
f SONIC DIBCOWTR?'C,.?TZE8 IN A RALTIA!FIVE G M  

The behavionr d aonicdisoonfiinuiMee when b perfect gasis subjected to radiation has been atudied, The growth 
and decay of plane and spherioal waves has also been studied affez oMaining moond and third order 
compatibility. 

When pressure, density ahd velocity are continuous across a moving surface C (t) ,  while at  least one 
of the first derivatives of these quantities w3h respect to the space coordinates are discontimus, 
Thomas1 called it a sonic wave of order one or'8impiy a sonic wave and discussed iOs growth and dmay. 
In this paper, we have studied how these sorib discontinuities behave when a perfect gas is subjected 
to radiation. In the course of discussion we have introduoedK1imshin's coefficient, obtained second and 
third order k p t i b i l i t y  conditions and studied the growth and decay of plane and spherical waves. 

E Q U A T I O N S  O F  M O T I O N  A N D  C O M P A T I B I L I T Y  C O N D I T I O N S  ' 

Negleoting v p wsity and thermal mduct i  tSle differentialquatiom governing the equation of mo- 
tion of a perfect gas, when radiation effeat8 are 3 en into amounts, are 

P P ++PW ur*j+p,r  = O  . (1) 

where 

a0 
Fi =- - (PB),  i asd P J ~  = P + P B  

7P (4) 

P r  and p, being the material pressure and radiation prmswes: @ua$ions (I), (2) and@) are referred to a 
system of rectangular coordinates xi' comma (,) indicates partial derivative with respect .to these co~rdi- 
nates, Pi is the radiation flux and his the generdized 2$liihin ^cb;efficients " to be -d&ed later. Tho 

material energy and radiation energy are given by 3~~ and - respeotively where Y ia the ratio 
P(Y - 1) " r 

of s@o heats. Assuming - 
pma = q 8 n d P R = ( 1 - 2 ) p  - ( O < B < ~ )  

the total ene~gy of the gas is given by 

where k = ! 4 ( ~ - 1 ) + 2 : ( 4 - 3 y ) j /  { 3 ( ~ - 1 ) + a ; ( 4 - 3 y ) )  
It is easy to see that when o=l, that is when radiiion efpecfs are n& oonidered, the K b h i n  coeffiaimt_ 
$ b e m e s  eqwl to the qal;lal gdiabatic exponent y. We wn write, 



Das. SOI. J., VOL. 22, JANUABY 1972 

where 

o being the velooity of light, T is the coefficientj of opacity and a is a Stefan Boltzmann constant. 

Let the moving surface be denoted by27 (t). Then if the discontinuity or jump across the movirlg 
surface is indicated by a bracket [ I, we have, 

b] = b] = [ui] = [Pi] = 0 (6) 
over 2' (t). We assume the regularity of the surface X (1) and the existence of the limiting values of the 
funotions and their derivatives 8s one approaches this surface from each side. If G be the velocity of the 
moving aurface, the following relations, called compatibility conditions of the &st order, are satisfied. 

where the quahtities 5, f, Xi and qi are suitable functions dehed ovei the surface X ( t ) ,  5 and f being 
smlars on Z (1). The quantities hi and r]i can be replaced by si3ala1-s h a d  q since A, = hvi and qi = 
r,vi where vi are the components of the unit normal v to the surface X (t) .  

V E L O C I T Y  O F  T H E  M O V < N B  S U R F A O E  

From (1)  to (3)  and the oumpatibility conditigns (7) to ( l o ) ,  we get, 

P (un-G) Xi + E v i b  0 (11) 
(~bn-6) 1: + ~ h i v i * O  - (12) 

~ ( ~ - : : - ) & ~ - ~ f + ~ & ~ ~ + ~ ( r - y ~ = o  (13) 
where %is the normal velocity, multiplying (11) in turn by eci and vi we get 

p ( % - G ) & u i +  t ~ n = O  (14) 
'apd p(21,,".61))((vi+[=.o , (15) 
Adding (13) snd , . (14) we have, 

f ( ~ . - G ) + ~ ~ k v i + ( I : - l ) ~ = O  ' (16) 
Multiplying (la) by thp, (16) by p (y - 0) and subtreoting we get. 

