Def Sci J, Yol 31, No 1, January 1981, pp 53-61

Couette Flow of a Viscous Electrically Conducting Fluid
in a Porous Annulus

S. C. Gurta & P. C. JAIN
Department of Mathematics, Vardhaman College, Bijnor-246701

Received 24 April 1978 ; revised 11 October 1979

Abstract. In the present paper the author has studied the Couette flow of a viscous
incompressible fluid under a transverse magnetic field in an annular space bounded by
two porous coaxial cylinders which are moving with arbitrary time dependent

velocities parallel to the axis.

Introduction

Flow through porous media is encountered in a broad range of scientific and
engineering activity which includes such diverse fields as solid mechanics, filteration,
petroleum engineering and transpiration cooling. In recent years, the problems of
fluid flow in channels with mass transfer at the boundaries have attracted the attention
of mathematicians and engineers because of possible nuclear aero-dynamics and rocket
engine applications. Singh' has considered the problems of impulsive motion of
viscous fluid contained between the two porous concentric cylinders in the hydro-
magnetic case both in presence of radial and axial magnetic field. Muhuri® has
considered the magneto-hydrodynamic flow between the parallel porous plates when
one wall has given an impulsive or uniformly accelerated motion with suction at both
the plates. Recently, Mathur® has considered the unsteady flow of a viscous incom-
pressible fluid between two porous plates under a transverse magnetic field when the
rate of injection of the fluid at the lower plate is equal to the rate of suction at the

upper plate when the upper plate is given (i) uniform and (ii) impulsive motion.

In the present paper, the authors have studied the Couette flow of a viscous
incompressible fluid under a transverse magnetic field in an annular space bounded by
two porous coaxial cylinders which are moving about its axis with arbitrary time depen-
dent velocities. This type of problems have great importance in the field of plasma
physics as well as in astrophysics. The exact solution of the problem has been obtained
with the help of finite Hankel transform which has an advantage over that of Laplace
transform in the sense that laborious calculations and complications do not arise.

In fact, the general series solution of the problem for long straight channels with
uniform- concentric cross section is given for all values of cross-flow Reynolds
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number and Hartmann number.
as follows :

The assumptions made for solving the problem are

(i) Initially, fluid and the cylinders should be at rest.

(i) Fluid starts moving only if the cylinders are given time varying velocities

about z'-axis.

(iii) The rate of injection of the fluid at one cylinder is equal to the rate of suction

of the fluid at the other.

(iv) The two cylinders should be of uniform porosity.

Nomenclature

H, Strength of the imposed magnetic field

m  pe Hy a(ce/pv)'/? Hartmann number

ke  mMmagnetic permeability
g, electric conductivity

v kinematic viscosity

p density

u;  axial velocity

u, radial velocity

va  radial velocity at the inner cylinder

w  radial velocity at the outer cylinder

R E:—‘-' cross-flow Reynolds number

a radius of inner cylinder
b radius of outer cylinder
o b/a.

Formulation of the Problem

Let a and b be the radii of the inner and outer cylinders respectively. Taking centre
of the cylinders as origin and z'-axis along the axis of the cylinders, a frame of
cylindrical polar system of coordinates is taken for reference (7', 0, z’). Let ur, U;, us

be the components of the velof:ity in the direction of r’, 8" and z' respectively. For
the present problem it is assumed that the pressure gradient is zero and flow is

produced by the nrotion of the cylinders which are moving in 2z'-direction.

Since we

have considered the motion of the eylinders in z’-direction only, there is no displace-
ment of the fluid in the direction of r’ and 8’ due to the motion of the cylinders. Hence
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assuming the azimuthal component of the velocity to be zero, the equations of motion
for the problem neglecting the electromagnetic induced effect, Pait, are

ou ou ou  Pu | Pu 1 ou 2

at+ (’5Z+ 37—5?+5~I‘2+78_f_mu’ )]

LA N S A SR W N 2

at +u ar + v ar 322 or? roor 2 » . ( )
and

az Sf + =0 | | 3)
where

r=r'la,z = 2z'la, t = t'v/a, U= auz/v ‘ ' @
and v = aurfv

are dimensionless variables;

Since the flow is produced by the motion of the cylinders, let us assume that inner
and outer cylinders start to move from rest with velocities ¢;(f) and: ¢,(#) where ¢(¢)
and ¢,(t) are functions of time. Therefore, the initial and boundary conditions for the
problem are :

