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The paper introduoee generalization of Laplaoe transform of two vaciablee. Bn inversion formula and certain 
theorem for the generalized transform, have been established. 

Bgsrwd1 and Sharmaa have reoently defined the G-function of two variables which has been 
represented by Bajpai* as 

The contour L1 is in the s - plane and runs from - i co to + i co with loops if neoessag, to ensuro that 
the poles of 

.... r ( b j  - 8)  , j = l , 2 ,  m1 

lie to the right and the poles of 

r ( 1 - a j + s ) ,  j = 1 , 2 ,  ....,% 

and 

.... r ( 1 - e j + s  + t ) ,  j = 1,2, . .  ,n, 
to the left of the contour. Similarly the contour L2 is in the t  - plane and runs from - i co to + i 
with loops if neoessary, to ensure that the poles of 

r ( d j - t ) ,  j = l r 2 ,  ......,% 
lie to the right and the poles of 

r ( 1 - c j + t ) ,  j = 1 , 2 ,  ...... ,% 

snd 
...... r ( 1 - e j + s + t ) ,  j=1,2 ,  n, 

lie t~ the left of the contour. Pso,vide& that 
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theinfegral converges if 

(~1.+41+ ps+%) <2(*+%1+%) 9 

( ~ * + ! ? 2 + ~ 3  43) < 2  ( % + % + ~ 8 )  
IrtrgxI ~ [ ~ l + ~ l + ~ S - ~ ~ p l + ¶ ~ + p 3 + q ~ ) l ~ ,  

I & ~ Y  1 <,[%f %+%s-4 ( P ~ + ! ? ~ + A + ~ s ) I  
Here as wellas in what follows (ap)  represents the sequence of parameters a,, a,, . . . . , ap . 
The olassioal Laphe  transform of a function f ( x )  is 

Q, 

+(PI = p j e  f(x) . R(p) > 0 
0 

(2) 

The Laplaoe transform as dehed by Hubert4 , for function f (x, 9) of two variables is 
00 Q, 

+(P, 4)  = w l Je-in: e y f  (a, 9) L ay, ~ ( p ,  q) > 0 (3) 
0 0 

In the present paper we introduce a generalization of Laplace transform in two variables in 
the form 

(43 (y)'i f (x ,y )eL(O,S) ,S>O,  j=l ,  ...., ml, d = 1 ,  .... m, 
We shall represent (4) symbolically as 

G 
d;(p9 9) = f ( 3 2  Y) . . 

Putting rr, = A  = q8 = 0 and using the relation 
3 .  

[ I  Q a 7 _ G 9 9 % [ r I ( a ~ 1 ) ] G % 9 a 2 [ I /  ('&)I (5 )  
(PI. pds0 ; (qi, qd, O d93 A* 41 (b91) 2'29 4, ( a d  

(4) is reduoed to 

When A = p = 1,'(6) yields Meijer-Laplace t r a n s f ~ ~  ~f tm variables given by Jain4 

2i 
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Further when 
U j = O , j = l ,  . . . . , m l ;  
f i i = O y  i = l ,  . . . . , m a ;  
p 1 = p 2 = O a n d h = p = 1 ,  

(6) is reduced to the form (3). 

The generalization of Laplace transform of f(x) as defined by Bhises is 

Following integral is required in the proof of inversion formula. 

( P I  + 91 + P3 + q3) < 2 (9% + n1+ n3), 
( ~ 2  + 9, + % + q3) < 2 (m2 + n2 + 4 

I ~ ~ ~ ~ l < r ~ l + n l + % - ~ ( ~ , + q l + ~ * + q 3 ) 1 ~ ,  '7 

1 ~ ~ 4  1 < Cm2 +n2 +%, -+ (pa  +qa + ~3 + d l  a. 
Equation (8) is established by expressing the G-function of two variables on the left as ( I ) ,  interchang- 
ing the order of integration which is justified due to the absolute convergence of integrals involved 
in the process and evaluating the inner integral with the help of (7)  viz 

00 

3 e-Pttndt = n! ~ - ~ - 1 ,  R e p  > 0  
0 

I N V E R S I O N  F O R M U L A  

We now establish the following theorem which gives us a solution of the integral (4), solved for 
the unknown function f (a, y) in terms of its image $(p,  q). 
Theorem 

If 

then 



where . . 

provided that 
Re(z) > 0, Re(y) > 0, 

and the generalized Laplaoe transform off (3, y) exists. 

