INTEGRATION OF SOME H-FUNCTIONS WITH RESPECT TO THEIR
‘PARAMETERS
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- Some mﬁeguls oi .H ﬁmohona w:th respect to their; parameters have been establmhed and employed
to obtain some geries of produets of two H-Tunctions.

]!![a,cllobert1 Ragab®—4 and Bajpai®~¢ have obtamed a mmxber of . mma ‘of
E-functions with respect to their parameters. Recently Bajpai’ has obtained some mtegm!a
of G-functions with respect to their parameters, Anandani® has also obtained some in
of H-functions with respect to their parameters which are the generahzaﬂons of the integ-
rals of G-functions with respect to their parameters”. - '

2" The ‘objeet of this paper is. to evaluate some mtegrals of Fox’s H-functions with -
- "regpect to their parameters a.nd employ them to sum certain series of products of two
~ H-functions.

.- The H-function mtroduced by Fox?® will be represented and defined as fonom R
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where an empty product is interpreted as 1, 0 < mg .0 n p; eéand J's are all . &N

positive; L is a suitable contour of Barnes type such that the poles of I' (b; — f), '
(4 =1, .. .. .., m) lie on the right hand side of the contour and those of I" (1 —a, =+ e;s),
(G=1......,n)lie on the left-hand side of the contour.
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In_what ,lelows, fom; ,s,ake of brevity (ap, ep_‘ denotes (a;, €1}, .. .. .. ....(ap e,f.)‘
nd . 7 :

n 1 1 m+1
The rela.tlon between H and G-function is o
i, ..........',ap] ’ (2) |

mon (ap;, 1) ] m,n [
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P9 [z (bq’l) »q ? b1,--.;- bq
Here we give the generalizations of known results, which will be reqmred in the

ot pmoh swhickiofollow.
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where B A<ﬂB>0]argz1<%B“ Re()\-—p,)>0

=I'(A—p)H (4)
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- “Re [“; —————(q"ej"l.) ]> 0(j=1,...oiiin ,n)

INTEGBALS
The ﬁrst integral to be established is
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provided Re(a, —b,) >0, (r=1,......,9),Re (a; —b)>0 (=1, )
&[8@ip—M—*%]>—J &—L-- +m)Roaﬁ%)<0
ReX > | Rep| — %, L the path of integration bemg as in [ ]l p. 302,(29) ] with loopsif
necessary, to ensure that (A + p +4) “and (A — p + %) are to the nght of the contour
-and the H-functions exist.

Proof : By virtue of (3) and (4) the left hand side of (5) can be put-in the form :
1 ;
E;ffﬁ+k~MPG+p~s+afu—p—s+ﬂfx
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Now changing the order of integration and putting the first integral in the last, we get
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Now substituting for the last integral'® [ ref. 11, p. 302, (29)], using (2) and [ ref, 11, p. 435
(3)], the expression hecomes

dz; dzy >
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On using (2) and fref. 11, p. 443, (5)] vc;e, have

B g | g
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On applying (4) and (3) respectively the result (5) is obtained.

] dwj dz

The second integral is -

8
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L . ’
w4 2m 4 g+ 1 [z (L4+k—A1),tm g — 858), ...... ,(al—ss,s)]x,,
mtgtlmtgtel”|@G+uA 0, G—p—2D), (b—858),. . (bn +—008) | 7 ¥

=g (} —k—p I G —Ek+tp)X

bt [2]amem 2D ool DO ERDCBD: b
m+tq+2,mtqgt+4 4 (%, 1),(15 1),(%""‘[&,1)!(%_1“,1):(171:28),-..’(bm+Q928) sV
where Re (¢, —b,) > 0,(r =1, ...... » @ Re (a—b) >0, (=1, ...... > m,

" Re [ ) (%ip,?-)\) —,-'ar]>_--1,(r= 1, .... ,q—{-m)ReA>'1Rep’ —%,
L the path of integration being as in [ref. 11, p. 302,(30)] with loops, if necessafy, to ensure
that A + p+4) and A — p %) are to the right of the contour and the H-functions exist.