. II 
k~ ( U , , - C ~ ) ~ - E ~  + (k- 1)  rip (zc,-G) = o 

Ae a oonsequme of (16), (17) oan be written as- 
(17) 

~ e t  the speed S of the sonio Wave dehed by S = (G - h) be different from eero. s hen, if f = o on Z (t 
it follows from (11) and (12) that 5= 0 meaning thereby that the surface is not a sonic wave of order one 
which is contrary to our assumptions.?Hencs -- f . # 0 and we have from (18) 

&%in from the equation ( la) ,  (16) and (19), we get 

, - r = f i l ( e - h )  (20) 



and 

' If we a s s h e  that the sonic wave is propagated into a gas at  rest within which the total pressure p and 
density p are constant ; zci = 0 on the surface .Z (t) and hence the speed of,pr~pagation of, the wave is 
given by 

and, then the equations (20) to (22) become 

<- 'pA IG ,  % = P G ~ a n d q ( j E . - l )  =2BpA (24) 

' where 

C O N D  I T 1  O  N S  O F  C O M P A T I B I L I T Y  O F  T H E  S E C O N a  , A N D '  T H ' I R D ,  
O R D E R S  

The conditions of the compatibility of second and third orders of the quantities p, p, and .pi 
are applicable in equations (47) to (51). When G = constant, the compatibility conditions of tihe s&nd 
order for velocity component ui are given by a \ 

t - 
[ z c ~ . ~ ~ ]  = Xi v j  vk + gab &,a. (vj Xk, /¶ + vk; Xj, 8 ) - hi gab LP bw Xj ,  p Xk, T (26) 

and 

. . -  
The corresponding oonditions of obmpdibility for the fiotions p, p and Pi are g i w  by 

The third order oompatibilitrp oonditions for the quantity p is given4 by . , 

where the quantities &, t, and ii are n m  furrotions defined on the surf- X (t) snd b, me the 
. wmponents of the second fundamental form of the surface. The ~elaiions '(251, (27), (29), (31) and (32) are 
d e d  the geometrical conditions of compatibility and (261, (28) and (30) am called the kinemata 
conditions of compatibility. 

8ince  xi;^ are t4e cqmponents of the vectors tangential to the sa;+oe 2' (t), we have, . . 
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and Xi, 8 = A, U vi 8 + A vi, a Xis 4 *':" = ( A  vi), a Xi* 0 " -- A vi 3, ap @-* 
:," s>i>:y =- h vi vi hap'= - h bap (34) 

where &.ii;6- the cmponents of the second oo-variant derivative based on the metric of the surface 
Z [tf. Qntmotb the indioes d and j in,(?;6) apd using (33) and (34), we get 

-i , 

[ u i ~ i k ] = ( h i v i ) ~ - k . @ & , a  pi - 2 h Q v ~  (35) 

where a i~ the mean 0UrV8tUr0 of the' surface E (tb ~ u t  since 

(36) beooIW4 [ui, id =i P i  vs + 2 A a) vk + $4 a f i  
Now multiplying (37) by vk we get 

[%, i&] V& " : i i  v # -  2 X Q  
- 

similarly, IFi, ill V& == V i  vi 29 Q (39) 

If PI m d  P2 be the valueaof a quantity P on sides 1 and 2 resptively of' the surface Z (t) the dis- 
cmtinuity in the product PQ is given by 

