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Abstract. It is shown that the entropy of the joint probability distribution of the
queue lengths of the M machine-groups in a closed queuing network model of a
flexible manufacturing system is maximum when the loads on tbe different
machine-groups are equal for both single-machine machine-groups and for those
multiple-machine machine-groups of which group sizes are equal. It is also
shown that for unequal machine-group-sizes, the entropy is not maximum when
the workload is balanced. The simultaneous variations of the entropy function
of the load distribution, the entropy function of joint probability distribution
lengths of queues and the expected production function are studi'ed in
order to investigate the relationship between the information content and produc-
tive capacity of manufacturing systems. Four measures of load balanceina
flexible manufacturing system are given.

1. Introduction

We consider the closed queuing network model for a flexible manufacturing system
suggested by Solberg!’2, Let s; be the number of machines in the ith machine-group
and let x; be the scaled workload in it (i = 1, 2,..., M) so that (Stecke?)

X1+ X+ ... +xu=35+85+ .. +8su=m, (1)
where m is the total number of machines in the system.

The probability that there are ny, n,,..., npy parts in the M machine-groups, either
being processed or waiting to be processed is (Buzent, Gordon & Newell®'%)
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where S (M, N) is the set of all non-negative integers whose sum is N (the number of
parts in the closed system) and

n
gi(ny) = x" for single-machine machine-groups
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The expected production function (EPF) is
Z g ()8 (n) ... gm (nm)
b (X1, X3,..., Xp) = paL vy @
(00 X Z g1 (m) 8 (my) ... gy (nar)
S (M>sN)
In the special case of single-machine machine-groups, this gives
n X, n
p b x . x M
S (MrN-1) Xy X Xpm
- ®
¢ (xl’ Xoserns XM) - n,oon, n
b X X, ..ox,)

S (M>N)

Stecke?® has shown partially analytically, but mostly numerically and graphically that
the EPF (5) is maximum when

Xy =X, = .., =Xy = |, (6)
so that
N
(EPF)max = M+ N=1 ™

Thus the EPF is maximum when the load is distributed uniformly over the M
machines, i.e., when the entropy of the load distribution is maximum?.

This suggests a possible relationship between maximization of production and
entropy functions.

Ifs, = s, = ... = sm = s, i.e, if all machine-groups are of same size, Stecke’s
discussion suggests that for maximization of production function, we should set
X1 = Xz = ... = Xp which again suggests maximization of entropy.
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If the machine-group sizes are not equal, balancing of workloads is still suggested
i.e. we are asked to choose

o.M ®)

This, however, does not maximize the EPF. We shall see that in this case, entropy
is also not maximized.

The aim of the present paper is to investigate the relationship between maximiza-
tion of entropy and of expected production function for closed queuing network
models of flexible manufacturing systems.

2. Two-machines, Two Parts Case

Here
M=2N=2s5=185=1x=xx=2—x
so that
_ x™ (2—x)%
p(ny, ny) = R e T 0<x<2
n +n, =2
or
. oox  x(2-x) (2—x)?
P20 = (L) = S5 p0,2) =
(1)
z ny p(ny, ny)
o nien, -2 _ x4 2x
" z 2 p (m, ny) © x—2x+4
"l‘"l =
b ny p (m, ny)
~ ny4n, =2 x2-6x+8 9 _
i, = = = Ii—n
- ) p(ny, ny) xt 2x+4-4
"l+"1-2
I 2 2
¢ (x) = T, T e R e e

The production function is maximum when x = 1  Also the entropy is given by

S)=— I p@,n)lnp(n,n)

nytn, =2

T p,n)m,Inx+nIn(2—x) — In(x*—2x+4)]

n4n, =2

=In(x*-2x+4) — A, Inx — 7, In (21 x)
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Xt 2 In x — el ol In(2—x)

= In(x*-2x+4) - x2—2x+4 x2—=2x-+4

SO0 =0, S(I) =3, S =0

S(x) = S2—x), 5" (x) = —§’' 2—x), §" (x) = 5" (2—x)
S’ =0

When x = 1, the three probabilities in Eqn. (11) are each equal to 1 /3 and then this
gives the globally maximum value of S (x), viz. In 3. Also

ds d ( x+2x —x) L (X2—6x+8)
Pl Inx Ix (m) —In(2-x) dx (,xz..2x+4) (20)

Whenx < 1,Inx < 0, In (2—x) > 0, the first derivative in-Eqn. (20) is positive and
the second derivative there is negative so that

dSldx > 0 @2n

Thus the entropy is a continuously increasing function of x as x increases from 0 to. 1
and then the entropy decreases as x increases from 1 to 2 as shown in Fig. 1.

b\

0 1 X

Figure 1.