Proof :. To prove this, we have applied the same procedure as in (5) and used [ref. 11,
p. 302, (30); p 442, (9); 443, (5)] and(2). ' ‘

The third integral is

1 , ‘
s [ Teh—NPOtp—s DT O—p— s+ DX

L .
& g + 1 [z\(1+k—,x,1),(am+q—-a‘s, &), erurns , (@ — 85,8); ]d8
m4-g+1lm-+gq42 (%’—'A + p, 1), (bl"—SS, ) I (bm +T'—8’s’ 3), (%—-’\_‘P”l)
=a-rG—k+ )l G—k—p

m+3,9+1 [_zj L+ 1), (am 1 28), - .- 2 (31,28), (1 —F, 1) ; ](7)
mig+2mia+al 4 13 1D,(LD),G+p1),(0u28),- . (bn 420, (3—p, 1)1 7
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where Re (¢, — b)) > 0,(r =1, ...... ,q), Rear — b)) > 0,(I=1, ,...... m),
Re[stii:f"_'a)'_‘“r:l>_1’(r=1: °°°°°°° ’€+m),Re(A+k)<0:

Re X > | Re p | — % ; Lthe path of integration being as in [ref. 11, p. 302, (29)], with loops
if necessary, to ensure that } + p + Aand £ — p + A are to the rlght of the contour
and the H-functions exist,

Proof— To prove this integral, we have applied the same method as in (5) and used
[ref. 11 p. 443, (7) p. 443, (3)), s

The fourth integral is

1 Fs—k—NIrQA+p—s+13) 4
omi T(r—A+s+3d i
7
Hm+2,g+l [z (I4+E—21),(0m +g—3888), ..cvvn.. , (@, — 83, 8); ]-ds
mtg+lm+g+2l 13+ p—A1),F—p—A1), (b—35,8), ..., (bm +4—83,8)

EL Y'Y TG Srae L S S

2 (1+k:1)=(“’m+§"28)s taessrraey (ar, 28):(1""""’1)91
RE O Lz" 1, (LD, G+ g D (B, 2), e L
|'i~t—|-g,'-[-2.ﬂ'l+g’-!-d-L (;1—;’ 93), @_P, P'.- s 01, 3 rreseracsans ’J'
where Re (@, —b,) > 0,(r =1, ... ..q), Re (a1 — b)) >0, (I = I tewsimen m)’
€ [8(*_\ip—-)&)—-ar]>—-l,(r=ll, ------- ..,g+m),Re(A+k)<0,

Re A > | Re u |—4, L the path of integration being as in [ref. 11, 302 ,(31)] with
loops, if necessary to ensure that 3 + u + Aand 4 — p + A are to t.he right of the con-
tour and H-functions exist.

Proof : The integral can be established by applying the same procedure as in (5)
and using [ref. 11, p. 302, (31); p. 442, (9); p. 443, (3)] and (2).

SUMMATION OF SERIES
The first summation is
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where | argz|<ofr Re(l-—-al+b)>0 Re(l——a1+bg)>0 ~and “the “H-functions
exist :

Proof+ o prove (9), substituting on the loft' from. (1), we have -

Z-(}%-@L—E-:‘T"‘ b+ r—os)T (by—as) ' (1 —ay + os) 2 dsx
! ; .

