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Slow unsteady flow of a viscous, incompressible fluid between two plates with roughness along .
their length, under the influence of periodic pressure gradient, has been discussed. Integral transform
hnique has been used to determine pressure and velocity components along and perpendicular to

the length of the plates and the pressure. Particular cases of sinusoidal roughness when the phase
differences are zero and © have been solved numerically.

The exact solutions of Navier-Stokes’ equation for & viscous, incompressible fluid
with axially parallel flow through a tube under the influence of periodic pressure gradient
have been discussed by Sex]' and Uchida? while those of co-axial circular cylinders by
Verma3. The slow viscous flow between rotating concentric infinite cylinders with axial
roughness was discussed by Citron® and the problems of flow of non-Newtonian fluids
and heat transfer between wavy walls and wavy cylinders have been extensively studied
by Bhatnagar & Mohan Rao® Bhatnagar & Mathur® and Mathur’. Recently Verma &
Gaur® have studied the slow motion of a viscous incompressible fluid in a circular tube
with axial roughness under the influence of periodic pressure gradient.’

In this paper, the slow unsteady flow of a viscous incompressible fluid between two
plates with roughness along their length has been discussed. = The roughness has been
taken to be small in comparison with the distance between the plates at the mouth of the
channel. Integral transform technique has been used to deterfnine the longitudinal and
transverse velocity components. An expression for the pressure distribution throughout
the length of the channel has also been obtained. " Two particular cases of sinusoidal
roughness have been discussed numerically. : ; T

FORMULATION OF THE PROBLEM

The Navier-Stokes’ equations in rectangular coordinate system for a viscous incom-
pressible fluid neglecting the external forces are
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and the equation of continuity is
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, v, W are the veloclty components along z, y, 2" dlreetlons, vis the kmcmatlc visco-
sity, and p is the density of the fluid.

Undet the assumption of slow motxon, from ) to (4) we have / ' ,
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If the axis of x is chosen along the length of the plates and 2 i3 measured at right
angles to it, we have - ’ ‘
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Using (5) in (7) we getk

8 [ o azu)-_ ? e\ |
: ot ( ot L _"(_aaiE + ezz)' “ 10
Lot S
U=L’W=L,X=i»
v / v” .a“
. « )
Z=_Z.,1?= f;"; ad T= 2, QY

where a is half the distance between the- plates at the mouth of the channel

Equations (7) to (10) are transformed to - - -
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The boundary conditions are

U=W=0 at Z=1+¢eN,;(X) and = il o e N -
' ' T>0 X>0 - ne” 3
where € & 1 is the roughness parameter.
Let ' - ; .
P(X,Z, Ty =P, (X, T) + P’ (X, Z, T), "
WX 2T =W X 21T), = } (16)
‘UX,Z2,T)=U,(2,T)+ U (X, Z, T) . J

where the primed quantities are the variations caused by the roughness and P, and U,
are the quantities for the case of smooth plates, given by’
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where Re means the real_pa.rt. L, 5 B |
From (18) to (20) , we have
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which for very slow oscillations, reduces to
) ing '
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under the boundary conditions '

"= —Up, W =0atZ=1+eN,(X)and Z=—1 +¢'Nz(x;_,r'>o,x:>01
U' =0 at —14eN,(X)<Z<1+eN,(X),  r>0,X=0

METHOD OF SOLUTION
Following (20), we assume :

U (X,Z,T) =T (X, Z) cos nT
= Re [i}*(x,Z)e‘“’*“ ]

Equation (27) is therefore reduced to
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From (30) and (31), we have '
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where F (Z, £) is the Fourier sine transform of f (Z, X).
Taking Fourier sine transform of (32) we have
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the solution of which is

—bZ bZ
F(Z,¢) =4 (E)e +B (e ,

where b = (V£ + in) and 4’ (¢) and B’ (¢) are the constants of integration.

Taking the Fourier sine transform of (31), we have
&u E
dZz

where U is the Fourier sine transform of U.

From _1:‘35) and (36) , we write
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the complete solution of which is.

—i3 :
UZ, 6 =A@ e +B(£)e +C(f)e -{—D(f)e y (38)

where 4 (), B (¢), C () and D (§) are the congtants of integration.