3. Two-Machines N Parts Case

Here
M=2,N>2,51= .5 s X = Xy Xog = 2—Xx
ST g BN Y ST
Py Nep) = _—'L (2—x) - n=410,1,2,...N (23)
N
3 ,'-."[E—III"" w
All these N + 1 probabilities will be equal to 1N + 1) if x = and in this case

the entropy will have the maximum possible value, viz., In (N - I}

In fact

Sx) =— | ENO p(n, N=n)[nin x4+ (N—n)In(2—x) — In S xn (2—x)N-"]
= n=0

24\
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Equations (18) and (19) continue to hold and instead of Eqn. (17), we have
SO =0,S(I)y=I(N+1),512) =0

It can be shown that §(x) is an increasing function of x in the interval [0, 1] and also
that S (x) is a concave function of x.

4. General Case
For general values of M and N,

S(xh xz’ » xM) = = E p (‘xl’ xﬂ’“-;xM) ln P(‘x1! xzr-'; XM);
S (Ms N)

where p (x;, X.,..., xm) is given by Eqn. (5). It is easily seen that S (x,, X,,...,Xa) is a
symmetric function of xi, x,,..., x». This has to be maximized subject to

K 4+x4+ +xm=M (27
Using Lagrange’s method, this gives

s a8 25

whose solution is
X1 = X, = XM = (29)

so that the entropy is maximum when the machines are equally loaded. For com-
pleting the proof of this result, we have to show that S is a concave or a quasiconcave
function of x;, x,,..., xm. Sis, however, a concave function of p’s and p’s-can be
shown to be positive quasiconcave functions of x,, x,,..., xa by the same arguments

as used by Stecke?. s
. . . . N+M— ) e ;
It is easily shown that the maximum entropy is In ( 5T e i and this function
increases both with M and N.
5. Two Groups of Two Machines Each
Here M =2, m = 4,5, = 2, 5, = 2, N = 4, so that
x? x% X3 . X% X Xy x3
p(0,4)oc‘—1.—?_ Q s P(1,3) o< li 2‘31= 142
. xix3 . xz X8 xpxi
== g PG D= Ty = T
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For a balanced system x, = x,, so that

1 1 1 1 1
P(0,4}_— 8’ P(]t3): I’F(2~:}'-=4_Ip{3‘ I):4np(4;i})=8
(

and the entropy of this distribution

1 ' s N 1 1 9
=—§In-8+ Tln4+ 4—In4+Tln74— + E—In8= —4—In2

Now there are five possible states here and the maximum possible entropy for such a
system arises, when each state has a probability 1/5 and the entropy for the resulting
distribution is In 5 which is more than 9/4 In 2.

We may note that whatever be the loads x,, x, we choose, we cannot make the
five probabilities in Eqn. (30) equal so that the entropy /n 5 cannot be attained.

In fact the entropy of the distribution in Eqn. (30) is
4
S p(n,4—n)In p(n,4—n)
n=o0

and it is easily shown by using Eqn. (30) that this is a symmetric function of x;, x, of
which the maximum value arises when x, = x, = 1 so that Eqn. (32) gives the
maximum entropy for the case of two groups with two machines in each group.

