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- Author evaluates some integrals mvolvmg Kampé de Fériet function and uses one of them in’
9btaining a solution of & problem of heat conduction. Three expansion formulae for Kampé de
. Periet function have also been obtained and a few-interestiiig cases along with the application of
.- one of them, in the radial wave functlon for the hydl‘ogen like atoms, have also been discussed.
~N

The present. paper is inspired by the frequent requirement‘of various ‘properties
~of special functions which play a vital role in the study of potential and other allied
problems in quantum iechanics. Appell’s functions-and the functions related to them
have many applications in mathematical physics'™ and author evaluates here some
integrals involving Kampé de Fériet function and one of them has been employed
to obtain a solution of a problem in heat conduction given by Bhonsle!. Three expansion
formulae for Kampé de Fériet function have also been obtained. A few particular cases
of interest from the point of view of their apphcablhty in quantum mechamcs, have
also been discussed. '

We make use of familiar abbreviation. -
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~ and in what follows for the sake of = brevity and elegance we express the Kampé de
Fériet function in the notations of Burchnail & Ohaundy
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m=0 n=0
where 4 +4'+C0< B+ B + D, A+£+G/B+R+U B ¢))
Further \a) is taken to denote the sequence of 4 paramebers a;,:............, a4y
that is, unless stated ctherwise there are A of a parameters, A’ of é parameters and so cn.
4

Thus ((¢))m is to be interpreted as ﬂl (#5)m, with similar interpretations for ( (a))m eto.
J= ‘

Following formulae are required in the pmof of the integrals :
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The mtegral followa by multiplying both sides Lebdev® -equation- (4-16-1) by

e Hy (2), integraing with respect tc 2 from —® to o apd using the orthogonal
property of Hermlte polynomlals’ \

? b resy . (RN
fz e L” (2) dz = <( (n)’;—l;.,?i __(:)+ ,) , Re(p+1)>0 | (3)
0 4 v . ' R
and

'_f_fl'"zz) P"(%)dz”r(lﬂﬁr%)?'(p Z) ( b +1) Cr-ted)
" | 2Re(P)>|Re(y.)[ % o

: VEqua'cions ‘(3) and (4) aﬁe known results®,

DERIVATION OF THE iNTEGRALs

Here we obtain the followmg integrals to  be used later in obtammg the solutlon‘
- of the heat conduction problem and expansion formulae, : P

7o (@), (@) (); (@) |
f ¢ o H, ‘z’ F [(%), ®): @; @); " W“,] @

2 b o [(@) (@) A (28, 14 2p): (0); ()5 v " ,
L[ O, & (1 4 p—): @5@)"™ .o
Wheit h is a pos1t1ve integer, :
: A+A’—|—O~/B+B’+D
A4+4'+0<B+B +D;
p=0,1,2 ....; A(ma)

@ Y
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i Bxpansion Formulbe o zer

provided % is & positive integer, - - " :
A+ A4+ C0<FB+B+D,
A+ 4 +C<B+B +D,
- ~ Re(L+p)>0
and : ' o

- 1 . 7h———1 . ____ T\
" op(Eet ) p(tRemg=t)
4 = k=0 L
= =1 ety
i = 1,( 1+Ph /oc-l-hJ)
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—— Y

and
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provided that 7 is a pdsitive integer, 4 . o N
: A+ A +0< B4+ B LD,
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2Re (p) > | Be ()|
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| A . fi=0~ \ b Ji=0 h

_ To establish the integrals (5) to (7), expreés the Kampé de Fériet function on the
L. H. 8. in the series torm and then change the order of integration and summations which is
justified under the conditions given, evaluate the inner integrals with the help of equations

(2) to (4) respectively and simplify with the heip of multiplication formula for gamma
function’. . \

HEAT CONDUCTION AND KAMPE DE FiRIET FUNCTION

Hermite polynomials have been utilized by Kampé de Fériet® in solving a heat
conduction equation. He has obtained rour theorems which are of the nature of existence

theorems. Recently Bhonsle* has -employed Hermite polynomials in solving: the
partial differential equation o o
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3 3% SRR E R
3t /——K gt —-—K¢z ' . ' S (8) s

where ¢ (2, t) tends to zero for large values of t- and When |2| >0, this. equatlon is
related to the problemr of hea. conduction® .

