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Contour integral involving Fox’s H-Function and modified ﬁessél function of the first kind has -
;been caloulated. Some important properties and particular. cases of H-function, which is a
generalization of G-function, have been derived and discussed. -

In this paper we have evaluated a contour integral involving Fox’s H-function and
modified Bessel function of the first kind. Oun: specializing the parameters the integral
yields many results scattered throughout the literature, some of which are given by
MacRobert! and Meijer?.: I

-

The H-function introduced by Fox® will be represénfed and defined as follows:.
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where an empty product is interpreted as 1,0 < m < 0,0 <5 < p; ¢’s and f’s are all positive;
L is a suitable contour of Barnes type such that the poles of I'( bj—fishi=1.c....,m
lie on the right hand side of the contour and those of I' (1—a; +€;5), =1, ...... ,m
lie on the left hand side of the contour. ) v

Recently Braaksma? has discussed, asymptotic expansions and analytic continua-
tions for the- H-function. ‘ ‘ s -

Now we discuss some important properties and. particular cases of the H-function,
which are apparent from the definition of the H-function.

.« The H-function is symmetric in pairs (a;, ;) , ....... P ) (an’, en ) likewise in
(an-l-lgen»J{.l), ............ s (ap,ep); in(bf, fl)’ ........ » (bm,fm) 3,nd n
( m+1 s m+1)., ........ s (bq, q)'

Inione of (aj, ;) (j=1,...... ,n)is same as one of (b;, f;) (4 = m+1,......¢) or
one of (b;, f;) (j=1, ...... , m ) is same as one of (aj,¢€;) (j=n+1,...... , P ) then

the H-function reduces to one of lower order, i.e., each of p, ¢ and. n or m decreases
by unity. : T '

i
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and (a,, ep) represents the set of parameters (w1 ‘31) e, (Gphey)
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~ where the right"ha,nd side is Meijer's G-function. e o ‘ ’
P:l [ (1 1) (bq=1)] '[Gptz] . k (5
Hovunl®| (ap, 1) L Elw, | (5)
where the right hand side is MacRobert’s Erfunctlén -
L ‘ . P
L : ' . o H I (a; +e“r) ,
" — 7 3 V
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“The above series was stud1ed by ’Wr1ght5 and has been ca]led as nght’s generahzed
hypergeometmc function and is denoted by the symbol - L

(ap,ep) o ]
| P%[(bq,fg) ’, &
2,0 (A—%k4+1,1) o ' A
AHE (12+2+4,1), (1/2+A-M,1)] 2o W" "“ D M
where Wk, p(2) is a Whlttaker function,

HOZ[ ’“’ D (=, ")] Z ’1’(1+v+w) =7, @
‘,where J (2) is.Maitland’s genera.lized Bessel function®,

9. —A A :
HO g[ 224 }(A/g_.,, ,1) (A2+v/2 1)], z Kv(z),(‘-?) ’

where: Kv ( z) is & modified Besgel funetmn.v




! T 6 mtegral to be ‘established is

G;-l:-ﬁw . S Ll r:«: R ) K
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2—1}—@_!;4; Y I, (a’y)H ,'4 [ (b:,fj ] dy S ¥ o
e m e ' (awep) {(p+u)/z+1/4 h}
== (x/2) 3P+24 { (w,i’) | {(pf_p)/2+1/4 h}] (11)
| ' | (bg,f;;) e

Where k is a positive number, - ‘
o 4<0,B>0, 'aro*zj<%B7r o
‘ \Re""[p+2h(1——a! /ye,]>‘!Rev[___ (3*1,._;"._”%)

Proof ;

Expressing the H-function in the integrand as a Mellin-Barnes type mtegral (1) \
and interchanging the order of integrations, which is justified due to the absolute convé1'~ -
gengce of the mtegrals involved. in the process, we have :

1 J~II r(y; ——j}s) Hkl’(l aj+3j8) lA_c—Hw ‘ 1/2—-p+2hs
27,; ) . - 27”/ y - Iw(a:y)dyds
L H P(l——b i+ s) H I’(aj——ej é) - oiz R
L g=ml . -

/ Evaluatmg the mner—mtegral W'th the help of (10), we get

1 H P(bj“‘fas)ﬂ I"(l——-a,—[—e,s)z o p——2ka~3[2" 4
\ =1 : : (w/2) , ;
L }17+1’(1—b +f,s 1.7 P(a,_—e,s) r(" f+——k) (?2‘?’%'\‘"8)' 3
J=m ) . S

On applying (1), the formula (11) is obtained.

: 2\t
In (11), putting v =—1%, I_,% (ay) = (7}7{;}/—) e , it reduces to the form
\c+1.oo : - : Y ( i ) ‘ S
1 —p T _m,n a,p,ep
2mi f v.@ HP',Q[ ’(bq’fq ]dl :
i » , , h 2

e R o B 9 i 2B f(ap,ep):(,p/?,h) {(0+1)/2 k}
= /7 (2[2) ’Hp_‘_g;q[ﬂw/?) (b ) L ] (12)
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where % is a positive number, - ;< - S

i 4L0, B>0, |argz| < } B™,

ch, [p+2h(‘1f—aj)/e,-]>0(j=1, ........ ).

