Az (aen)k T sinh® € sinh? £

(12) .

(13)
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1 oW Px
@9 = 7 (G )y + orime s
(T = 0 fori £ j
Substituting Eqn. (14) in the equations of equillibrium and solving, we get
A
oW
Pr = Wk + (Wo)k ) c4 Siﬂh" E (Ee;s)k (15)

From Eqns. (14) and (15), the physical components of stress are given by
(o = Wi + (W

% sinh?® W
(622)* = (caa)k = Wi + (Wu)g - %_g (L)k

0¢)1
2
e (27 -
¢t sinh? § \ 8egs /e
Boundary Conditions
The stresses should be continuous across the common surface § = §; i.e.
(TMkey = (TM)kmg

If the inner and outer boundaries of the shell { = §; and £ = E; are free from
tractions, we must have

(611)k=y = 0 when & = &,
* (611)k=y = 0 wWhen £ = &,
" which on substitution in Eqn. (16) gives
(Wolsey = — Wiy (&)
(Wodkeg = — Wi=s (&) (17)
On the edge = o the distribution of tractions between ¢ and ¢ + d¢ give rise to

a force Fand a couple of moment M about the origin given by

g &
F =a [EI (099)k=y (c? sinh? £) d§ +EI (022)k=s (c? sinh? §) dE ]
&
M=q [ g (04)k=y (c? sinh? £) (¢ cosh E) dE

£, i
+ {2(623);‘-3 (c? sinh® £) (c cosh &) d& ] (18)

Substituting Eqn. (16) in the above equation we can determine the values of F and

M, when the strain energy functions Wi., and Wi, are specified for the two
materials.
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4. Particular Case

Bending of an Aelotropic Incompressible Circular Block into a Spherical Shell

If ¢ cosh & == ¢ sinh & in Eqn. (1), we get the case of a circular block bent into a

- spherical shell, so that § — oo, ¢ - 0, and ¢ cosh &, ¢ sinh £ - r and consequently
the orthogonal curvilinear coordinates (£, v, ¢) are replaced by the spherical polar
coordinates (r, 8, ¢).

Then the Eqn. (16) reduce to
(o r = Wr + (Wok

2

e = i = e+ W+ 2 (B0) - = (5), 9

0€1 rt \ ez /k

From Eqns. (18) and (19) we obtain the resultant force F and the couple M on the
edge required to bend an aelotropic circular block into part of spherical shell.

References

. Seth, B. R., Bull. Cal. Math. Soc., 37.(1945), 62.

. Seth, B. R., Z. A. M. M., 37 (1957), 393.

Lakshminarayana, G. & Kesava Rao, B., Proc. Nat. Acad. Sci., 29 (1960), 382.

. Lakshminarayana, G., J. S. E. R. Vol. III Part 1 (1959), 130.

. Rama Rao, 8., Sreemvas Rao, B. N. & Lakshminarayana, G., Proc. Nat. Acad. Scx India, 40 (A),
(1970), 347.

. Green, A. E. & Adkins, J. E Arch. Rat, Mech. & Anal., 8 (1961), 9.

. Green, A. E. & Zerna, W, ‘Theoretlcal Elasticity’ (Oxford University Press, New York), 1954.

.- Green, A. E. & Adkins, J. E,, ‘Large Elastic Deformations and Non-linear Continuum Mechanics’

(Oxford University Press, New York), 1960.

[ N R

6 1 &