If the number of parts is N, then in Eqn. (32), the entropy of the resulting distri-
bution when x; = x; = 1, is

M N- 2
=N In 2N + N InN + 2—I—vln2N (34)

=In N+ In2

N

If all the probabilities are equal, the maximum possible entropy is In (N+1).
Moreover,

N+1
N

ﬁﬁ[%gr—mﬂ

N
Now (1 + ;’—) is a monotonic increasing function of N and approaches e as

In(N+1) —In N — %m2=m

1
—IV In2

N = oo,

Thus the entropy when there is one machine in each group is more than the
entropy when there are two machines in each group and the difference between the
two entropies tends to zero as N — oo,
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Similarly it is expected that the entropy when there are k machines in each group
is more than the entropy when there are (k- 1) machines in each group. i

6. Generalisation to the Case of M Machine-Groups of Equal Sizes

Here

s, Ss,= = sy = m{M = s (say)

The entropy function is a symmetric function of x,, x,,..., X and its maximum
occurs when x;, = x, = ... = xm = m/M, i.e., when the system is balanced. Thus
for equal sizes of machine-groups, the entropy function and the expected production
function are maximum for the same distribution of load.

N+M-1
M—1
the load equally among the machines. If s > 1, the maximum entropy obtained by

M4-sM—1
sM—1 )and

)and the maximum entropy attainable

If s = 1, the maximum entropy is /n ( ) and is obtained by distributing

distributing the load equally among the machines is less than In (

N+sM—1
sM—1

increases as s increases, but each difference tends to zero as N — co,

the difference between In (

7. Comparison of Expected Production and Entropy Functions

The expected production function for single-machine machine-groups is

n n n
1 ] M
z XX, Xy,
S (Ms N-1)
‘(xh x29-- 9xM) = a; 2 npg
> X, X X
S
My N

It is a symmetric function of x;, x,,..., x» and its maximum value is

(N-FM—Z‘)
LI e D et N

( N+M—1
. M—1 )

This maximum value is always less than unity and approaches unity as N approaches
infinity. The normalised expected production function is

I\!

qT(xx, Xz 5 XM) = iy(l]”x—]z::ill)") = N-—t;:,{—_— (X1, X3, ., XM)

This is always < 1 and attains its maximum value unity when x, = x, =
xm = 1. Again the entropy function for single-machine machine-groups is
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"1 n "“r
Xy Xy auaXy
S (x;, X2y..., XM) z — —_—
5 (M. N) - s SN
o X '\- X M
S (M» N) ‘
Ill Mz 'IM
X, X, X,
X in
! s L o (40)
X X Xy

S(M»s N,

This is also a symmetric function of x,, x,,..., xar and attains its maximum value

when x, = x, = ... = x) = 1 and the maximum value is
_ N+M—
S(l,l,..,l)—ln( e ) 1)

The normalised entropy function is

LS (X, Xy, XM) S (X1, Xy, XM) 42)
S, 1,.....,0) In (‘N+M—l )
M—1

8. Conclusion

Performance criterion functions for computer-controlled flexible manufacturing
systems include expected production function, proportion of busy machines, the pro-
bability of a machine chosen at random being found busy and the probability of all
the machines being found busy®. In this paper, an information-theoretic performance
criterion function is proposed, viz, the entropy of the system. Itis shown that this
criterion gives the same optimal load distribution as the EPF criterion when the
number of machines in different groups are equal. Even when the numbers of
machines in different groups are different, this criterion still gives almost the same
optimal load distribution as the EPF criterion. This new criterion is also easier to
apply. As such it can be used to improve the performance of flexible manufacturing
systems. The discussion also shows that the performance of an FMS is highly corre-
lated with the information-content of the system.

References

1. Solberg, J. J., Optimal Design and Control of Computerised Manufacturing System,
Proc. AIIE, Systems Engineering Conference, Boston, 1976.

2. Solberg, J. J., A Mathematical Model of Computerised Manufacturing Systems, Proc. 4th
Int. Conf. on Production Research, Tokyo, 1977.

3. Stecke, K. E., Production Planning Problems for Flexible Manufacturing Systems, Purdue
University Ph.D. Thesis, 1981. ’

Buzen, J. P., Communication ACM, 16 (1973), 527-531.

Gordon, W. & Newell, G., Ops. Res., 15 (1967a), 256-265.

Gordon, W. & Newell, G., Ops. Res., 15 (1967b), 266-277.

. Kapur, J. N., ‘Maximum-entropy Models in Science and Engineering’, (South Asia Publi-

shers, New Delhi), 1985.

No v