I' ' ... %, 

[PQI = Q2 [?I -I- P 2  1QI - [PI tQ1 
I f  the gas is at  reat on the side 2 of X (4) a d  ifiihe preaeure and density are conetant an t h l ~  ~ i d e  of 
the surfaoe as in seotion relating to the "velocity of t4e ~ v i n g  surface", thgn - . ., 1 , I- 

rw- - ra [QJ (40) 
p p i d e d  the quantities ,P and Q inylve hrivrrtives of the pr-e p ?r'density p as a factor o r  have 
as s faotor, the m h i t y  omiponenta ui or their derivatives. Thurr, we have 

And with the help of (40), we have 

f ~ s i e c ( , j l ~ j  = [ ~ s j ~ ~ , i ]  vj = 5h 
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Differentiating (I), (a), (3) and (6) with respect to s and observing Wt q = 0 on 2 (t), 
we have 

P [ pi,j I = A PSU (50) 
Again differentiating (60) we get, 

[ ~ , ~ : P i , j l  + ~ [ ~ i i , j k l  = A E P ~ P , C ~ ~ I  

By using the compatibility conditions of second and third order, in (47) to (61), we get 

~T=pr)  (65) 

(7) + 8 - 5  prllvo 
- .  - (66) 

Substituting for kp in (64) from (23); we ebta'&iT ' 

From (62) and (66), we have 

Again, from (66) and (66) we have - . - 
- apqivi = p,(X+q- (59) 

With the help of (67), (68) and (69), we get 

Dierentiating (24) with reapect to time, we have 

Simplifying (60) by making use of (61) and (24), we get 
- a  = 

2po . @ P ,  

and 



Again with the help oi (60), we get from (62) 

and . I 

Whdn sonio wave s~zrfaoes 2 (t) are propagated into a quiescent gas, (62), (63) and (64) give 
the equation of the quantities t, X and t; along the normal trajectories of these surfaces. From 
these equations one can also predict the growth land decay of the sonic discontinuities associa@ with 
the wave surfaoe 2 (t). 

Let 23 (to) represent the sonic wave surface at  the time 1,. Then if u be the distance measured 
from 23 (to) along the normal trajectories to the family of surfaoes B (t) in the direction of pro- 
papkidn, a = O (&-to) and the quantities A, l and [ tire funotions of the distance a along 
eaoh of the normal trsjeotoriee. Henoe, 

From (62), (63) i)nd (64), we get, 

As we $hd see below, it.ie. convenient to use (66), (67) and (68), in the discussion that follows. 

P L A N E  A N D  S P H E R I C A L  W A V E S  

In the oase of plane waves 2 (t), the mean ourvature Sa -- 0 and then (66), (67) and (68), take 
the form, 

Integrating these equations, we have 

and 



&,, A,, and to being the values a of the scalars 6, A and f at points of the surface X (to) where u = 0. 
From (6) we can see that the value of f i  is always negative. Now from (72), (73) and (74), we a n  discuss 
the following result. If to, A,, and Jo me negative the quantities 4, X ands 6 wil l  approach zero a~ the 
distance o + co whereas for positive valuea of fO, A,, and I& these quantities beoome infinite for the value 
of a given by, 

It follows from the equation (24) that if one of the quantities to, A,, or 5, is negative or positive the 
other two will likewise be negative or positive. Also, the three ratios in (75) must have equal values. In 
the fist case, when the scalars are negative the sonic discontinuities will decay or be damped out while 
in the second case when the quantities are positive, the sonic discontinuities will go until the wave 
finally terminates in a shock for tKe value of u given in (75). If the sonic wave surfaces 22 (t) consist of a 
family of concentric spheres the mean curvature Sa is - 1IR where R denotes the radii of the spheres of the 
family provided R is assumed to increase with the time t. Replacing the distance a by R i s  (66)' (67) and 
(68), we have 

and 

l; 
t 

Integrating (75), (76) and (77), we get 

and 

where the integration has been carried out with the help of Hankel's contour. As R+co, f, A and 5 tend 
to zero indicating that the sonic discontinuities are damped out whereas they bmome indefinitely large 
as R +O showing that the sonic wave must degenerate into a spherical shock. This fact is borne by the 
Hankel's contour as well, 
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