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This paper defines two new coordinate systems viz, pséude-geodesic and-pseudo-Riemannian. Spaces for
which the equations of pseudo-geodesics admit a first integral have also been studied.

.

Consider & space V,, of coordinates o’ (@—-1 .,n) and metric g;; da:‘ do’, immersed in a Rieman-
man Vi of coordmates ye (a-—l . smh) and metrlc Gap dy® dyB. Consxdermg a congruence of curves
- 8iven by B :
x: = "~"1 yﬁ + Zowl Nvl, ) (1)
Pan' defined the relative ﬁrst curvature vector of the curve C‘ of the subspaceV, as follows:
k i
7=pf — z Cn1Kn tot - Zowl K, telk —%2— (z—"z- (2)

He also defined pseudo-geodesm curves of the subspace as the curves for which relative first curvature
vanishes at each and every point of the curve. Pan! obtained the differential equation of pseudo-
geodesics in the following form : ‘

a3 s dad dxF : .
“dsv + Upp s @ =0 @)

- [l N'a : L dw
o ={ 4 }__zowmﬂ,-x( i — s 2 ), @

Using this relative connection U,k, Upadhyay & Trivedi? defined the relative covariant denvatlve of
amixed tensor X’ asfollows: -

where

X}y 9 9 X} + X; Uy, — X; U,

PSEUDOGEODESIC COORDINATES
If s is the arc length of a curve C through a point- P, measured from that point, then we have

a;'—mo-}- (dz') +§( )0‘3'3 o (5)

the subscript zero denoting that the function is to be evaluated at the point Py, If O is a pseudo-geodesic,
the coefficient of §s? is equal to — U’}k ¢ f", where
0

o= (2 )y | | e
Consequently in case of a pseudo-geodesic we have . '
w‘=w6+§"s—-'§ f’g s‘+...7.. : - )
Weshallniow define a system of oordinates for Whlch ' .
Ui, =0, : (8)
o’
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and we call such a system of coordinates as the pseudo-geodesic coordinate system with pole at P, -
From the definition of relative covariant derivative it is clear that : ,
- ‘At the pole of a pseudo-geodesic coordinate system the components of relative covariant derivative
are ordinary derivatives’.

The condition that a system of coordinates be pseudo—geodesm, with pole at Pn, may beexpressed
in another form as follows :

If in the relation y
b 88 é S & 8!
g e—z"—"—:Uab It | + gy )

we interchange the’s and the 3’s, we may write the relation (8) in the form

dﬁa a&b‘ 7 U"M"x(«&"‘)"' _ ‘ :
Ly =2 _ =1=) . 10
U G e g U 3% ) 1. C W
If the %’s are pseudo-geodesic coordinates with pole at P,, the coefficients 74 ap 811 vanish at this
point and therefore also the function (554/s2%): j- Conversely if (§78/ea): jall vanish at P,, it follows
from (9), (since the functional determinant 97 2 [o is not zero) that the relative connection zib all vanigh
at Py, showing that the z’s are pseudo-geodesic coordinates. Thus:

T heorem I

“The necessary and sufficient condition that a system of coordinates be pseudo- geodesm thh pole at
P, isthat (3%%/8z)):j =0, A

Now we shall prove the ex1stence of a pseudo geodesic coordinate system for any V, withan arb1trary
poleat P,

Let @i be a general system of coordinates whose values at P, are a:f) and z4 another system of
coordinates defined by

Bled, @ —o) + to Uj @ —ad (& —a9), (1)

where the coefficients a;; are constants and the determinant | a;; | is not zero. Then at the point P,

we have :
(37 [M)g=a) . (12)
and ’
(M5’ 1)y = o T}, ' (13)
- Consequently, at Py the right hand sidle of (b)'takes the fOrm
] 7
Ujk %, UO,k

and the conditions are therefore satisfied that the coordinates %+ be pseudb-géodeSios with poleat P,

Now it is easy to prove that for an arbitrary curve € in ¥, it is possible to choose coordinates which
are pseudo-geodesics at every point of C.

