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ABSTRACT

The quadratic isoparametric elements which embody the inverse squareroot singularity were
used to determing the stréss intensity factor in an annular disk made of Boron-Epoxy composite
material. The displacements and stresses were determined in a rectangular orthotropic composite
annular disk using isoparametic finite elements. The singularity in the strain field was provided by
means of 8-noded isoparatétric elements (4-nodes at the four corners and four mid-side nodes each
at 1/4™ distance from the edge). The results were obtained for various material properties and fibre
orientation. The geometry of the annular disk was reported when subjected to a boundary radial and
tangential load. The r smgulanty was provided at the boundary of the circular hole and the rest of the
annular disk was modelled with ordinary isoparametric elements. The apparent stress intensity factor
(K1=0 r)was computed from the stress data near the circular hole, when it was subjected to uniform
tension. A curve was drawn for apparent stress intensity factor versus the distance from the crack edge
and was extrapolated to r = 0, the actual stress intensity factor whs found on the y-axis.

NOMENCLATURE ’ ' 1. INTRODUCTION
a b o .utcx: and inner radii of an annular In recent years, the increasing use of advanced
disk, Jmm structural components in aircraftl-3, automobiles,
Ej, Ez  Elastic modulus along fibre direction missile systems, and space structures has been well
and perpendicular toifibre dirgction, documented. It is therefore important for the
|GPa ! [ : structural designers to be familiar with the property
B = b/a Aspect ratio | ; of composite materials and their use in designing
G2 Shear modulus, GPa 1 composite mate.rial structures4.-5. Some of the most
Thick £ the disk. | common machine elements like wheels, pulleys,
! .m. ness of the disk, fnm turbine and compressor disks, flywheelso, grinding
r ¢ Fibre angle wheels, and other rotating parts can be modelled as
01,062,712} Stresses, in 1-2 direction. a first approximation to annular disks or cylindrical
¢ I
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plates with a circular hole. Flaws and other
discontinueties may cause the formation of small
cracks, especially in members subjected to repeated
loading. To fully utilise the potential of modern
highly stressed structures, it is necessary to predict
their behaviour in the presence of flaws which
frequently exist, more often due to manufac'tl?lring/
fabrication defects or in-service damage. Success-
ful predictions of service life réduce the need for
over-conservative designs, thereby reducing cost
and also improving the operational safety of the
structures’. Since the behaviour of cracks is
controlled by strain energy release rates or stress
intensity factor of the crack” "', it is necessary to
evaluate this for a real structural conflguratxon
Practical problems often arise as a result of the
initiation and growth of cracks embedded in an
orthotropic composite annular!! disks when
subjected to an in-plane load. Damage of this kind
will cause the failure.

This paper aims to investigate stress intensity
factor in a rectangular orthotropic composite
annular disk with a circular hole by the use of
isoparametric finite elements.

2. FINITE ELEMENTS IN FRACTURE

MECHANICS

The use of finite element method in fracture
mechanics has been quite extensive both in the
elastic and elastic-plastic range. A number of
special crack tip finite elements have been
dcveloped , using the displacement method and
also the hybrid method. Thesé special crack tip
elements lack constant strain and rigid body motion
modes and as a result they do 'not pass the patch
test and necessary requirements for convergence:

To overcome these problems, the 8-noded
isoparametric elements are used (Fig. 1). The
singularity in these non-singularity elements is
achieved by placing the mid-side nodes near the
crack tip at the quarter point. It is well known that
such elements in their non-singular formulation
satisfy the essential convergence criteria 3 , hamely,
inter-element compatibility, constant strain modes,
continuity of displacements, and rigid body motion
modes. These elements also pass the patch test.
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3. SINGULAR! QUADRATIC ISOPARA-
METRIC ELEMENTS

L/4
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e
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\‘ ‘ CRACK EDGE

1
Figure 1. 8-noded isdpnrametric element with singularity
1

The formulation of isoparan"letric element
stiffness is well-documented. Thé geometry of an
8-noded plane isoparametric elqm'ent is mapped
into the normalised square space (§,n) (-1<&<1,
-1 <n < I)through the following transformations.

