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Author evaluates some integrals involving Kslsp6 de F6riet function and uses one of them in - 
obtaining a solution of a problem of heat conduction. Three expansion formulae for Kamp6 de . 
FBriet function have also been obtained and a few interesting case6 along with the gpl{aation of 
one of them, in the radial wave function for the hydrogen like atoms, have also been discussed. 
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The present paper is inspired by the frequent requirement of various properties 
of special functions which play a vital role in the study of potential and other allied 
problems in quantum mechanics. Appell's functions and' the functions related to them 
have many applications in mathematical p h p s i c ~ ~ ' ~  and author evaluates here some 
integ~als involving Kampb de Ftsriet function and one of them has been employed 
to obtain a solution of a problem in heat conduction given by Bhonsle4. Three expansion 
formulae for Kamp6 de T6riet funotion have also  bee^ obtained. A few p a r t i c ~ h r  eases 
of interest from the point of view of their applicability in quantum mechanics, have 
also been discussed. 

We make use of familiar abbmeviatiaa. 
.II a 

and in what follows for the sake of bre4f;y and elegance we express the Kam$ de 
Pbriet function in the notatian-s ~f Bwchnall&- Chaundy6. 

where A + A 1 + O < B + B ' + D ,  A + A 1 + C ' < B + B ' + D ' .  (1) 

............ Further (a) is taken to denote the sequence of A parameters al, :. a*,. 
Ghat is, unles~ stated c tberwise there are A of a parameters, A' of cE parameters and so on. 

A 
Thus ((a)), is to be interpreted as n (~j),, with similar interpretations for ((a)), eta. 

j= 1 

Pollowing formulae are required in the pmof of the integra.1~ : 
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The integral follows by multiplying both sides Lebdev6 equation (4-143.1) by 
a-ZB Ha, (21, integraJlltg with respect &c tc frcm - KI to QQ and using the orthogonal 
property of Herrrljt p, polynamial~~. 

1: e-zim(z)dz = r ( a - - P + f i )  J'(p4-1) , Be ( p + l ) Z O  (4 ! J"(a - P) (3) 
0 

aod 

2 Re (PI > I ( P )  I. 
Equations (3) and (4) are &own results8. 

\ ,  

D E R I V A T I O N  OF THE INTICRAL3 

Here we obtain the folbwing integrals- to be used later in obtaining the solution 
of the heat conduction problem and expansion formulae. . . 

2 p  
\ 

-I 

-00 

4; Ml 3 [ (a). (a'), (2h9 1 f 2 ~ )  : (c) ; ( d )  ; xhh, 
(b),  (b'), n (h, 1 + p-v): (@;(a'); , (5) 

watib L is a positive integer, ' a 



13dn t Expansion FormAe 

provided h is a positive integer, - - 

A + ? A ' + C G B " + B ~ + D ,  
A +  A'+Q',< B f  B'+ D', 

R;(I  f p )  > 0 

and 

and 

provided that h is a positive integer, \ 

A + A ' + C <  B + B ' + D ,  
A f A' + 0' < B + B' + D', 

2 Re ( P )  > I Re (P)  I 
and , 

To establish the integrals (5)  to (7), express the Kampe de F6riet fmction an the 
L. H. 8. in the series form and then change the order of integration and summatima which is 
justified under the conditions given, evaluate the inner integrals with the help of equations 
(2) to (4) respectively and simplify with the help of multiplication formula for gamma 
function7. 

H E A T  C O N D U C T I O N  A N D  K A N P E '  DE B B ' R I E T  F U N C T I O N  

Hermite polynomials have been utilized by Ramp6 de FBrietg in solving a heat 
conduction equation. He has obtained Tour theorems which are of the nature of existence 
theorems. Recently Bhonsle4 has employed Rermite polyaomials *in solvine\ the 
partial differential equation 
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where y5 (2, t) tends to 
related to the pmbIern of 

~rovided that - .  

q%(, = 0 a d  h, = &@, 
The solution of (8) given by Bhomb4 

a + ( r , t )  =z a e - ( l + g r ) # -  ii H r ( t )  . ' (10) 
r=O - t 

We shall corisider the problem of determining a function 4 (2, t )  ; if t = 0 , then 

If t = 0 ,  then by virtue of (10)  and ( l l ) ,  we hwe 
- -  

cW - 
Z 

Zzw, ylU 2 Q, e? g, ( z )  , (12)  
r=O 

Multiplying both sides of (12) by Hp ( z )  and integratiig . . with q m t  to z betweep 
- oo to ao, we have - - -  

-00 

- - 

= 2 a f e - 5  Hp ( 2 )  (5 )  ht. (13) 
r=O -m 

Using (6) and the orthogonal property of Hermih polyno&idss, we ubtsin 

Now with the help of (14), the solution (10) reduces to the form 

Er(z)* (16) 

The conditions of validity are the @%me as apeoified in (6). 



