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A NOTE ON THE EFFECT OF WALL CONDUCTION ON HEAT TRANSFER TN
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Problems of temperature distribution in transpisation cooled porous body and in hot gas '
stream have been solved in conjugation. The effect of wall conduction on heat transfer in Couette
flow has been exhibited graphically and discussed.

—~—

. The problem of heat transfer in a porous plate one side of which is in contact with
a hot gas flow and through which a coolant is injected from the colder side has been studied
by various authors. This problem has attracted much attention because of appli-
cation of technique called transpiration cooling in aviation as well as chemical technology.

The study. of temperature. distribution in a transpiration cooled porous plate was
first attempted by Grootenhuis & Moore!. Defining the porosity as the ratio” of volume
of -voids to the total volume of the porous metal specimen and utilizing the idea of volume
heat transfer coefficient they obtained a third degree differential equation. It was
easily solved giving the temperature distribution in porous plate as well as in the cool-
ant. The constants of solution weré obtained by using known boundary conditions."
Weinbaum & Wheeler? used a somewhat similar approach. Since the porous structure
of the plate formed a very complicated threc dimensional network, it was assumed
to be equivalent to a simple network of identical cylindrical channels running
parallel from one end of the specimen to the other. Energy balance in a small
element gave rise to a third degree differential equation. The authors analysed the
solution of this equation. One of their observations was that the temperature of the coolant
and that of porous plate must be equal at every point except very very near the cold
side., Many papers using this approximation have appeared since then, e.g.
Green Leon & Calf Downey® and Mayer & Bartas!. This approximation reduces the
differential equation to second degree only. But Grootenhuis® pointed out that an error
of sign had crept in the analysis of Weinbaum & Wheeler? and hence this approxi-
mation was not well founded. A mathematically general solution of the three dimen-
sional problem of gas flow in porous body and associated temperature distributions has been
given by Bland®. Only in some very special cases his equations could be solved exactly.
In all other cases a numerical solution was necessary. f

The problem of temperature distribution in & hot gas flowing over an ordinary flat
plate has been solved exactly by Schlichting” in some simple cases, He has also studied
a porous flat plate with suction. Friedman® has studied the temperature distribution
in the laminar zone of hot gas stream flowing past a porous plate with coolant injection
and gave a relation between coolant flow and the temperature of hot side assuming a given
heat transfer coefficient and Newton type heat transfer between the hot gas flow and the
porous wall. - : .

~ The problem. of heat conduction in the hot gas stream and the porous wall have

_thus been treated as completely indepenident problems.so far. It has been pointed out

by Perelman® that in order to obtain exact estimates of the surface temperatures

the problem of heat transfer i the gas should be solved in conjunction with the heat
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conduction problem in the solid body with conditions of continuity of flux and tempera-
ture at the interface. Such problems have been termed as conjugate problems. In
this paper, therefore, we have discussed the problem of heat transfer in porous wall in
conjunction with the heat flow in the hot gas side and have calculated the effect of heat
conduction within the wall on the heat transfer in the gas flow. We have utilized the
third degree equation of Grootenhuis for the temperature distribution in the porous
plate. The hot gas flow has been assumed Couette flow, the velocity-profile being
complicated dueto the presence of injection. It has also been assumed that the chara-
cters of hot gas are not affected by coolant. The velocity profile thus obtained has
been substituted in the energy equation of hot gas. The energy equation. has now been
solved in conjunction with the aforesaid third degree equation. To get the constants
of the solution we have used the following boundary and interface conditions:

(a) known'temperature of the free stream hot gas

(b) known temperature of the cold side of porous plate

() equahty of temperatures of porous plate and hot gas stream at. contact surface '
(@ continuity of flux at the contact surface ‘

(e) equality of temperatures of the porous plate and the coolant fluid at the
contart surface i. e, T=t, (This condition was pointed out by Grootenhuis®
and is based on the fact that within the porous wall, heat transfer is from the
material to the coolant and therefore ¢ > T but outside this surface the
soolant is hotter and is transferring heat to the surface and therefore
t < T. Both these conditions can be satisfied only if, at the surface, the two
temperatures are assumed to be equal). . .