Since we know that for a geodesic coordinate system with pdle ab Po we have

{;’v }0 =90, SN -(14)
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therefore from (4) we have the followidyg :
Theorem I1. '
‘The necessary and sufficient condition for ge{)desic coordinates to become pseudo-geodesic
coordinates i¢ gi¥er by eithér of the following :
(i) the congruence be normal,
(ii) the curvebean asymptotioline’.

7 PSEUDO-RIEMANNIAN COORDINATES
‘Let 0'beany pseudo geodesic through a given point Pyand s be its are length nieasured from P,
To each point P of the pseudo-geodesic we hssign coordinates y* such that
| g =&s. (15)
The quantities £ determine the particular pseudo-geodesic through P, ; and the value of s then
determines the point P on this pseudo-geodesic. As there is a pseado-geodesic from P, to any point
of ¥,, each point of the space has definite coordinates y' assigned to it. These are the pseudo-Riemannian
coordinates referred to. We shall now show that these dre particular type of pseudo-geodesic coordinates
with pole at Py. - ‘

It ff;h are the coefficients of relative connections caloulated with respect to they’s, the differential
equations of the pseudo-geodesics of ¥, in terms of these coordinates are

By o dy Ayt o ,
@ TUs 3 7 =0 (16)

By virtue of (14) and (15) we can easily obtain

ff';-j,. g =0 ‘ a7)
and therefore ‘ :
Th v/9h =0 I

holds throughout the space.

Conversely if (17) are satisfied then (15) are satisfied by (14) and the y’s are pseudo-
Riemannian coordinates. Thus we have the following:

Theorem ITI

‘If Uy, are the relative connection for a coordinate system y a necessary and sufficient condition
that these be piseudo-Riemannian coordinates is that the equations’

Upyyb=0 (19)
hold throughout the space. '

The equations (16) hold at P, for all pseudo-geodesicé through that point, that is to say, for all
directions ¢*, Consequently the coefficients ﬁ;k must vanish at that point, showing that the pseudo-
Riemannian coordinates are pseudo-geodesic coordinates with pole at Py,

ol By using the definitions of Riemannian and pseudo-Remannian coordinates we easily obtain the
ollowing :

Theorem IV

‘The necessary and sufficient condition for the Riemannian coordinates to become pseudo-Remannian
coordinates is given by either of the following:

(i) the congruence be normal,
(ii) the curve be an asymptotio line.
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PSEUDO GEODESICS OF A SPACE

Ifeach integralof the equaﬁons (3)of thepseu&mgeode31cs ofa spaee satlsﬁes the condition

d“?! dair - A C
i, ds | Tl? = Oonstant o e | (20)
the equations (3) are said to admit a first mtegral of rthorder.

Now let us suppose that the tensor a;,..;, is symm,etrlc in all the subscnpts, then differentiating
(19) relative dovariantly with respectboa/ andmiltiplying by dsids and making use ‘of "

@i @ig:g =0 o)

we obtsin S S S
Smeetheequatxons(zl)must be satlsﬁedldentlcally, wemust ha.ve R
CEL . el L Pf(ﬂ;l:.i,*jc)ﬂo 'REERS o »." Lo "~"(23)
where P mdlca.tes the sum of the (m+1) terms obtamed by permutmg the subscnpts cychca]ly '
In partlcular, if ( 19) is of the first order, i.e., lf 'l, BRI
) U P a; (dw"’/ds) o Consta,nﬂ Loakabee IS ‘ & (24)
the condition (22) reduces to _ | LA R
B Gitj 0= 0,° (25)
i.e., the vector g; is a relative Killing vector?, Thus we have
Theorem V P L
“If the equation of a pseudo-geodesm admits an mtegral of the first order then the covariant vector
& is a relative Killing vector . o o P ,
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