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ABSTRACT

The paper presents a simple solution of travelling-wave type
(corresponding to the minimum speed c¢=2) of Fisher’s equation, which
can be readily adapted for modelling neutron density in nuclear
reactors, reaction-diffusion processes’in propulsion systems and growth
of new advantageous gene in one-dimensional habitat.

1. INTRODUCTION

The non-linear equation of evolution of the diffusive type (written in dimensionless
units of length and time')
u=u_+u(l-u) (1)
which had been originally proposed by Fisher? for a model in genetic population, has
been the subject of study in numerous papers® published during the past few years
on account of its ready adaptability for modelling neutron population® and
reaction-diffusion processes’. Its study from different facets has been further motivated
by the knowledge that travelling-wave profiles of Fisher’s equation are identical to
some of the steady-state solutions of Korteweg-de-Vries-Burgers equation that are
obtained when dissipative effects are dominant over dispersive effects®®.

The initial-boundary value problem given by Eqn. (1) along with the
Initialdata0< u(x,0) <1, -—-x<x<=x (2)
and

Boundary conditions :lim u(x,t)=1, Ilim u(x,t)=0
X—-% X— X
and all xderivatives of utendtozcroas x— + x 3)
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describes the evolution of a virile mutant in an infinitely long one-dimensional habitat
which is saturated at the left and unoccupied at the right'. It is proved’ that for each
initial condition of the form (2), Eqn. (1) has a unique solution that is bounded for
all times as the initial distribution, i.e. 0 < u (x, ) < 1, - < x < ». Also, Fisher?
and KPP? found that Eqn. (1) has an infinite number of travelling-wave solutions of
characteristic speeds ¢ = 2.

The sole objective of this brief note is to demonstrate the application of the
method of least squares for obtaining an explicit travelling-wave solution of Fisher’s
equation corresponding to the minimum wave speed ¢ = 2. The solution obtained
here satisfies the continuous initial data

U(x,0)= m, P S

which clearly beiongs to the class of initial distributions characterised by Eqn. (2).

2. SOLUTION FOR MINIMUM WAVE SPEED
Seeking travelling-wave solutions of Eqn. (1) in the form (2)
u(x,t)=u(x—-ct)=u(s) 5)

where ¢ denotes wave speed, we find that the wave profile u (s) satisfies the non-linear
equation

N[u}=u"+cu' + u~1#=0 ( ’ —d-l—l—
- \ U= ds Ji
together with the boundary conditions
u(-»)=1u(®)=0 :
and all sderivatives of u (s) vanishass— * « (7)

The non-linear boundary value problem on the infinite domain, described by
Eqns. {6) and (7) involves wave speed c as a parameter. To solve it, we consider a
soluticn of the form

- 1
i —_—, a>0
U Trew ®)
This choice obviously satisfies the boundary conditions (7) and we further require
that Eqn. (8) also satisfy Eqn. (6) almost everywhere in (- ©, «). This we achieve
by the method of least squares, that is, by requiring that the deﬁmte integral

I(c.a) f (N[u(s)]))? dsbe minimum )
Using the substitution z = 1 + ¢ in computing the integral, we find that

r > ] 3 g 3 3
I(c,a) = —6-6;—-[3(] —-ca-a’)"+4(l-ca-a’)(l-ca+a®) + 3(1-ca+a’)’]
(10)

ol ol . 1
Then the equations — =0 — =0arefoundtoyieldc=2, a= —
oc oa 2
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Finally, we have thus obtained

u(s) = u(x—ct) 1

xt
. 2
1+e

as an explicit travelling-wave solution of Fisher’s equation corresponding to the
minimum wave speed ¢ = 2. This solution satisfies the continuous initial data (4) in
contrast to one of the-discontinuous type u (x, 0) = 1, x < 0 considered as one of

0,x>0

the illustrations’.
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