i |

EN; & Tl) xi '
{ =1

8 | L)
y=YNiGmy |

1 . &

Ni =[(1458) (4 ) = (1 = &%) (l+n m) 1 (1 -1
}

[(1+6 &) EAn?/4 + (1€ (1+ m m) (1-E)) 2

#(1-n) (148 &) (1-nhH E22 !
where

N; are the shape funct‘icins correspohding to the
node i, whose coordinates! are (xi, y;) in the x-y
system and &, 11,) in the transformed &, n system.
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(¢, =+1) for corner points and zero for mid-side
nodes. The displacements are interpolated ‘by:
8 | '
=Y MEDE @
i=1 i ) ‘ ‘

V=3 NG v .
i=1 ‘
Strain displacement relatlonshlp becomes

g} = 8] {vf} ©

I
where \ t

B is a strain displacement matrix.

[ON;
x 0
e
B=1|0 9& | @)
0y
Ny any
a3
o] an,
ox | _ -1, |0&
avi | =V aw, ®
a)’_ aﬂi |
where |

i

J is the Jacobian matrix and is given by

o ] !
: ,

V1 = ai 3’; | ©
m ok

The stress is given by

[a] = [D] [e] ! Q)

[D] stress-strain matrix, the element stiffness
[K] is given t?y .

(K1 = 1] (571 (D1 8] det a dn ®

{
To obtain a singular clcment to be used at the

crack tip, the stress equation and the Stram equatlon
must be singular. This singularity is achieved by
|
{

placing the mid-side node at the'quarter points of
the sides. For simplicity, the strength of the
singularity is found along the line 1-2 (n = -1)
(Fig. 1). The shape functions evaluated along the
line 1-2 are

N1=-12(1-%
N2 =172 (1 +8) ©)
Ns=(1-8 :

\

N

.
_

Figure 2. Rectangular orthotropic annular disk

The strain singularity along the line 1-2 is
1Nr, which is calculated using equations 1 to 9 by
substituting position of the nodes.

4. ANALYSIS

4.1 Mesh Generation & Boundary Conditions
Figure 2 shows rectangular orthotropxc
cylmdrlcal annular disk with a centre hole. The
boundary of the circular hole is meshed with
8-noded isoparametric (singular) element. The
singularity in this element is achieved by
positioning the mid-side node at the quarter point
from the crack edge and the rest of the structure is
modelled with ordinary 8-noded isoparametric
element (i.e four-nodes at the corners and the
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remaining four-nodes at mid-sides of the edges).
The nodes and the elements incremented radially
outward by choosing the smaller size near the
circular hole and the larger size at the boundary of
the annular disk. The material chosen for the
annular disk was Boron/Epoxy and the required
boundary conditions were imposed on the model

'

during the analysis. |

At the boundary of the annular disk, the
concentrated load was applied radially and
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Figure 3. Maximum st"esses and displacements vs E2/Eq (radial
load). {
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tangentially by 'varying the fibre orientation,
material properties, and aspect ratio, and the results
obtained were repo'rted. The stress intensity factor
was determined for the circular hole in a
rectangular orthotropic annular disk indirectly by
computing the stress data peaf the crack plane.

5. DISCUSSION

5.1 Rddial Load
" The stress and displacement behaviour of a

rectangular orthotropic composite annular disk

subjected to a concemrateq radial load at the outer
edge with respect to various parameters discussed
here. Figure 3' shows variation in displacements and
stresses with respect to E2/E1. A change of E2/E)
causes the minimum deflection to reduce when the
fibre angle, r = 90°, E3 is stiffness in the direction
of the application of thg radial load. Thus, an
increase in E2 is directly responsible for reduction
in the maximum deflection in the f‘adial direction.
On the other hand, when r = 0, E1 tesists the load.
o1 is dependent to a large extent dn the strain in the
fibre direction, and E1 should dgpend on E2 and
also on the strain in the direction transverse to the
fibre direction. Since E2/Ej is increased, it can be
expected that stresses will ihcrease. Since 112 is
dependent on G2 and deflections, the reduction in
112 i'§ due to the reduction in deflections which
inturn is due to larger stiffniess. Figure 4 shows that
(i) the deflections reducé for any fibre angle, (ii)
maximum stresses in t"he fibre at‘nd transverse
direction reduce, and (iii) maximum shear stresses
increase with respect to,G12/E1. This i§'due to an
increase in the!stiffness of the annular disk, its
influence is less for shear stress. Figure 5 shows the
variation of stresses and deflections due to aspect
ratio. It is observed that the stresses yill increase
and' deflections reduce as B increases, This is due
to the column effect of the annular disk (reduction
in length). Figute 6 represents the variation in
maximum-induced stresses fbr various values of
fibre orientation. It is observed that o1 max. and
o2 max. exhibit a large change in their mlagnitudes
as r is varied from O to 9O°f The change!in. shear
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Figure 4. Maximum stresses and displacements vs G12/E;
(radial load).
stress. is also quite large if taken as a percentage of
its value at r = 0 which would be t_hc most éritical