Pmf- 

From (4) we have 

Changing the order of integratiop wwhjs  justi9d bj- virtue. of de. 12, Y41,ep -P~psip's~theo;@ 
as the integrals involved in the process are absolutely convergent under the conditions stated earlier 
and evaluating the inner integral yith thg belp of($$ we get . - 

Naw,apdying Reed'.s' theorem 11, ~ J M  result (9) is proved. 

F U N D A M E N T A L T H E O R E M S  

Now we give a few fundamental theorems for the generalized transform (4) defined above. 

Theorem I. 
If 

then 

Theorem 11. 

If 



then 

Theorem III. 
If 

then 

Theorem IV. 
If 

P- (I G " "  I I + ( ~ , d  . . i f@,  y) 
0 0 

Y " Y 

Theorem V. 
If 

provided that the integrals involved are absolutely convergent. 

Proof-Theorem I is established on replaoing &st p by p/a, q by g/a and then x by ax and y by (by) 

To prove (11), divide both the sides ofil0) by ab and integrate with respect to a and b between the 
limits zero and unity. 

Proceeding similarly as above for (11) and taking the limits of integration zero agd infinity, the 
result (12) is proved. If the limits of integration ire unity % and,*ty, I\ thsresult (13) is proved. 

T h e m  V is established by putting the value of +,(p, p) on the left hand side and ohanging 
the order of integratioa 
Theorelq VI. 

If f (XI 9) = f1(4 fa (91, % = 2.4, = !IS = 0 
than +(P,¶) ,=  PI 4$&) (16) 

where 
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E X A M P L E S  

Now we get the images of few functions in this transform using the theorems already established. 
flzample I .  

Taking f (x,  y) = @-1 y"1, using (15) and equation7 (14), we get 
1121 m, 

p - a + l  pl+l n r ( a j i - 4  r (p l+s )  r (b j+t )  r ( p 8 i - t )  
j= 1 j =  1 + ( p  9 !?) = 

i a  ph 2 r(aJ + aj + s) 2 r($ + & + t)  
j= 1 j -  1 

where 
Re(a j+s)>O j = l ,  .... rn, 
Re(bj+t)>O j = l , .  . . . n z ~  

Re ( P ,  + 8 )  > 0 ,Re(pz + t )  > 0 
(1 + 3 4  > 0 ,  (1 + 3%) > 0 

Hence 

h m P b  2. 
Taking f(x, y) = (1 - $)a-  1 @ - l (1 - y ) ~  - 1 6- , using equation7 (16) end (5), we get 

(m1, %) ; (1 , I )  90 
+(p,g)  = r Y r a P q G  

( m I + l , m 2 + 1 ) , o ; ( % + 2 , m 2 + 2 ) , O  
' I - s , a l + q , .  . , h l + a m , ;  l- t ,)?)1+&, . ,bm,+Pm, 

I ail,. . . . , h , , p l , l - s - 6 ; h l ,  .. . ,bm, ,p , , l - t -Y 

where Re 6 > 0, Re Y > 0, (1 + 3 q) > 0, (1 -I- 3 m2) > 0, 
IargpI < (1 + 3 m l ) d 2 ,  I a g q J  <(1+3rnb)v/2 

I 
Hence 

( m 1 , q ) ;  ( l , l ) , O  
rsr ~ p q  G 

(m,+l ,ma +1) ,0; (m1+2,nas+2) ,O 

R E F E R E N C E S  
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