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This paper delinea two new ooordinGe vstems viz, pseudo-geodesic andgseudo-Riemannian. Spaces for 
which the equations of pseudo-geodesies admit a first integral have also been studieci. 

Consider a space Vm of coordinates xi ((i=l, .... ,n) and metric gij axi &i5, immersed in a Rieman- 
nian V, of coordinates ya (a=l, .; . . ,m) and metric Qab df dyb. %&idering a congruence of curves 
A:l g i IP  by 

Pan1 dehed the relative first curvature vector of the curve C of the subspace V, asfollows: 

v;r v.7 

He also debed pseudo-geodesic curves of the subspaoe as the curves for which reIati~e &t curvature 
vanishes a t  eaoh and every point of the curve. Pan] obtained the differential equation of pseudo- 
geodesics in the following form : 

where 

v, 7 

Using this relative conlleotion Upadhyay & Trivedia dehed the relative oovariant derivative of 
a mixed tensor X) as follows : 

P S E U D O - G E O D E S I C  C O O R D I N A T E S  

If s is the arc length of a curve C through a p0in.t Po, &as&d from that point, then we have 

the subscript zero denoting that the function is to be evaluated at the point Po. If 0 is a pseudo-geodesic, 

the coefficient of ?pa is equal to - U ~ E  t j  tk, where 
0 

Consequently in case of a pseudo-geodesic we have 
i ' 

. '=%Of P S  - i$ke4%3f ...... (?I 
We shall now d&e a system of coordinatesfor which 

ui =: 0, 
o ~ b  
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and we call such a system of coordinates as the pseudo-geodesic coordinate system with pole a t  P,. 
From the definition of relative covariant derivative i t  is clear that : 

'At the pole of a pseudo-geodesic coordinate system the components of relative covariant derivative 
are ordinary derivatives'. 

The condition that a system of coordinates be pseudo-geodesic, with pole a t  Po, may be expressed 
in another form as follows : 

If in the relation 

we interchange the x's and the g's, we may write the relation (8) in the form 

If the. B's are pseudo-geodesic coordinates with pole a t  Po, the coefficients S:b all vanish a t  this 
point and therefore also the function (B$/&+] : j' Conversely if (88/2a;i) : j all vanish a t  Po, it  follows 
from (9)' (since the funotional determinant a;/~a is not zero) that the relative connection all vanish 
a t  Po, show* that the x's are pseudolgeodesic coordinrites. Thus : 

'The necessary and suflioient condition that a system of coordinates be pseudo-geodesic with pole a t  
Po is that (@/pi) : j = 0'. 

Now we shall prove the existence of a pseudo geodesic coordinate system for any V ,  with an arbitrary 
poleat Po. 

Let d be a general system of coordinates whose values a t  .'Po are xh and Zi  another syatem of 
coordinates dehed  by 

where the coefficients a: are coastants and the determinant I a; I is not zem. Then at  the point Po 

we have 

(3:;'/@)0 ;=: (3; (12) 

and 

Consequently, a t  Po the right hand s i b  of (9) takes f e form 

and the conditions are therefore satisfied that the coordinates $' be pseudo-ghodesios with pole at  Po. 

Now it is easy to prove that for an arbitrary ckve  0 in Vn it is possible to choose coordinates which 
are pseudo-geodesics at  every point of C. 

Since we know that for a geodesic coordinate system with pole a t  P, we have 
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therefore from (4) we have the follovtUg : 
Theorem II .  

'The nee= and adcient(  condition for coordinates to become pseudo-geodesic 
coordinates*idgib' 3 by either of the following : 

(i) the wngruence be normal, 
(ii) the curve be an asymptotic h e 2 .  

P S  E U D O - R I E ' M A N ~ N I A N  C O O R D I N A T E S  

Let C be any pseudo geodesic t h u g h  a given point Po and s be its are length rdeasured from Po 
To each point P of pseudo.geodesic we'hssign coordinates 9 such that 

yi ;= 5' s. (15) 
The quantities P determine the particular pseudo-geodesic through Po ; and the value of s then 

determines the point P on this pseudo-geodesic. As there is a pseudo-geodesic from Po to any point 
of V,, each point of the spaoe has definite coordinates 9 assigned to it. These are the pseudo-Riemannian 
coordinates referred to. We shall now show that these are particular type of pseudo-geodesic coordinates 
with pole a t  Po. 

If ?jr are the coefficients of relative connections calcul*ted with respect to the y'a, the differential 
equations of the pseudo-geodesics of V,  in terms of these coordinates are 

By virtue of (14) and (15) we can easily obtain 

and therefore 

holds throughout the space. 

Conversely if (17) are satisfied then (15) %re satisfied by (14) and the y's are pseudo- 
Riemannian coordinates. Thus we have the following: 

Theorem 111 

'If U3k are the relative connection for a coordinate system y a necessary and sufbient chidition 
that these be pseudo-Riemannian coordinates is that the equations' 

hold throughout the spaoe. 

The equations (16) hold at  Po for all pseudo-geodesics through that point, that is to say, for all 

directions 5'. Consequently the coefficients Gik must vanish at that point, showing that the pseudo- 
Riemmnian coordinates are pseudo-geodesic coordinates with pole at  Po. 

By using the definitions of Riemannian and pseudo-Remannian coordinates we easily obtain the 
following : 

T h e m  IV 
'The neoessary and sufficient condition for the Riemannian coordinates to become pseudo-Remnnian 

ooordiaates is given by either of the followbg: 
(i) the congruence be normal, 

(ii) the ourve be an asymptotio line. 
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P S E U D O - G E O D E S I C S  OF A S P A C E  

If each integral of the equ&o"ns (3) titthd+&i&&eiios of h spme &ti&ei the rondition 

tgi-dz.,.. * . . - 3 -  

a s  
- Constant, 

-- 
the equations (3) are said to admit a &at integral of rthorder. 

<. , 

Now let us suppose that the tensor ai,..i, is sym_rsetrie in all the subsorij?ts, then differentiating 
(19) relative &vmiant;ly with r e s p ~ t % . d  . . .  and<mqltiplyipg - .  by &lci;j]rls and making use ,of, 

(W//cEs) (&i/Es) : j = 0 (21) . a 

we obtain C - ,  . 
I . d85 d&, &. - 

<. 4 ,- . . u"..ir:3;- .. - - =-0- - - 
. - as7 d 5 ; d s  - '(22) 

I ,  , < 

sgeee the equitions (2l)must be'satisfiedi?*ticaily, we must have - . ,- - 1 - " 

, 1.- , . . f i @ i l . . i r f j ~ ) P O i  - : A . v-,- --[23) 
where P indimtes the sum of the (mfl) terms obtained by permutiiig the subscripts cyclically. ' 

. * 
In particular, if (19) is of the f is t  order, i.e., if . . - .  - - -  - - 1 Lq- , . .> L ! ', ai (M jdS j '  = %*at, * - . . 

- >  - . .. . * ,. . (24) 
the condition (22) reduces to 1 

- 
a:, fC'aj : i  = OE 01. (26) 

i.e., the vector ai is a relative Killing vectora. Thus we have: 

Theorem 7 F . 

'If the equation of a pseudo-geodesic admits an integral of the first order then the covt~riant vector 
% is a relative Killing vector .' n .- 
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