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&me.fiait& in als involving g~melized ltypeegeometric polynomiale have been 
evelaated by de 9 ning the polynomial in the form \ 

('n--lP 
F%(z) = x 

. % ~ + - m E h  
where rn end ~t are p i &  Wegem. &me pertimlar oawa have aim been obtained 
with propar choice ofpmmtera 

Fred1 had introduced a generaliaed result4n the hypergeometric polynomid as 

Recently Zeitlina and othw workers have also defined tbe h-ypwgeorn&r& po]:ymmi~s 
and studied their various propsrtiea. 

"he .authol.8 has introduced the pdyn~mial in. ai m e  generalized form 
2 

C (8  -1) n A (a , - -%) ,  %, 0%. --..., &P ; X aC 
2% (2) = a P t 8% 4 ,  bgt . . , bq 1 - - (1) 

where S and ?t are positive integers. 

To economise space, notation A (m, n)  stands for m-parameters; 

m 12+1 - - ) ...., n; t -m-1  
m '  m ; a,(bq) for p (p) parameters a,, . . . , a p  m 

t 
(bl,. - . , bq) ; (a,) , denotes I7 (aj) , and similarly for (bq),. 

j= 1 

The s ~ . n h l  A (m, a & 6) stands for a (m, a + b) and A (m, a d )  aith simila~. 
+reeat404 fqr r (n b)  as I- ~ n d  r (ad). 
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This polynomial has been investigated in the course of an attempt to unify and to 
extend the study of almost t h e  wellknown sets of classical and other hypergeometric poly- 
nomials. The polynomial (1) which by proper choice of parameters and for different values 
oi argument X -xO includes not only the polynomials of Sister Celine, Rice, Jacobi, La- 
guerre, Bessel but also yields the polynomials such as Bedieat, Hermite, Lommel and 
Legendre. 

The polynomial (1)  defined here is terminating and unrestricted. The terminating 
nature of the polynomial is governed by the numerator parameters (6, - a). The 
parameters a, and b, are all independent of x but these can be function8 of n so 
that the polynomial alway8 remains well defined and as such thp polynomial has attracted 
considerable attention in the field of pure and applied mathematics. 

The aim oi the paper is t i  evaluate certain results of finite integrals i n v o l v i n z  
generalized hypergeometric polynomials and associated Legendre function or Tchebicheff 
polynomial by wing the known iormulae. Results obtained here yield many particular 
cases on specializing the parameters, some of which are known and others are believed 
to be new and interesting. 

We have employed the folluwing resultcl in the present investigation. 

;a) Im%gral# 

where Py m(x) and Tm (x )  are the associated Legendre function and Tchebicheff 
polynomial. 

(b) ReEatzvs 
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I N T E U R A - L S  
/ 

The integah to be established are : 

B* . - 
;Ax&]f& 

0 
b, - 

* .  

- - (- 1 ) m ~ B  r (1 f m + y )  P [s  + (6 - l ) n ]  r [&  ( 1  + s + (6'- 1 ) n  + m - Y } ]  
2 m + 8 + ( 6  r ( 1 - , +  y ) r [ i +  + , i s +  ( S - - ~ ) W $ - ~ Y Z +  Y)-$-- - -. 

where Re [S + (6-1) n ]  30, 6,  n andhc are positive integers. 

--mj,ap,n(c,-t s + ( s - - l ) n + m + y )  

valid for 6, n and c are positive integers, Re [s  + (6 - 1) n] >r 0. 
2 

where he [s + (6 - l)n] > o, 6, n and c are positive integers. 
2 

- 4 lra-l ( 4 - 6 )  T, ( + x )  ( : 8 - 1 ) n  
[a (a,--- 4, a,: r24pdz 

0 
a +8 P9 b!l 

- T I' [S + (6 - 1 )  n] 
X - ' 2 r [4(1  f s + (6 - 11% $Y)I 

- 

A" 

; x * + 6 + 2 ~ ~ ~ + 2 c  
[ A  (8, -n ) ,  a,, A (c, -- 8 - -  - 1 )  3 h 

b,, A ( 2c, 1 - s - (6 -- 1 )  n) 2 2 ~  1 (8) 
P 

where 6, n and c are positive integers and Re [s + (6 - 1) rb] >O. 



Proof 
4 

To prove the integral (5),  ye  substitute the series for the polyncmiai in the integrand 
and ohange the .order of integration and 8ummation which is easily seen to be justified 
due to-the abblute convergence of the integral and summation ii volved in the process, 
we obtain 

8 - 1. 
-4 + i # + ( a - 1 ) ~  +,2cr -1  , 

(1 -.xy d"m 
i = O  

P; (z) ax. 

0 
r = O  - 

Now evaluating the integral wieh the help of (6) and using f4), we get 

6-1 a3 
L 

C r i  = 0 C 

i - 0  0 

which yields -the value 6f the intcgral (5). I 

The integral (6) is similarly estabiished on applying the same procedure as above. 