Initial condition :
u=20,v=0forzt <0 ' ’ ®)

Boundary conditions :

u—:qSl(t),v:f:—datr:l ]I
l} forz >0 6)
J

av
u=¢2(t),v=f—v-batr= c

Solution

In the present investigation, it is assumed that the rate of injection of the fluid at one
wall is equal to rate of suction at the other wall and these rates are independent of
time ¢ and the axial position z. The condition that the rate of injection of the fluid
at one cylinder is equal to rate of suction of the fluid at the other cylinder gives

ave = bvy ) M
In view of uniform porosity, the axial component u is independent of z. Therefore

Eqgn. (3) reduces to

a—;+—=0: ®



56 S C Gupta & P C Jain

the solution of which under second condition of Eqn. (6) is

avag bvs ©)

Substituting the value of v from Eqn. (9) in Eqn. (1), we get
du . R du d'u 4880

-5; - --r- 5;- == 87 - > ar m®y (10)
Using the substitution
u(r, 1) = rR” w(r, t) an

it can be shown that the Eqn. (10) in the new variable  is
dw 0w 1 fw Rw

Ef_ ik or T ar  ar? (12)
and the initial and boundary conditions are
1€0,w=0forl <r<ao (13)
t>0, = f)atr = 1
w = ¢y(r) (14)
w=ocRig(t)atr=¢c
Let w denote the finite Hankel of w defined by
e
0= | o 1) - rBu(pir) dr (15)
1
where
- Briy(pir) = Jrio(pir) Yrio(pe) — Yria(psr) Jrio pe) (16)

Jrio(per), Yr,of pir) are the Bessel functions of first and second kind respectively of
order R/2 and pq is a positive root of the equation.

Jrio(Pi6) Yrio(pi) — YR, o(pic) Jrs(pi) = 0 (17)

Applying the finite Hankel transform define by Eqn. (15) and using the boundary
conditions (14), the Eqn. (12) transforms to

‘;—“; + (p} + m?) 5 = % ﬁ;{% aRE gy(1) — ¢,(:):| (18)

and the initial condition (13) transforms to

w=0att=0 (19)
Solution of Eqn. (18) under Eqn. (19) is
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?

o= [P o) #E) | exp (= (5F + m)(e — ds

Jro( pio)
R (20)
Using the inversion formula for the Hankel transform, Tranter® and the Eqn. (11),
we get
bt R/2n2 T2 ) )
rRI%p; Jgss (Pic) Bria(pir)
ur,t) = =n
T2 (P) — T3 (Pic)
i=1
( (ps)
Jrio(Pi) o pp2 ___] o ) (F
x | | J Do o )= () | exp (= (o} + ) (¢ — ) ds
, . . @

the summation being over the positive roots of Eqn. (17), Eqn. (21) represents the
most general solution of the problem.

Special Case

Cylinders moving with exponentially time dependent velocities.  In this case let
é(t) = uy e"21* and ¢y(f) = u, e~A2?, 22)

where u;, t5, A, and A, are constants. ,
Substituting Eqn. (22) in Eqn. (21) and on simplifying, we get

o R/Z,2 2
« rR2p; Jgss (Pic) Brjo(pir)
rt) =mn
) J2 D) — J2 . (pi
R/2 (p9) R/2 (pio)

i=1
J'R/ 2(p‘l) uzd'R/ze“A2t i, e—A1t :
LU Tatpeo) =
fe . (pf + m? — /\2) (pf 4 md — Al)
_ { Tan(ps) |, weRE " }
J&;2(pio) Ftmi—d) (Pt =)
X exp (— (p? -+ m?) t] )

To express Eqn. (23) in further simplified form, we note that -the Fourier-Bessel
expansion for a function f(r) over the range 1 to ¢ is given by, Tranter®

S0y = > AiBris(pir) @9
i=1 :
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where the summation is over the positive roots of Eqn. (17) and the coefficients A4 are
given by '

Ly ngz (pio) r
Ao = A Sf(r) - r Bryz (ps7) dr (25)
Z{J;/z (p)) — J;‘/z (Pt")} X
1

Now expressing each term on R.H.S. of the following expressions in terms of
Fourier-Bessel expansion (24) and making use of Eqn. (17), it can be shown that

L] |
z P} Jrio( pi) IR pic) Bro pir)
14
2 { lez/z (pf) - J;/z (p‘c)} {pf + m? — A}

=1

Krjof(m? — AMEr} Irpp{m® — MM} — Krypo{(m® — A)'F} .

