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Hall Effect in the Viscous Incompressible Flow Through a
Rotating Channel Between Two Porous Walls

V.V. Ramana Rao and T. Lingaraju
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ABSTRACT

Exact solutions for the velocity and induced magnetic field
distributions, accounting for Hall currents have be.. obtained for the
flow of a conducting liquid, maintained between two parallel
non-conducting porous walls under the action of a constant pressure
gradient and in the presence of a uniform. magnetic field transversely
applied to the flow. Further, the channel is rotated w..h constant sngular
velocity about an axis perpendicular to the walls. For the purpose of
mathematical simp!icity, the magnetic Prandtl number is assumed to
be negligible. An expression for the boundary layer thickness
dependent on Taylor, Hartmann, suction Reynolds numbers and Hall
parameter has been obtained. ‘

1. INTRODUCTION

It has been shown by Vidyanidhi and Nigam! that secondary motion is set up
when a straight channel formed by two parallel walls through which liquid is flowing
under a constant pressure gradient, is rotated about an axis, perpendicular to the
walls with an angular velocity 2'. They have shown that when £’ — « such that the
pressure gradient remains finite, there exists in the vicinity of the walls a boundary
layer, the thickness of which is of the order (€/v)~"2. Vidyanidhi® studied the effect
of a uniform magnetic field H; applied transverse to the flow, on the above problem
who has shown in that the thickness of the boundary layer is of the order :
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Vidyanidhi et al.” studied the application of uniform suction at one wall and an
equal rate of injection at the other wall on the flow investigated by Vidyanidhi and
Nigam'. It has been shown that for a given u(', (u(', < or > 0 according as suction or
injection), the thickness of the boundary layer near the suction wall is of the order
(uy2v +VQ'/v)™, while its thickness near the injection wall is of the order (—uyl2v +

V&'/v)~'. This problem has been extended in the frame-work of hydromagnetics for
a weakly conducting liquid by Bala Prasad and Ramana Rao* who neglected Hall

currents. It has been shown that the boundary layer near the suction wall is of the order :

w (& WH )‘:
(ZV + \/ v + 2 pv (2)
while near the injection wall is of the order
; Fo Ty
_ W il peHoo )
by [+ el )

In this paper the boundary layer thickness near the walls has been estimated for
any conducting liquid taking Hall currents also into account. The analysis is however,
subject to the limitation that the magnetic Prandt] number is negligible.

2. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The equations of motion and continuity for the steady state in a rotating frame
of reference o', x', y’, Z' as given by Squire’ for an incompressible liquid are

- -> > - -> -> ->
P ' — 2p( X2) = —p'm + P’ + plp' X H')X H', 4)
-
v'u =0 (5)
where IT' = p' -1pp | @' x 7' 2, §', @' and 7' are the modified pressure, velocity,
angular velocity and position vector of the liquid particle, respectively. Also p, v, u.,

cand H' respectively stand for the density, kinematic viscosity, permeability, electrical
conductivity of the liquid and the magnetic field vector.

In the steady state, Maxwell’s equations are

Pl =0 (6)
V’xE' -0 (7
PXH = T ()

P’ E = pdfe 9)

where p, is the charge density and ¢ is a constant.
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Here the generalised Ohm’s law in which ion-slip and pressure diffusion are
neglected ( Sutton and Sherman® ) is taken as

-> -> > > -
J = olE' + ped xH' — Bepe(J' X H')] (10)

where B, = 1/n, ¢; ¢ = n, € m, ; e, n,, 1, m, being the charge of an electron,
number of electrons per unit volume, the mean time between successive collisions of
an electron with ions and mass of an electron, respectively.

Choose a right-handed Cartesian system such that z'-axis is perpendicular to the
motion of the liquid under the action of a constant pressure gradient (—on’/ox’) in
the direction of x'-axis between two parallel porous walls 2 = + L (stationary relative
to o, x', y’, 2’).

Assuming that it is independent of y’ and z’; = is given by

(B2 an

where pj and p; stand for the pressure on the planes x’ = 0 and x’ = D, respectively.

Suppose that the normal velocity at the wall 2’ = —L is u}, (uj > 0) so that this
represents a porous wall’, through which liquid is forced into the channel with a
uniform velocity. It is further assumed that this rate of injection at the lower wall is
equal to the suction rate at the upper wall. The liquid velocity is then represented by

->
u' = [u ("), w(2'), upl

Assuming further,
H'  [K.2), k,(2), Ho]
> ’ » ’
J' = [jrl2), j12), 0] (14)
E =I[E, =C.E, CjE,)

and expanding the generalized Ohm’s law given by Eqn. (10) into its three components,
we get

Jor = o(E + petfeHo — peBejiiHo — peubhys) (16)
o= o(E}s — peubaHo + peBejirHo -+ peuths) )
0 = o[El + pestiihy — periyihve — Bepe(jhihye  jyehse)] (18)

solving the first two for j;, and jy., it is found that

ja  BlEx + peuprHo — wor(Eje — peutoHo) . peub(worhl - hy)]
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Jy BlEy — peutHo + wor(Ee + pedyiHo)
+ peut(his — worhye)]

% e o wp = pneeHo
U+ w2’ ™ me

Eqn. (18) determines E’,..