1 P(l—-bg——aw)P(l—-bl—-aw)P(bl+b—-a,-l-aw)z"

X T , P(1+a1—bl——bf--aw)l‘{1+61~—a,,+r+aw) . o

replacing s by 4:7 and w by —:f—and'nhanging the order of integration and ‘sunsnsation,
in view of [ref. 12, p. 500], the expréasion becomes

—s)F(bz_—s)I‘(l—al+s)z‘r° dSX

o2

I
& 1__ I (1 —by—w) I' (1—b,—w) F (b +by—as + w)
L . ) :

¥
P

bj. . bﬂ ,1 wle - ) : . i o b
(1+bl‘—“s+w)zf dw- ;
" Now applying Gauss’s theorem and éul_aatituting ay=1—k+Alog= 3i—y+ - \
A+ by = A+ p+}t and by = A — p+3, it reduces to

XF(

o g [ PEHR—NT O+ p—s DT QA= pt—0) X

Qmi
L ’ 0
xa”"[ Vol @—y+2%—s1),(1—k—A1) ' ] w .
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' using(ﬁ)w'éhzreplacedbyz/" 3=1q=1m=0, a,._z_y+2p,.
by =34—y+A + p, We get the expa.mion equal to '
o-ta =TG4+ k—p T G+k+wx
B[4 [0 Atk DR |

(&s D, 1, 1, (’i +u1),3—p, '(8/2 —y+2A + (] 2)
Now subsfituting the values of , y, & in terms of a,. ay, by, and b,, we get the resu't.



‘TAXAx:Integr_aﬁqnofH‘-Funcﬁon\s\. e e 113
The second summation is : >

zu e H“[ A

r=0

'H12
x4, 3/[2

(1 +a’1"—'b1""'b.b°')s(1+a9_"b1—"bzaa) J )
(L —0y, 0), (by, @), (@g— b, — 7, @)

l—0~2ﬂ_1/2I’(1—a1+b1)P(]'—"‘a]_ +b2)><

-”,3,,2, 1: olo (1+20:1 . — by 1) (1+a2—-‘b’,2)’(3:_2£+i+_b? 1). .
(10)

X H —2 : 2

. 3,8 4=  (5,1)‘,(1,1),(%—",1) (g, 2), (l_’f_b_éiﬁ’l) j, :

provided |arg z| < aom Re (1 4 b — a;) > 0, Re (1-—-—a,+b1)>0
Re (1 -—-al + bg) > 0, and the H-funetlons exist, .

Proof—This series can be established by applying the same procedure asin (9), substi-
tuting a; =1 +k+)\ g =3 —y+A+pb=2+p430 ——/\-——-p—{—'}and
using (7) ,

The third summation is =

z i-—bl),} | (0o — 2, 0), (1 + oo —by —bya) T
, (L —by,0), (1 — by, 0), (@, — by —r,0) | %
-7, 0)

-]8

[ ,(“230) ]
(bl + 7, 0)’ (b2’ 0)
=c¢~2x~t P(l—ay+b) I (1 —as+ bg)X

© (14+8a—b—b o (B—%m byt by
. 3,2 z2/a ( + a22 L 2»1) (1+a1"_bls2)n( : az;_ 1t 2:1). ’
wH | \ ’ : Ay
> & 00, (52 @, (R )]

where;argz1 <om Re(l4b—a)> 0, Re(l-—-a,—{—bl) > 0 Re(l——w2+bg)>0
and the H-functions exist.

Prooj' _The series.can be established by applying the same procedure asin 9), substi- ~
tuting a, =%-#—-A—-7,aa =l+k—Ab=}—p—Ab=}+p— 2 and
using (8).
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The fourth summation is:

Z(l'—‘bs)rH [ (1 —2b; + ay, 9), (ﬂsf-b_l-—-%cr) sz | & _
2 (l_bls a), (— bg,q'),&v—-b;—-r,a;) . : =0

XH [z (by —?f,o),(l-Q-bg’,,)] ‘

=o_‘51r‘“”51"(1—a3-!-_bl)1"(2—-a,-{—bs))( -

. (1+a1 3, (2%‘ 2{: —b, 1) (4_ 2a=+bl+bg 1)- 12)

whe:e’j argz| < om Re (1 —a, + b)) >0, Re (2 — a + by) > 0, Re (1 —az+ b)=>0
and the H-funections exist.

. Prof : This series can be established by applying t.he same procedure as in (9)
51—'3/2 p—A—y,a,=1—k—\b =%—p—2 b =—} +p—2 and using (6).
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