\
-NOMENCLATURE

t, Band T—Temperature dlstrlbutlons in porous plate, hot gas stream and coolant fluid
’ respectively

ty — Temperature of the injectant side of the porous plate
8, — Temperature of free stream of hot gas

U, — Free stream velocity of hot gas

g — Coefficient of viscosity of hot gas
7

— Distance between the static and the moving plate i. e. thickness of the hot
* gas layer over porous plate

K,,' — Conductivity of hot gas
K, . — Conductivity of porous material of the plate

Cp — Heat capacity of the hot gas
@ — Mass of the coolant passing - through unit area of porous plate per unit time
8 — Thickness of the porous plate

B — Average volume heat transfer -coefficient, i.e. amount of heat transferred
: from unit volume of porous body to the coolant per unit time when the
difference ‘of temperature between them is one degree centigrade

y — Distance co-ordinate perpendicular to hot gas flow
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- THE PROBLEM AND ITS SOLUTION

Let us consider a porous plate (Fig. 1). Along one of its surfaces a hot gas stream is
flowing. From the other surface coolant fluid is entering in a direction opposite to that

- of the conduction of heat in the porous plate,

e e *  Heat is absorbed by the coolant fluid from the
- HOT GAs 2 Loy ' POrOus wall and itg temperature rises; Heat
e, - balance of an element unit of area and thick-
T reereerereeee e anmnan ness dy at a distance y from interface yields

remmeed s meeans e e -~ the following differential equation. '

D el - @& K dx Boodi v

S R R U N R dy® + G0, dy*. K, dy __O @)

GROVANT FLULD _
Pig.1—- Porous plate vis-a-vis hot gas and coolant
fluid. - o
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To find out the temperature dlstnbnmon in hot gas stream’ we assume that the t; .
and phxmal characteristies of the gas are not disturbed by the introduetion of 01;21'11::3
fluid. - We also assume the flow to be a simple Coutte flow with the modification that -
thew:e is a vqlocmy\?l glong y axis caused by the ﬂow of coolant i in the stream

From the momentum equation ‘
du v éqf_ poduo

EAY TEyar 7
we have, therefore, in this
| BT 2y - ()
since ' \P”=Gafndﬂ=0.
- Boundary conditions are ‘
: U = Uw ~ ab . y =17 o -
‘ U=0 at ?/~= 0
The sclution of this equation is
N 2y
v Yo (1 & )
-1
. _ 1 — & - -
Puttmg the above result in the energy equation v
46 _ Kg 46 | p (du)?
T T T T, (@)
‘we have .
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Eqwtms (],) and (3) can be non-d;lmensmmh&ed ky the followu}g substﬁgw ;. "
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 Boundary and other conditions at the. contact surface are : - SN
at ~ : y=0, =1t
, ] - dt
- S i 7
2 ’ . .
also -%é = () (since we assume . = T at wt}:gy contact surface®)
at y=mn, 0= 9,
" and -
at - : oy =8, t=1ty
The boundary conditions in the transformed form are :
. -ab ' . ) £1=Ez=0 - )
L =Ty _ L ~(10)
dv, d'usr ‘ e .
2L =K T
d%n. o S
at ‘ . =1, vy 6 ) - (13)
and : ' ‘ ‘ :
at ' = I vp=1 A (14)

Ehxmnatmg oc, B,y & amlﬁ’ in (8) and (9) with.the helpof equatxons (10)-—-{14), we have
9,1_,—{Sz(e‘-R&-—-—eﬁ)-—rRz(tzS&——-e-—'s)} - (15)
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“When there is no injection, velocity profile for hot gas stream reduces to