Further assuming,

>

€ = (0,0, 2), (22)
wor = m(Hall parameter), (23)
Ci = Ci =0, (24)

and in terms of the following non-dimensional variables,

-
- > > uQ QQ 2 > -
R g '—”——, 9' = ey = — ! =
L, u oL prz " oLz H HoH

B (suction Reynolds number) = u, L/v

M (Hartmann number) = y4, Hy L (a/pv)'?
R,, (magnetic Reynolds number) = 4,6Q / p
a (Taylor number) = L\/Q'_/v

P= —-L/QQ" on'fox’

magnetic Prandtl number, P = p.ov (25)

masss flux, @ = (Qi + Q})1/2

L L
Qk =f puse dz’', Qe =J Puy. dz'

L L

Eqn. (4) gives

B dus _  dux | M? dhy
o dz uy =P+ 5 o2 dz2 + «2Rm dz
B duy - L du M dh
g T g et g

Further from Eqns. (8) and (10), we get

—ﬁPm j_h_x_ dhy ) Rm_ (dif_\‘ duy ) —_—
: ‘( ) + dz2 | 4+ m? \ dz dz 0
Bpm dhy dhx) dzhy R"‘ (_‘_1“_3’ .) =2
l+m2(dz +om + dzz+ \ & +mdz 0
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In terms of complex notation as given by Cramer and Pai®,
q = ux + iuy; h = hx + ihy;
R} (complex magnetic Reynolds number)

©_ Rm
Re = 1" im

Eqns. (28) to (31) reduce to

2
qu+2 _P+qu+ M? dh

o? dz a2 dz2 «?R,, dz
_BPwdh , 1 d%h dg
R dz + R d22 + =0

If the walls are non-conducting, we have

=0atz= %1
Also, the condition of ro-slip at the walls gives

g=0atz= 4

3. SOLUTION OF THE EQUATIONS

247

(32)

(36)

Assuming that p, << 1, the solution of Eqns. (33) and (34) subject to the

boundary conditions in Eqns. (35) and (36)

ux = —C /2 sinh 0z sin ¢z + Cz ef*/2 cosh 0z cos ¢z

+ (02 ——(9'»1 Bi) A 402"2{(@) — mCq) (92 g _54_2)

+ 2(Cs + mC»)4 + 2Po}

uy = Ci1€%/2 cosh 02 cos ¢z + C2 eP=/2 sinh 0z sin ¢z

[ — 4P

(oz ¢ — —) + a0
+ (02 — ¢ — -ﬁ—-){(Cq + mC3) (92 — ¢ — "gi)

—2Cs — mC4)9¢}]
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and

M2

02 — &2 —
¢ = 1+m2+

M?m 1
’o‘ﬁ—'“ + 20 F )’ Po=-§'a2P (42)

and C,, C,, C,, and C,, are constants of integration to be determined by solving the
following system of linear equations for a given P :

C1 sinh @ cosh (-% ) ‘ ) cos ¢

o1
(oc ¢z-—-) + 40242

[(ez —$ =, + 2t )C3

2P $? — ﬁ—
- {m (02 R e %i) - 20¢}C4] - (02 _o S,z - T) + 46242 (43)
€1 cosh 8 cosh ( _f2£) cos ¢ + Cz sinh 8 cosh (%) sin ¢
N (02 — ¢ — _lzz_) [ { ( b I ) — 204 }Cs
(az — ¢ — %i)z + 46%42 )
+ {(02 — ¢ — -ﬂ:) + 2mbé }C‘] - ( ¢24j°f'f ) + 46242 (44)

Ci [—{m(fn — f-1) + (g1 — g-1)} cosh (%)
— {m(fi + f-1) + (&1 + g-)} sinh (’g_)]

+ Cz[{( fi — f<1) — m(g1 — g-1)} cosh

{ g (92 $? — E.) 5 4m0¢(02 — ¢ pz — 402952}
+ 2c4{—m(92 2 — —) +2(1 — md) (02 2 — —)o¢