Taking inverse Fourier sine transform of U, we ha.ve
UX,Z,7T) =

Re \{__I [A(f)e +B(f)e +C@E)e +D(§)e ]s_in(éxl??’hdfé (39)

From' (26) _we get
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and from (24) and (25) using (39) a.nd (40) , we get
P'(X,7,T) = (\/Eﬂ in ).
© Z 7z inT
- f —;{o ©c LDEc ]cos €Xe d+C @Y
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where C is the constant of iptegration.
Using the boundary conditions (28) in (39) and (40), we get

g _%[1 H{-l e {X)}2 ] = \/_%- T {A (€) exp {—b(1+e§rl (,;))} ;
. ] !

+B () exp { b (1+e, (X))}+ 0 (¢) exp {——e (1+em, (X))}

+D@ e { ¢ (147,00 )}[snena _ (42)
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and s1m11ar expansmns for B (6), C (§) and D($),- (46)
' Substltutmg (46) in (42) to (45) and equatmg the coefficients of like powers of ¢, we have
- From coefficients of < \ ,
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. Invertmg the above four equatmns by quriei- sine and cosine ihtegral theorems,
- we get . S I
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: From.coeﬂicxents of €!, we have :
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Invertmg the above four equatmns by Fourier sine and cosine integral theorems,
we get : :
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—X X —_
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- which gievs
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Mﬁking use of (48) and (50) in (39) to (41) énd collecting 6niy ;;he real party, the
complete expressions for the velocities and pressure are : )

VXL =U @D+ U X5T) =5 1= mear + K2,

w .
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WX 27T = WX, 2, ———\/—
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g cosh ¢sinh ¢Z
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_where C denotes; a -constant,

PARTIOULAR CASES (SINUSOIDAL ROUGHNESS)
Case ()

It Ny (X)=—N «(X) R (54)

i.e., when the phase difference in the mghneas of the walls is = Here 2 nl is the
wavelength of roughness waves at the walls,
{
We may formally_wnte ‘

Mo()) =— Fife) = \/_;’-’-8 (f~—,1—) )

where N 6] and N, (é) are the Fourier sipe transforms of N2 (X) and N; (X) respec-
tively and 3 is the Dirac delta function.

/

hSubstltutmg (55) in (51) to (63) and making use of @ property of Dirac delta function®,
we have -
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1‘ e, when the phase dlﬁerence n the rou ghness of the two Walls 1s zero

Theexpres;mns forU Wa.ndPare . o - .
U(X Z T) =5 (1—Zz)cos‘n’1’

-Z—cosh icosh Z -+-.cosh 1—fs7nh —_— islinh & sinh 2o
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: B - B %cosh ——ll— sm]i—‘—?— - A ,
P(X,Z, T)=C-=KX cos nl — Ke - — T 7 - cos (T) cos nT (62)

NUMERICAL DISCUSSION.

The longitudinal and transverse velocity profiles for particular values of ¢ = 0-1
and ! = 1 have been drawn in Fig. 1 to 5, at different cross-sections of the channel and for
various values of n7. When the phase difference of the sinusoidal roughness of the plates
is 7, the longitudinal velocity decreases as the width of the channel increases and vice versa.
The transverse velocity profiles in this case have a point of inflexion on the mid plane.

, Thus the resulting effect of- these two veloci-
. ties 1s that the direction of the flow is towards
the walls if the width of the channel increases
and away from the walls if the width of the
channel decreases. In the other case when the '
phase difference of the sinusoidal roughness
of the plates is zero, the longitudinal velocity
, is more in that portion of the channel where
Fig. 1—Tho longitudinal velocity profiles at ¢} o wal] of the channel is nearer to the z-axis
different gections of a roughness wave . g

for ¢ = 0-1 and nT = 0 (——) and and vice versa. . .

nI'=af3. (....). :

T

N, s \‘

/} - \\ R
le Alz 1(\ N\ ) X .
y / i
i i
\\\ ) // - S
) - ———— i ——
Fig. 2—The longitudinal velocity profiles at:  Fig. 3—The transverse veloeity profiles at diffe-
° different sections of a roughness wave rent seotions of a roughness wave for .
fore =0-1andn? =273 (....) and €=10-'1 and T = 0(—) and nT = »[3
nT=7rr(———)- Toaee)e

Fig. 4-~The transverse velooity profiles at different Tig. 5—The longitadinal velocity profiles at
seotions of a roughness wave for e = 0-1 different seotions of a roughness wave

andnl = 27/3 (....) and 2T ='n fore=0-land n7 = 0 (—2) and nT =
. : ’ 73 (....)

v (——)s

.
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