U = Uw ' y
and in that case equations for temperature distributions in, porous body and. hot gos
_ stream are: ~ - et g :

dzvl'_o'

and _ . ‘ df:z = — Py, Ea -
with the following boundary conditions : S
at N ~ i . gl = 52 =0
. : g V. = Yy i
: : d,vl . ! dv\ 1
and i | 7 K Z.
atb o ¢ =—1 , =0
and . - «
at =1, vy=1
This system of equations yields the following solutions : ‘
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RESULTS AND DISCUSSION

Numerical values of v; and v, with and without injection have been ‘exhibited at
Fig. 2—6 for various values of conductivity ratio K and Kckert number., The values
of other non-dimensional numbers have been taken as s

Nuc’=2 A=1
St; =5 ~ B/ =0,1and4
Pry=05 " K=00205ad1l
~ Rey =5

" In every graph x-axis represents the non-dimensional thickness of the porous body

from &, = — 1 to £, = 0 and non-dimensional thickness of hot gas layer from £, = 0to

 §,=1. £,=",=01is the contact surface. v stands for the non-dimensional temperature with'n
 the porous body as well as gas layer (i.e. for v, and v,) and is represented along the ordinate.

t
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We have considered two cases one with injection and the other without injection.
The examination of the curves -at Fig. .2—7 reveals that the temperature distribution
in porous plate is not linear when there is injection.. Also the contact surface tempera-
ture is reduced. , s ¥

In the absence of injection (Fig. 1—8) température gradient at the contact sur-
~face in the porous body differs sharply from the temperature gradient at the contact
surface in the hot gas layer. The injection (Fig. 5—7) somewhat smoothens this
difference which shows that the coolant cools not only the porous plate but also the
lower Jayers of the hot gas stream. L " '

Increase in Eckert number causes an increase in contact surface temperature and
thereby the temperature distribution in porous. plate and hot gas stream are modified.
When there is no injection, we see that as Eckert number increases, the curves showing-
temperature distribution in hot gas layer (Fig.- 2—4) . becomes more and more convex
upwards which shows that flux ircreases constantly as we move towards.contact surface.
This is expected because of the heat generated in the hot gas layer due to friction.
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Fig, 2—Temperature distribution for different con- Fig. 3—Temperature distribution for different con-
ductivity ratio K when Eckert namber B = 0 ductivity ratio K when Eckert number B, = 1
and injection is absent. 9 and injection is absent.
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Fig. G—Tentperaturedlstrxbutlon for different con- Fig, 7-—Temperature dxstl'lbutmx;f&t; “Fiffordnt con-
ductivity ratio K-when Eckert number f = 1 duetivity. ratic K when Eekprt nupbet By = 4
and mJectlon is present. v and 1n]ectxon is preseht, L .
In case of injection we see that these curves (Fig. 5—7) are concave near ‘the oon-
tact surface. which shows that the flux goes on decredsing towards. contact surfade.
This effect 1 i du@ to the m;ectlon of coolant which absorbs, much heat. However, very
near the topl xer curves are again convex specially when Eckert number is largel;
(Fig. 7). Thls 1s to be- expected as the heat generation in the top layers is aore
prominent ah COmpared to the absorp‘mon of the heat by the coolant.” * :

N

Parameter K represeiits the effect of conductivity of the solid surface on heat
transfer in‘hot gas. - A study of the graphs shows that as the conductivity of plate inersds
ses (1. e. K decreases) contact surface temperature reduces affecting the temperature
distribution in hot gas. This eﬂect is more marked when Eckert number is h1gh and
'1h]eet1on is absent. :

" If we cornpare graphs for & = 11in Fig. 2—4 with those in Fig. 5——7 it W111 be ohser-
ved ‘that though - the injection brings ‘down the contact surface temperature, the temm-
perature at some of -the inner points of the porous body becomes higher due to-inj jeotion.
The reason for-this fallacy is that this value of K = 1 is unrealistic (conductivities of gases
are much lower than those of solids) and violates certain assumptlons made in the analysis
of the problem. ,
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