+ 4moz¢z} - —4po{oz S 2mo¢} )
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&1 [(0h = 0 = migr = g-) cosn (£)
+ (i + 1) = mies + g sint (5]
+ Gt = g0+ mi = 0% coss (£)
640+ it ) s )
+ zc,{ = g BY - 21 — i - - B
- 4m02¢2} + 2Cs (—m2 (02 — ¢ ——%3)2
o) - o)
= —m{—zoqs + m(oz $— —)} 46)
where
f,=0(92+¢2—‘ h 8 cos ¢ +¢(0’+¢2 B)coshﬂsmvb
N £(ﬂ —e 4 ¢z) cosh 8 cos ¢ — 048 sinh sin ¢
fa = _o(az +p-F )smh 8 cos ¢ — ¢(oz T —)cosh 0sin ¢
+3(.ﬁ’. T ) cosh 8 cos ¢ — 8 sinh 8 sin ¢
o= 0+ 4 - ) cosh o sin 4 — 402+ 42+ B) sion 0 cos ¢
+ g(ﬁi i ¢z) sinh 0 sin ¢ + 048 cosh 0 cos ¢
g1 = _o(az g sinh 6 cos ¢

ﬁ (— -0 + ¢2) sinh @ sin ¢ + 048 cosh 0 cos ¢

putting m = 0 and § = 0 in Eqns. (37) to (47) we recover the solution arrived by
VidyanidhiZ.
When a — o such that P(,/a2 is finite, for 0 < z < 1, it is obtained

B %‘! {e+82X==1) gin $(1 — 2)} (48)

uy o2 i—;g {et0+8/DUz-D) cos (1 — 2) — 1} 49)
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similar expressions can be written for 0 = z = -1

4. DISCUSSION AND CONCLUSIONS

If the Suction Reynolds number f is replaced by its negative value and z by —z,
the expression for both the primary and secondary velocity distributions as given by
Eqns. (37) and (38) respectively do not change, while h_ and h, as given by Eqns.
(39) and (40) respectively change in sign. This symmetry in u and u, ; h, and h, can
also be seen from Eqns. (28).to (31) which remain invariant under the transformation
z—> -z, > -f u—-u, u— —u, , b > —h, and h, — -h, for any P,,. This shows
that when there is uniform injection at the lower wall, the primary and secondary
flow distributions in the lower half are the same as in the upper half for the case of
uniform suction at the upper wall and vice-versa. Similarly, when there is uniform
injection at the lower wall, h, and hy in the lower half and these in the upper half for
the case of uniform suction at the upper wall are also the same but of opposite sign
and vice-versa. It is, therefore, concluded for any P, that u,, u,, b, and h, deviate
more and more from the solutions obtained by Vidyanidhi? when § = 0.

When the side walls are made of conducting material and short-circuited by an
external conductor, the induced electric current flows out of the channel. In this case
no electric potential exists between side walls. If we assume the zero electric field
also in z'-direction, we have

Ex=0,Es 0 (50)

These conditions are realised, for instance, for the flow between two concentric
cylinders under the radial magnetic field with the pressure gradient parallel to the
axis of cylinder.

Calculations reveal that as the Hall parameter m increases, the primary velocity
u, changes from the characteristic Hartmann profile (square shape) to the typical
Poiseuille profile. Also the cross flow given by u, which is non-existent when m = 0

and a = 0, increases to a maximum value and then returns to zero as m increases in
value.

By defining the viscous drags in x-direction at the lower and upper walls as du, /dz
| z=-1and - du/dz | z = 1 respectively, then each can be obtained from the other
on replacing f by -f. This also holds true for the drags in the y-direction at the walls.
For such a’replacement of B, the magnetic drags at these walls in the x-direction are
just the opposite and similarly in the y-direction. These results have been concluded
from Eqns (28) to (31) and therefore, hold true for any P, .

It is noted from Eqns. (48) and (49) that the amplitudes of u, and u, are positive
and the functions sin ¢ (1-z) and cos ¢ (1-z) can take positive or negative values.
For a — =, such that P,/a’ is finite, the disturbance is confined to regions of the order
L/ (6 + B2) in the vicinity of the suction wall and L/( —§/2) in the vicinity of the
injection wall, the thicknesses of the boundary layers being of the order
(u'y2v + ) and (- u'o/2v + )™ respectively,
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M2 g2 \112
= 2 i LA
(“ Tii+rm T3

[Lz{ 2Pv('1“—li{°:nfz) + ‘}]m

The thickness of the boundary layers near the suction and injection walls which
are respectively given by

w __ﬁ- piH3e \! ub jQ' wiH2e !
(2v+~/v + 2pv) and(—5;+ vt —‘;P: )

as in the study of Bala Prasad and Ramana Rao* are now modified as :

uf J & P.Hoc -1
{ T (1 T wird) + g gaf 2nd

Q | piHp | uf)|
{ 3t »/ Pv(l = S Eﬁ}

From Eqn. (52) it is concluded that as the Hall parameter w7 increases, the boundary
layer thickness increases.

For large M, the boundary layer thicknesses at suction and injection wall are
given by

uo Hoo' = / Hoo 21
{Zv + ~/ P+ w2rd) } and { > PV wlr’)}

respectively, while for large B, they are respectively given by

(-"—6)-: and (—L‘é )
v v

It is concluded that the magnetic field and suction cause thinning, while injection and
Hall parameter cause thickening of the boundary layer.
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