. - Irpo{(m® — A'r)}
IR o{(m — )1} Krpaf(m? — M)V2 o} — Irpa{(m® — A)M2 o}

+ Kppo{(m®* — MM

(26)
and
= P2 T2 5 (pic) Bryo(pir)
"Z V2a(p) — I3 (pic)} o —m® — pl}
f==]- . )

Krypol(m® — A2} Injof(m® — X)V2r} — Irjo{(m® — M2 o}
« Kryof(m? — Ay)! /2 r}

T Irp{(m* — AP} Krpo{(m® — A)ME 6} — Irja{(m® — M)}
- Krjo{(m* — A)M3}

@n

-

In view of Eqns. (26) and (27), Eqn. (23) can be written as

u(r, t) = uy exp (—— At (-:;—)Rlz )

Kro{(m? — M3} Irpn{(m® — 2012} — Krpo{(m® — A% .

. - IRy {(m® — A2}
K Irpd(m® — )12} Kryo{(m* — M)V o} — Ir;p{(m?® — M)t 2 o} .
‘ - Krpo{(m® — A%

— uyrR2 exp (—Ag2)
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[ Kea{(m® — A2 o} Trys{(mt — A)V2 P} — If(m® — A1 o}

- Krigf(m®* — A2 r}

XN Trps{(m® — 2"} Krjo{(m® — A)VE 0} — Irpa{(m* — 2))' % o} -
* Krys{(m®* — A)'/%}

z‘” rRp? J% . (pio) Br;o(pir)
— %

J;,:g (P‘) = J:ug (p‘a)
i=]

[{ JRa(Pi) us c~R1 i o }
Jro Pic) P+ mt — ), P+ mt— A
x exp (— (7} + m*)r] (28)

The flow, when inner cylinder is at rest and outer is moving with constant velocity,
can readily be obtained by letting u; and A, to be zero in the above equation. Thus
substituting #; = 0 = A, in Egn. (28), we get

4 r R Kgra(mr) Ir;o(m) — Krys(m) Ir;o(mr)
il e ( o ) Iro(m) Krjo(ma) — Ir;o(ma) K’n,,(m)

e P} Jrja(pi) Jrjo( pic) Brio(pir) exp (— (p; + m*)1)

— T Uy
SRR (p} + mY){Jpa () — Ty (Pe0)}
fe=]
(29)
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Figure 1. Velocity profiles when outer cylinder is moving for m = 4 and R = 0.



60 S C Gupta & P C Jain
Equation (29) determines the velocity of the fluid when outer cylinder is moving with

constant velocity u, and inner cylinder is at rest.

Discussion
Equation (21) gives the general value of the velocity of the fluid for all values of cross-
flow Reynolds number and Hartmann number. From this varipys particular cases
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Figure 2. Velocity profiles when outer cylinder is moving for m = 4 and R = 2.
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Figure 3. Velocity profiles when outer cylinder is moving for m = 4 and R = 4.
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can ¢asily be obtained for several values of ¢,(z) and ¢,(¢) i.e. when either inner or
outer or both the cylinders are given particular type of velocities. It should be noted
that positive R means that there is injection of the fluid at the inner cylinder and
suction at the outer cylinder and vice versa for negative values of R.

Equation (28) gives the general value of the velocity of the fluid when cylinders are
moving with exponentially time dependent velocities. From this, it is obvious that the
velocity decreases according to increase in time and becomes zero when ¢ tends to infinity.

As a special case of Eqn. (28), when the inner cylinder is at rest and the outer
is moving with constant velocity, the value of the velocity profiles is calculated which
is given in Eqn. (29) and these values of velocity profiles are plotted against various
values of R in Figs. 1 to 4. From these figures it is observed that with increase in cross-
flow Reéynold’s number R the velocity decreases. Also it is evident from these figures
that the velocity increases with time and ultimately approaches to the steady state.

Further, from Eqns. (28) and (29), it can readily be verified that with increase in
Hartmann number m, the velocity decreases.
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Figure 4. Velocity profiles when outer cylinder is moving for m = 4 and R = 6.
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