in determining the failure.
{

5.2 Tangential Load
Figure 7 shows the effect of variation in E2/E1
on the maximurh displacements and stresses in an
ort_hotropicf annular disk subjected to a tangential
concentrated load at its outer eﬂge. It is observed
that the déﬂcction_‘ reducés when tlhc fibre angle is
' {

i
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Figure 5. Maximum stresses and displacements vs aspect ratio
(radial load).

zel‘o_. This is because the strength in the
circumferential direction is increased. o1 is
depcndc'nlt on the'deflection and E1, and it reduces
due to reduction in displacements. o2 depends on
E2, as E2/Ej increases o2 also increases and
T12 max. Teduces. Figure 8 shows the maximum
displz;cements and stresses as G12/E1 is varied.
G12 plays a major role in determining the
deflections. 112 increases and the stresses in the
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Figure 6. Maximum stresses vs fibre orientation for radial load

fibre direction and also perpendicular to fibre
direction reduce due to increase in the value of
shear modulus. Figure 9 shows the trends of the
maximum displacements and stresses with the
variation of aspect ratio, B. thn aspect Tatio is
increased, the width of the annular disk is reduced.
This would in-turn reduce the magnitude of the
maximum displacement occurring at the pomt of
application of the load. There is a drastic reduction
in the maximum displacement when aspect ratio is
increased from 0.1 to 0.2. This should be the fadtor
responsible for steep fall in the magnitude of shear
stress. Figure 10 shows the variation of stresses by
varying the fibre angle. It is observed that the
maximum stress in fibre direction and shear stress
are increasing whereas the maximum stress
perpendicular to fibrc direction is reducing when
the fibre angle is increascd.

6. STRESS IN’I‘ENSITY FACTOR

When the annular disk is,subjected to uniform
tension, the stresses surrounding the centre hole are
computed. The apparent stress intensity factor is

60

E1 = 50 GPa G2/ E1 = 0.1
60 = o = 300 mm B = 0.2
t =10 mm LOAD = 10 KN
50. -
-
[}
e
X 40 -
3
£ 4
>
]
30
20 r
30 7
—_ 20 -
©
[+ N
=3
w ‘ -y
(72
w
c |
-
172
10 -
'
T LAl T T T T T T T 1 1 L
0.0 0.1 0.2 0.3 '?.4 0.5 0.6
’ E2/Eq

|
Figyre 7. Maximlum stresses and displaceméﬂts vs EJE;

(tangential load). | ) !

computed from the compﬁtec'i stress data near the
hole. As it is known that'the apparent stress
intensity factor is r, a curve is drawn for apparent
stress intensity factor versus the distance ltrom the
crack border (Fig. 11). From the curve, it is
observed that as the distance! from the crack border
increases, the stress irtensity factor also %ncreases
and the variation becomes linear. The line%'ir part of
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. [}
the curve is extrapolated tor= 0, the actual stress
intensity factor is detérm?ned as 1502 N-mm. .

7. CONCLUSIONS .
From the results obtained in the annular, disk
analysis, the following conclusions are drawii:

1. The variation in the stresses depend on the
" orthotropic constants. The constant, which is

10 -
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Figure 9. Maximum stresses and displacements vs aspect ratio
(tangential load).

varying has an influence on the computed stresses
in the annular disk.

2. Stress intensity factor is determined indirectly

from the computed stress data near the circular
hole and the procedure can be extended for any
material, geometry of the crack and the type of the
load.
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Figure 10. Maximum stresses vs fibre angle (tangential load)
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