Following on the same lines as above, the integrak (7) and (8) can easily be 
evaluated ir view of (3) and (4). 

d 

P A R T I a U L A R  C A S E S  

When3 = c e l  in (5) and (7): - 
!a) Setting a, = n + a +P + 1, b, = 1 +a,  b2 = 4, X = 1 and multiplying both sides 

(1 + d m  by - ,ive obtain, 
l a !  

I - . 

i ( a d )  a&. . . . 
2 - 1  (1 - P; (x) f, (b3,- * * ., bg ; 2 1 ) d z  

0 

- (- d r ( s )  r ( l  + m + Y) r [4 (1 + n3 4- s - Y ) I  --- - 
2m+-a r ( i - - ~ + y )  r [ ~ + i k ( s +  ~f Y)I-* 



#i,m : integrak G~Bfir&g'h4pylii W A  Hpqpm&rio PoIynomiaIs 

where 
fr~B,*..,.ap 

4,. . ., $ 
is a generalized Sistbr Clefine polynolriialS whioh for u =8 = 0 y.ie de 8hter Celine 
polynomiaIs. - - 

In (9) and (lo), taking p = q = 3, C C ; ~  = p, a3 = 4 . and b, = u, we have 

C 

(% B )  
- 1  (4 - 2 )  !P ( ) H k u, g) dx 

0 

(12) 

where Re (ti),> 0 and 
- ' 

(a. B) * .8 

Hn (P,  0 , s )  = 

is the generalized Rice's polynomial6 which also satisdm the differential equation7 : 

{ x 2 ( 1  - x ) b + [ ( u +  a-l-21% - (4 + P + & +  8 ) x 2 1  Da $: [ u ( l + a )  +" . 

+ ( n ( n + l ) - ( l + p ) ( a + ~ + 2 ) + n ( a  + B ) ~ X I D D  ib  P P ~ + & + - s + ~ ) } .  

(a, B )  a 
, Hs (p, u, X )  = 0, D s - ax 

d With a = /3 = 0, it reduces to Rice's polynomial8. 
Further setting p = u  in (11) and (121, we get 

1 
(a, B)  Sa"' (1 - 34.. P;" (x) P,, (1  - 2x8) dx 

0 



B 
-4 (a, PI p-1 (4 - ra) T, (tz) Fa - ( 1  - 2x8) diG 

0 

- -* r (8) (1 + a)n 
- 2 r [ g . ( l  + 8 f ?)In! 

( 14) 

where Re (8)  > 0 and pnUy' ( x )  is the Jacobi polynomiai which leads to either 
Gegenbauer, Legendre or Tchebicheff polyr~omiab on specializing the parameters. 

(b) Substituting p = 0, q = 1, bl = 1 3. a, A = -1 and multiplying both" sides by 

( l  ' a)n- , we obtain 
la ! 

ta) 
1 (1 - ) P ( x )  An ($2) Jx 
0 

(a) 
where l3e (s) > 0 and Ln ( x )  is the generalized Laguerre polynomial. 

\ 1 
%'we have (0 )  With p = 1, q = 0, al = sa + a - 1 ,  X = - - - 

1 

( 1  - d)im P; ( x )  Y n  (zZy a, b) dz . . 

0 

- - (- Urn r (8) r (1 + m + Y) r 14 ( 1  + + m - y)l . 
Zm-t8 r ( 1 - m + y )  r ( 1 + 4 ~ - t - + ~ + Q y )  

. 



%here Rb (8)  > 0 and 
I 

Y ,  (x, a, b) 

is the generalized Beage1 pplynomial introduced by Krall & prinks which reduces 
to a simple Bessel polynomial when a = b = 2 and is represented by Y ,  (a). 

P A R T I C U  L A B  C A S E S  

When 8=2, c= l  in (6) and (8) :- 

Setting p = 1, q = 2: n, - Y - 8, b, = Y, b2 = 1 .-8-n, h = l  and multiplying both i 

2% (8)n aides by - , we obtain 
n ! 

where Re (s+n) > 0 and 

3 [A (2, -n), Y-8 ; x-2 Rfi (fi, y ; 4 = n! y,l--p-n I 
1 

(8) 
is a Bedient's polynomiaP which reduces to the Gegenbauer polynomial C, (x) when 
Lim R, (8, Y ; a). 
Y - t o o  

If we put rn-0 in (19), we obtain a known resultll. 

Similarly by particular choice of parameters in (6) and (a), we can easily obtain%he 
results involving Hermite, Lommel .and Legendre polynomials. 

/ 

Meijer's G-function; MacRobert's E-function and Box'sH-function can be reduced to 
the generalized hypergeometric polynomial by appropriately specialifiing t,he parameters. 

. But the converse, however, is not necessarily true. As the varioys classical and 
&her polynomials have immediate uw in the different fields of applications, generalization 
of the results for them polynomials phould have a compact and simplified form. 
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!FBi8 is mhiev* h e n  Ghe resdta are expr-d_in ternis of 'a gmer&te&hh*m~&~ , 
pol.vnonfial. Boreover, it i s  q & e ~ - ~ b y h u  %that investigations with-the generahed 
hype+g&ometric plpomial will have a wider reget! of freedom sompared to the investiga- 
tions with the gerleralized functions. 

. 
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