E X E A R S I O N  F O R M U L A E  

The expansions to be established here are 

. - .  

the conditions of validity are the same as for (5).  

r -. P )  : Cd); (d') ; 

which is valid under the same conditions as specified in (6) along with p ir 0 and Re (a) > 0 . 

The conditions of validity for (18) are the same as for (74 along with pP1. 

Proof: The expansion (16) can beestablishedin the light of the quation (12) and (14). 
To prove (17) let 

Equation (19) is valid since f(z) is continuous and of bounded variation in the open 
a- 

" i11'Ewvall. (0, m) when p 3 0; Malkiplying both sides of (19) by z*e4L(a), 
integratin with" respect to z from 0 to co and ha l ly  using the result (6) and 
orthogona f property of Laguerre polynomialas, we get 

Q~=. -- ('1, (at)3 a (h, l + a + ~ ) ,  A ( h , - ~ )  : ('1; ('I); xhhy yhh 
(b), (b'), A (h, u-p) : (a) ;\ (d') ; 

Hence the expansion (17) follows immediately from (19) and (20). 

The proof of the expansion (18) is parallel to that of (17) and is obtained on using 
(7) and the orthogsnal pr~perty of assobiated ERgend.re fmctionu viz. 
'. 

: i Prim (x) Prm (2)  dx = , (r = n) . 
-1 
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EXPANSION- OF X A D I A L  W A V E .  FUNCTION 
r, 

In equation (16) if a = b and a' = b' , the dduble hypergbm&tric functien- on the 
left breaks up into the product of two genmalized hypergeometrjc functions, thus, . 

, .  . < -  

The of validity for (21) are the same rwith A y B and - A' I = 8) 4s for (5). 
g 5 0; the special case A = A' = B -- Br= 0 of ~(16)  yields 

n (zh, 1 + 2 ~ ) ,  (GI ; 
,, 1 "+""'+" [ (h, 1 + ~ - ~ / 2  )> (d) i HF(z)Y (22) 

r=O 

which exists under conditions given in (5) with A = A' = B = 43' = 0' = D'= 0. 

We knowla that the normalized radial part of th% wave function for the Hydrogen 
atom is 

21+lY* Gy . 3' @-z(%)' Ln+z (%). (23) 

Changing the amooiated Laguerre funotion in (33) into the confluent hypergeometrio 
fundonm, we obtain 

22: 
za by t and x by - in (22) , we obtain finally with the help of (24). 

% 

e 

@ao (B - 1 - 1) ! 



~Oif .v%amrim 3?'mmrbae 271 

~ j ~ o s r h  the hydxygen like radial vav; functions appear to be very. complicated, 
they actueliy red* t& relstimly simple farms, especially for low valtles of total quantum 

- numbes, n and;~a?eirrmhl' *antrum a@&r I .  The expressions for R,i (t) computed 
from (35) for n = 1 and 2, E = 0 and 1 are given in Table 1. 

NORMAL~ZBD BADUL FDXL]T10NS FOB HYDROGEN-LIIIE ATOMS 

(+-;)z - 2 
( r )  ! 42 Hr di) 

r=O 

C O N C L U S I O N S  

It may be of interest to conclude that on reducing, the generalised hypergeometric 
functions on the I,. H. 5. of expansions (21) and (22) yield some very interegting,results. 
This fact is established in the light of the results7 : 

and 

BY proper choice of parameters, d?l can be reduced to Bessel function or trans- 
formed to I& by KummerYs sednd theorem7. Further can be reduced to Whittaker 
function Mk, , ( xX  generalized Lagnerre polynomial L,d (XI, Hermite, polynomial 
H a  (XI, and regular and irregular Coulomb wave functions FJ and GL , thereby providing " with such results as may beused in various problems encountered in Quantum 
" ~ ~ n i ~ s  viz., oo&sion p&lem 01 two pa]:ticles with Coulomb interaction, Harmonic 

: ~scillator and the Hydrogen atom14. The results similar to those obtained under 
"Expansion of Radial Wave Function", may also be obtained from the expansions (17) 
and (18). It may be further wmarket3 that Kamp8 de F6rieC function not on1 y reduces 
to generalized hypergeometric functiop or the product of two generalized 
hypergeometric fwgutjgm but it also yidds Appell'e functions FI, 3 2 ,  3 8  and 3 4 ,  

=@3=-9-7 
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Thus the d t 8  evduated in t& paper find applioation no4 only in the Mqat ion  
' of "Radial Wave Function" but are dso u d u l  in obtaining many new d B  

involving the generalized hypergeometric functions and the Appell's funotions. 
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