3’; =K aazf — hG—d), ©

provided that ‘ -
¢° = 0 and k] K&z
The solution of (8) given by Bhonsle“ i

bGO =D QeUHMEST H@ - - - (0
r=0 ' : — o -

We shall consider the problem of determining a function ¢ (2,8)3if ¢ = 0, then

$ (2 0) =P F [EZ))’, ((Z')) (fzc)) (f;)): a:za s ] e (ﬂ)

If ¢= 0, then by virtue of (10) and (11), we hgve ,

g

0, = p [ @@ e
Fer [ @@ ”""] Zﬂ Yool Hel)e A

Multiplying both sides of (12) by Hp (z) and. mtegmtmg ‘with: reapect to z between .
— o0 0 o0, we have

B P (a), (a’) (e) (a’), ‘
[ ST me s [l @y v |

& e . T SR '
= Z Q; fe— 3 Hu(2) H, (2) dz. 7 Lo (13)
Using \5) and the br’thdgdﬁal‘pi-opéljty of Hémﬁte‘polynomia;lss, wé obtain
. h g ) .
2*M, [(a), @) A @h,1+20) 5 () (); © . ]
W= GyTent TLo) (), A (14 p— 85 @ @) 5 ar ] €
Now With the help of (14), the golution (10) reduces to the form

2r—~§M e— (1+2r)Kt , '
’ (@, (@), A @1+ %) © (@) (¢);,
F BhE;
RNV [(b) ). A1+ p=11): @@ ” |

Hz). (15)

¢(z t)=

The conditions of validity are the same a8 speciﬁed in (6).
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BEXPANSION FORMULAE
The expansions to be established here are

2p =a2/8 (a),(d‘) (G);(c’)p o 052k o
FetF [(b),<b') S @) @); Y ] SR

g o |
MM, T, @) A @ 1+20): ()3 (0); |
A ¥ [(b),(b’),A(h 1+ prf2): (@) @) ;7" 3 ]”’"”” - a9

the cond_ltlons of validity are the same as for (5).

(@), (@): (0); ('>,
S F [(b), ®):@; @ * v ]

; +a .
(a), (@), A (B, 1-4+a+p)y A (By—p): (c) ; (0 )5 %
= Z _1—1’< Fay [(bx ®) A (e —p): @) @) ai, ?”‘ ]L @, 11

which is valld under the same conditions as specified in (6) along w1th p -0 and Be (x)>0.

oo G G o s1]
B i B (2'r+1) (r—p)t P (@), A (hopt-1/2), Ay p—1[2): (0):(C) 5
T &7 e o B A1) Al DD /| @)

The condltlons of validity for (18) are the same as for (7) along Wlth p>1

Proof : The expansion (16) can be. estabhshedm the hght of the equation (12) and (14). -
To prove (17 ) let .

@) @): 03 @ ] Z o
= 2P b
fer== 7 [ ®): @ @; ™ ) OQ"’ '@ (9
- f:——-

Equatlon (19) is valid since f(2)is contmuous and of botnded variation in the open :
“interval (0, ©) when p > 0.. Multiplying both sides of (19) by z“e‘—‘Lu(z)
' mtegratm% with respect to 2 from O to oo and finally using the result (6) and

orthogona property of Laguerre polynomials®, we get - ’ -
p+a ’ G :
- [(@s (@), A (B, 1+atp), A (B—p) : (0); (¢); . ]
= o F| ; ) k", B |
*= Firerw [(b), @), A hu—p) = @ @) 5 ¥ (20)
Hence the expansion (17) follows immediately trom (19) and (20). ‘

The proof of the expansion (18) is parallel to that of (17) and is obtained on using
(7) and the crthogonal property of associated Legendre function? viz,

_ 0, (Hén)
& an'”(:c)P (w)dx { 2(m+n)l

~

L

@aLl), l—m)1 > =" .
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EXPANSION‘ OF 'RA'DIAL WAVE. FUNCTION

In equation (16) ifa = b and o’ = b’ , the double hypergéumetric funct:wn on the
lett breaks up into the product of two genemhzed hypergeometric functions, thus, -

2p —a® (0 ; , ©) ; S

z e Fy [Qd) : ] Fp' [( ) yzzh ] o N
o b : . R |

i M LA 1420 0@ -

R NCRE F[A(h,l-er-Jr/Z):(d);(d'); al, ?/’.‘"] H, (z)-, (21)

