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Two thsorems on the sums of generalized hypergeometric functions have been established. The theorems have
further been employed to prove some theorems on the sums of Kampé de Fériet functions.

Two theorems on the sums of generalized hypergeometric functions have been established. In the
first theorem we have expressed a P+ &4+, In which a numerator parameter exceeds a denominator
parameter by a positive integer, say m; as the sum of m 4- 1 ,Fo - In the second theorem~ we have
expressed a 4 ;Fy.., In which a denominator parameter exceeds a numerator parameter by a positive
_integer say m; as the sum of n 4+ 1 , ,Fyi,. The two theorems have further been used to
establish some theorems on the sums of Kampé de Fériet functions. On specializing the parameters,
the theorems yield many results some of which are known while the others are believed to be new.

The hypergeometric function of two varla,bles defined by Kampé de Fériet! is denoted as :
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where g; denotes the set of parameters py,. .., pi. (s denotes the product (s,)s. . (i) (M)‘”‘ denotes
I'(p+s)/ I'(s). Colon (:) and semicolon (;) separate the terms of the form (ai)p +4 and (¢;)p, (Cyle

Ragab? has shown that the series on the right of (1) converges for all finite x, y if g'—l— g i-d,
g+H < i 4 J,converges for || -+ |y | <min (1, 20—s+Yif g 4-4 =.?J+j+ Lg+H=i+J+1.

It can also be shown that the series converges if

g+h=itj+1, y+H—z+J+1

and  Je] <L |yl<1 ReX) >0,

or [z] <1, Jyl< 1 Re¥)>0,

or 2] <1, |y|< 1, ReX)>0, Re(Y)>0,
where \
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The following result will be required in the proof3.
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THEOREMS ON THE SUMS OF GENERALIZED HYPERGEOMETRIC
v FUNCTIONS .
The theorems to be established are
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where » is a positive integer.
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where # is a positive integer.

Proof :
We shall prove the above theorems by mductmn on #.

We have ; | .
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'Thus (3) holds for # = 1. o N

Let us suPpose that it helds for # = m. Further
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Now using the result (3) for » = m and the elementary results
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we find that the theorem holds for m +- 1. This proves (3). ' '
We see that (4) holds for % = 1. Let us assume that it holds for n — m. Further (2) yields
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Using the assumption that (4) helds for » = m, we see that the rlght hand side of (5), on using the
summation notation for F, becomes

-3 5 R () [ - ]

4(m)n(“p)a+r("“\i @+ (—1i) (a—1),
¢ Iyt o1l (@ —1Dytity

I
|
1~
=R
N
[\

Il
=3
]
i
=3

I
N
N

(m—l) H(ap)‘+r(—)iwi+r(a)r[1___ r ]
—~ & ?/-—1 ‘H(bq).?+r7'!(a).'+, a—l—r——l
—1 — . . ) .
=0 :
m-+1 ‘ '
_ (m—l)H(a,,)¢+r_1(—)‘—lw"ﬂ-f—l(a)r_l
& t—2 I(bghi 4 r—1 (@i 4 r—; (r—1)!

- 64



WADI!WA Generahzed Hypergeometric Funoction

Here we have changed ¢ to ¢ — 1 in the second expression. By virtue of
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Substltutmg in (b) and again using o
n 20 _{r+1
)+ ()=(77)
" we see that the theorem (4) is established for n = m + 1.

THEOREMS ON THE SUMS OF KAMPE DE FERIET FUNCTIONS
Theorems to be established are

g:h;H+1]a,:b,;Bg,B+n;
F z, y
t:9;d +1 Laizg; Cy B

: \ 1T HBk A g:h;Hra;+A:b;; Bg42A;
Z(Z) o O T { w,y] (6)

g:h+1;H4+1 ag:by,b+m; By, B+n;
F z’yl

ij+ 1+ w g, b ¢,,B;