>

PARTICULAR CASES

The H-function is a generalization of the G-function, which itself is a generalization of
many higher transcendental functions®. Therefore, the formulae (11) and (12) are of general
character and may encompass several cases of interest. It is interesting to note that the
results (11) and (12) lead to generalization of many results of inverse K-transforms? and
inverse Laplace transforms®. However, some interesting particular cases are given below :

(2) In (11) , substituting ej'#fi =1 (j=1,.....,n38=1, ..., m),assuming
h as’ a positive integer, using (4) and simplifying with the help® of (1), we obtain
c4-ioo 12 \ i " : s -
1 ‘ —-°r m, n 2k lay
i ) Y A(W)c?,q[w !%]@
c—t® ‘ '

h—1 1/2—p P32 m,m [ ( 2h )2"
2| —-

=(2n) b (afz) G o)\

@p) A{ by (p+v)/2 -+ 1/4}
AL B, (p—)/2+1/4 }] (13)

by

where £ is a positive integer, 2 (% + n ) >p.+q, | argz | <(m+n——%p-%q)w;

Re[p+20(1—a;)]1> |Rev| — L (j=1, ........ , ») and the symbol
A (&, &) represents the set of parameters ,

@ a+t1 , «+h—1

h!\ h 3 s s 3 k e

In (13), takingh =1, p = 0 and adjustingﬁt/;he parameters suitably, it. reduces to a
known result’. : ’ :

() In (12), replacing 2k by &, reducing the H-function to the G—fﬁnction as above,
using duplication formula for the gamma-function® and simplifying, we get

¢ 4 i ) B
1 ~P W m,p h,'a];
) ol e
6—iw ‘
Bj2—1j2_12—p p—1 . )
—my R g [z(g) Z”A(h’m} (14)
q 2

p+kg

where 4 is a posiﬁve integer, S

2(m+n)>ptglagel<(m+n—ip—1g)7,
Re[p+2(l—a;)]>0(5j=1, ..... Lam).

In (14), settingh=1,2=—1,p=1—v, m=1,b = 0, n = p, replacing y by
=4, 9byg+1,b,byb_1(k=2,3,......,9+1), and using reference 10, viz.,
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. by T ‘ :

Tr(140 —a;)z e e .

Gl,n’[z_ a_,,] ,=1 ¢ + 1—45). b [1+b1~'a1,....,1+bl—-ap;(_1)p—q—1_z]

L p, b P b by, 1B —b 1,
R <2 ) 7 ‘q II I'(a,-——bl) +-b,—by + 1 Y

Jj=1 . 5
' and deformmg the contour smtably, it reduces to a resu]t given by Meljer2

~ (i%) Tn (11), ad]ustmg the parameters su1tably in view of (5) and mmphfymg, i

4 We get .
¢+t '
1 12=p o Tay, o 2yth
) v M) E [‘g e
c—1i® o
‘ ‘ . h—1 1j2—p o ,,,_3/'2‘ Ap: 2 (2};/;,; )2h v | '

where 4 is a positive integer, p 4 1>gq,largz| <(p—gq+1)7/2, Rep>[Rev| —}
In (15), putting A=1 and adjusting parameters, we get a known result”.
(w) In (12), replacmg 2h by 'k, reducmg the H-function to the E- functlon and
mmphfymg, we have
, c+w: . ’ " :
1 0wy [ apizy
3o y e B [‘bq ] dy
c—io :
(16)

o h2—1/2 12— —1 ’
:(2#)/ (.h/ " E[“P 2 (hfz)? }

q’A(k P) .
Wherehlsapomtlvemteger p+1>q,|argz|<(p~q+1)ﬂ/2 Re p> 0.

: In (16), putting z=1 and deformmg the contour suitably, we obtain a Tesult given |
by MacRobert?!. ,

“(v) In(ll),replacmgmbyl nbyp,qbyq+1 ajbyl —a; (5 =1,....,p),
bby()flbyl biby I —bj ., fiby fii (5=2,8....,9) andusmg (6), we get

cf-ie0

1 Y2—p @psez); ‘ zyzh]
2—,” Y I (xy)p‘ﬁq[(bq o Ja) dy

Py (3 )'—2h(1—a,nep) Alp+0)2+18,03]
(1)

. ¢—1t0

=) TH L {(p—»)/2+T/4, 1 }
(0’ 1),(1—,bq,fq

Where the conditions are correspondmg to (11)

(m)In (11), takmgm_-q—~2n—-0p._1a1—)\~—lc+lb -—%-[-A-(-,;,
4\-—;:.—{-% and ey = f1 f2—1 and - using (7), we get
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c-tiw . o 97; .
1 2—p. w2
Mf oy Iv (wy}a Wk, o (224 ) dy
=i

e ‘/1-3I2 2,0 : (A—~Jc+1 1) {(p-l— /2#1/4,k} ’ \

=2 (2/2) | 33’2 { (/2 ‘ p—v )2+ 1/4,7,}},» (18)
B (G2 +m)Q—pts )]

where the coxiditibhs are éorrespdndihg to (411)

(vi7) In (11}, setting m =1, n = p=0, g_2 bl_fo b — %f1—- 1 f2 uand
using - (8), we obtam . :

ctiw
"1 12—
g,;;f S (wy)J”‘(zyzh ) &
1,0, — {(p+v)/2+1/4 R p—-—-v)/2+1/4 T
__(a;/2) | H2,2[ @ (1) (— ](19)

where the conditions are corresponding to (11). ;
(viti) Puttingm =g¢ =2,n=p=0,b,=3A—1lu, b2_ 7}\+%uandf1 fz =1, the
integral (11), in view of (9), reduces to
: ctiw h
1 C2—p -
Gt 'y ;v (y) Ku(z\/z,y".) dy

c—400

S ewpoor  angphaprisay C ]
=2 (4/zyh) ,(m/2) , 112,2[z(w/2) Efﬁﬂ%iﬂ kY ] (20)
: ‘ S (N2 — w2, 1) (x\/2+u/2 1)

‘where the conditions are correspondmg to (11)

/
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