The condltlons 0f validity for (21) are the same (with4 = Band A’ = B')as for (5).
Ir y=0; the special case 4 = A'= B == B'=0 of- (16) ylelds
w T ] ..
L OFD[((d); wzﬁh] , | | -
) 2?——‘} M,.k‘
TL MWV
=0
which exists under conditions given in- (5) with 4 = A’ = B B’ 0’ = D= 0

~ A @ 142), @3
°+2"E”+" [ (b, 1p—r[2), @) 5 ""] H (@), )

atom is -

[( 2 \® (n—-L—l)’! ¢ o %y )l 2t ( 2Zy :
R, (y) = — [( g ) on {(nt1) 1} ] ¢ ( nay Ln+l nag ) @)
Changing the associated Laguerre functlon in (28) into the confluent hypergeometnc
function®®, ‘we obtain , , ,

) = m( \/”‘:‘o( ; ) (n(i-li-—lzll)l ) (2el :7-01)& ( et )Hl :

.1F1(_-n+z+1 ol 4 2; %T) | ‘ (24)

Now setting0 = D =1, (4 =——n+l+1 dy =2 +2 k -—l,p'—O replacmg .

2 byt and z by n%o—— in (22) we obtain ﬁnally with thehelp of (24). :

z(n+l)' I-H
nz(t)‘“\/nza (n_-zml)'j (2l+1)! ( o) ’

w . T 1 .
‘2 M, ‘ ~n+l+1g1 % o .
Zw' v *Fz[zl.+21f—a ﬁao]H(i*/‘ TN

where n =1 + 1,

We know? that the normahzed radlal part of the wave functlon tor the Hydrogen

e



5&“&@&Mﬁmﬁn@®" ' 271

- Although the hydrogen like radial wave fimetions’ appear to be very complicated,

they actually reduce to relatively simple forms, especially for low values of total quantum

-number- - and -agimuthal quantum number /. The expressions for R, (t) computed
from (25) forn =1and 2, =0 and 1 are given in Table 1. o

“TaBry 1
NORMALIZED RADIAL FUNOTIONS FOR HYDROGEN-LIKE ATOMS

. ra
3 1 z s .
10 2 \% ‘(?“‘i)““’-fz“/zMr H
_—(7‘7) z,_(y)r\/;; P(E V)
3 1 sy :
2 \2 ! (_2-_.27;)‘02; 2r~—~—1M: T . 1
o =) T e e i
=0 -
5 1 2 ;
N s '&_'; —5_'0‘ f(?“m) m‘;: or—2 Mr .
.1 *('—Eo_’) ¢ ¢ .6—&‘3“(,)!\/; H (& /7)
: N R

CONCLUSIONS

It may be of interest to conclude that on reducing, the generalized hypgrgéometric ’
functions on the L. H. 8. of expansions (21) and (22) yield some very interesting- results.
This fact is established in the light of the results :

, a+3b ta+3b—3%; ’ — —_
2F3[3, b, Z—Fb"—'lz; » 417 == OFI a; z 0F1 b : T |

.. and ;
[a, b—a; . a; {a;
2F8[b,%b, %b_*_%;%mz]:lﬁ’l[b;m]lﬁ'l[b; 1;]‘

By proper choice of parameters, oy can be reduced to Bessel function or trans-
formed t"(r”11'?1 by Kummerx’)s secoild thgf;em". Further ;7 can be reducgdto Whlttak.er
function My, » (), generalized Taguerre polynomial L,* (), Hermite, polyn(.)n}lal
H, (), and regular and irregular Coulomb wave functions Fz and Gz , thereby providing
us with such results as may beused in various problems encountered in Quantum
mechanics viz., collision problem or two particles with Coulomb interaction, Harmonic
oscillator ‘and the Hydrogen atom. The results similar to those obtained under
““Expansion of Radial Wave Function”, may also be obtained from the expansions (17)
> and (18). It may be further remarked that Kampé de Fériet function not only reduces
- to  generalized hypergeometric function or the product of two generalized

hypergeometric functions but it also yields Appell's functions Fy, Fp, Fy and F,,
MB3Army—7 .



mk , SR Dar. Scxu};,'?oh.zi Oo'romm 1971

Thus the mﬂults evalua.ted in this ;:aper find apphcatmn not only in the clem‘atmn
of “Radial Wave Function” but are also useful -in obtaining many new resulis
involving the generalized hypergeometnc functlons and the Appell 8 functmns o
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