_ (m) (n) (@)t (b IT(Bi)y 23 yw
; 0: : 0; A ) \p) H@ar+p e HC pu DA (Bl
=0 =

g:hsHpa; +X+p:by+2; BE+p; '
F ' [ z, (7
i:j3d Low +A+pig+2;0, +p;
g+1:h;Hf ag,a +n:by; BH;
F x,“y
¢ +1:5;d a: ¢; 0Oy
n  —A S )
Z Z ( ) ('n —-A) H{ag)ar, Hb)r H(BE), zA ye
p ) Heptp Mehr IO (@4p
A=0 pu=0 i .
g:hs Hy ag+A+p:by+2r; Batp;
F [ z, y] (8
trg;d Lo FAFpieg+A; 0, +p;
g:hiH+1 g a,:b; By, B —m; v
F [ 2,y .
i:f;d +1 |l w:g; €5, B; -

< A H(o)x II(C f)a (B)/\ ?J,J +1t o +)\, G C'_’—l,—‘\’,B-!_A’; ’
85

L



Dar, Sor, 7., Vor, 22, Aszm, 1972
g:h+1;H+1v[ag:b;,,b‘—-‘m;‘BH,B—-n;.\',\ }
" |

» wsy~'
t:j+1;J +1 o tg,b;, OJyB';‘

_ i i(m) (n) {ag)asp I(bi)a H(BH),; (—2)A (— g
g AJ\e)  Iantu Hlea I(C ). b)a (B
. =0 p= i .

g:k-{—l;H?{—l[ag—l—)\—l—p:bh—}-)\,'b; BH'-{;,L,B; 4 }
¥ ' :

i+1:j+157

. . o ) T, Y
LI+ 1Lt Abpi g0 b4+250,4+p, B+ p;
g:h+1;H+F1 ag:bh,b?um';By,B—[—n; 1.
F ‘ : Cmyy
1+ 1;J+1 ] e, b - 0;,B; ‘
_ z Z (m)(n) (ag)r+u TT(b)x II(Bg), (—2)X (y)r
B \A\w/ Hlup+p Ig), T(C ) (), (B)
A=0 p=0
g:h+1;H .ay‘l"\'}"l":bh"l;/\',b; Ba+p; |
F , 5 2, y (11)
'l;:j-l-l',lJ ot,;—}—A-I—p:‘Cj-I—‘)t,‘b—l—)\;OJ—{-p; ,
g+ 1:h;H| ay,a—n:by; Ba;
F < z,y
i+ 1557 L, e g5 Oy
n n . . 7 ,
-5 SO0 s
B A\p) ot (€, () (@a+u
A=0 p=0 .
g+1:h+ 1 Hap 4245, a + pio,  bypsBada;
. F i N ; L Yy ' (12)
P+ 154+ 15J Lo +A4piet+dAtpiatp, 0450, +A5 -
g+2:h;H ag;a+m,A—'n:b},;.BH; i
F wsy'
t4+2:55J Lew, a, A:¢g; O
n n m  m—A ’ ‘ o E
B (n)(n)(m)(m——-)x) I(ag)r+p+ptv TT(A — n)a 41 T(By)r 1 II(Bg)u+p
- p/\v/\AJ\ p H(W)/\+M+R+VH(A),X+M+V+/JH(('j)/\—[-y I(C )u+p
p=0 y=0 A=0 p=0 ‘ L : N
xh+v*yu+p (f—)P+v
(@ +p : S
G+ A+ ptptv, AdAdptprdtaty
AU oy o Byt p hus artk 5
At ptptrv, At p oty :c,y’ o
’ J

L A-}—-Ajl-p-l-p,'cj—l-i-l-vso,z'l-#,-i-’p;

(10)



WADREWA : Generalized Hypergeometric Function

Proof :
. We have ‘
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Repeating the process we have (7).

. To establish (8), we have
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Using (3) again, we find it ta be equal to the right hand side of (8).
Other results can simila.ﬂy be obtained with the help of the various results obtained ebcve,
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Partwulm' C’ases

Ifin a e form, k of the numerator parameters exceed k of the denominator parameters by positive

mﬁegers 8aY N (@ L., k), the form ol may be expressed as the sum of (n1 + 1) (n2 —l— 1...(n +1)
’—-’O-FQ—-J&- el

The resultst are partmulam cases of (3) Farmula,5 can be deduced from (4) a.fter some s1mphﬁcat10n

Asa pa.rtlcular case of (11); we have
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