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ABSTRACT 
!B&-pape]i deals with the comprtrative effieienqies of the 
and R charts and the L-S chart (L being the largest and 8 
the smallest value of the sample) from the theoretical 
and practical points of view. It has been found that in prac- 
tice the corrective steps suggested by both tallied a h m &  
ezwtly. &om theoretical points, when stmM&iatios 
vaaies, the L-S charb is almost 'aa efhimb as the X, a d  R - 

charts, but with the vaikttionkthe mean the relative~effici- 
ency of the.L-S ohart comw.dom appreciably as the .me= 
shifts more d w e  fTQm &he original value. 

action of XQC as a routine measure in the factory at  imponCast 
sbges of prducti6n enables the producer to take corrective steps in time so as 
to reduce the percentage of defectives coming ouli of the machines. It is O ~ B  

ant ways of reducing the cost of productim. It also p k d b s  %hie. 
with info~mtion regaxdLngi the effitkncies of. di$erent w o h &  
methods,. of operakion. ~1 

At present the SQC is done by the well-known X and R charts for measw 
able characteristics, the p-chart for qualitative charact_eristies and the c-ub& 
f0r the number of defecta.per unit of products. ~he=nd R charts are the 
most powerful of the three SQC tools. They are used extensively in lpany 
factories for controlling prodaction, It has, however, been fouhd that some 
t h e  elapes b&re them charts are ready for inspction tvnd this r e d &  h 
some delay in t a k q  corrective s t e p  and thig delay nahrJ31y i n c r e w  O b  
nmber  of defectives produ~ed by a machine., Besides. this, the maeW.  
operator who is more wcuatomed with the individual measmemen6 am3 ib* 
tolerance than with the sample mean and rase, may no* be able to intrmpr&* 
these charts properly at  the required time. In view of these di~adv-~ 
i t  is d e s W e  to examine other methods of control which are simpler and for 
&praatiaJpw- as efficient as the mppentionaJz and I3 charts. Howell 
(1949) has investigated the merits of the H and R charts with the L-8 
where L and S represent the largest and the smallest value of the sample, for 
SQC work. He h d s  that the L-S chart is almost as efficient as i%heyand R 
charts for all practical purposes. Stevens (1946) after some elaborate investiga- 
tions cpncludes that the control of the mean and standard deviation oan be 
done by control charts of c-a and c+a respectively, wlierea is the number of 
articles passing the smaller gauge and e is tihe number failing to pass the. larger 
gauge. The sizes of the gauges are so iixed that under norm81 production 
conditions the upper gauge will not allow a fixed percentage of aatieks b pasa 
through it while the lower gauge will allow another fixed percentage of the mti- 
clw to pase through it.? This method is as efficient as the control by t h e z  
and B charts provided ~ I J  articles agsgauged in place ofe*t exactly 
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56 COMPBBBTIVE EFFICXENCY OF THE X & R AND L-8 CHARTS 

For wadt of suflicient supply of gauges, control by gauging does not appear to 
be feasible in Indian factories a t  present. The L-S chart, however, appears to 
be well suited for adoption in the Indian factories. But before we recommend 
this method it is essential that a critical examination of the two methods should 
be made. The purpose of the present paper is to investigate the relative effi- 
ciencies of the two 8QC methods, namely, and R charts and the L-S chart, 
both from experimenttil and theoretical points of view. 

THEORY OF% AND R CHARTS AND L-S CKAIET 
' 

(a) g a d  R charts 
The x-and R charts have been adopted as the tools for SQC work on the 

assumption that the samples taken at  different intery9ls come from a normal 
population. The normal distribution involves twa 
and  standard deviation-S.D.). Our - object in SQC i 
parameters. Now the sample mean X is distributed normally with mean m 
and standard deviation o ldrwhere  n is the size of the sample. For this 
distribution the central confidence interval a t  the probability level -998 is 
mf 3.09 q/2/;i.e., the mean of 998 out of 1,000 s a m e  &e expected to be 

within these limits. ~ d c i n ~  %and-"~/d% as the estimates fo* m and o ~ ~ v k ~  - - . - . - 

(where X is the average sample mean, R the average range calculated from an 
initial set of samples and da the expected ratio of range to a), the above limits 

- I- - 3.09 
reduce to Xf3  -09 ------- 

d41/ .  
or %&4g, where 4=------ 42/12 . These 

two limits are called the upper control limit (U. C. L,) a d  lower control lirnib 
(L. C. L.) for the xchar t .  For detecting any changes in the disp"ersion the ' 
range chart is used. The upper control limit for the range chart is DR where 
D=o/da (a being equal to R/o ). The factors A, and D have been calculated 
on the basis of the tables for o and da prepared by Tippett (1926) and Pearson 
(1942). Lack of control will be indicated when the sample mean or the range 
(or both) fall outside the control limits. 
The modified control limits for the mean chart 

When the machine is too h e  for the job (i.e,, if the process variation is 
much smaller than the tolerance) we shall use modijied control limits became 
the use of the ordinary control limits is not economical. 

The modified control limits for the mean chart are 
U. C. L.=T~--KB - 
L.C.L. =TL+KR 
where Tn=upper tolerance limit. 

TL= lower toleranoe limit. 
1 

m d  I(= 3.09--l -9fj ( da &> 
The modifled control limits will be much wider than the ordinary control , 
limits. The table givingthe values of A2, D and K for differat sample sizes 
are given by Sealy (1946), Quality Control for Engineers. 



The question naturally arises 4s to whether thbe X and R charts described 
above can be used when the parent population is not normal. So far as the 
%chart is concerned this can beapplied even if the paremt population is not 
normal because in the majority of populations the sample mean is distributed 
normzllly provided the sample size is not small. As regards the R chart, fog all 
pra&i~al purposes it is used without any modification. 

' 

(b) It4 chart 

As in the case of and R charts, the theory of L-S chart also depends on 
the assumption that the parent population is distributed normally. 

Let L and S be the largest and smallest yalues respectively of a sample of 
size n. Then for a symmetrical distribution. 

E(L+8)/2=m, 
whm rn is the. mean of the population. Moreover we know that 

l$[(L-S)=R] =d20 (Tippet 1925) 

Hence E(L)=m+d2c/2 
E ( S ) = d 2 0 / 2  

The standard deviation of the extreme values has also been calculated by 
Tippet (1925). These are 

(r 0- L= S=d4c 
Hence the upper and the lower control limits for the largest and smallest value 
respeotively are 

4 ~(~)+3 'z=rn+ (T +3d& t *  

.-. - 
putting (L+S)/~=M and E/d2 as the estimates for m and o respeot,ively, 

the estimated control limits for the L-S chart reduce to . 
U.C.L.=M+~@" 

$ L.c.L.=M-A~E 
a4 

where &=(O '64- 3 - ) 
a 2  

The values of A, for different sample sizes have been given by Howell 
(1949) This has been reproduced in our lecture notes on " Statistical Quality 
Control and Sampling hpection " (1953). 

I 



The experiment consisted in trying to control a process which was entire$ 
out of control by the help of the L-S chart a n d z  and R charts and cornping 
the efficiencies on the basis of the corrective steps suggested by both the me- 
thods. 

(a) Selection of component an'd characteri 
The job selected for study was the componen 

,single spindle automatic machine a t  the Gun and Shell 
coiled brass rods of diameter ~1875 inches. The characteristic studied was the 
total length of the component. The reason g this charactedstic 
Nere ease of measurement, high tale- b~or tance .  W@ 
the length of the component is law, the fuzeis likely to funp:%joa, p w * e l y  
and thus prove dangerous to the users pnd hence it is a criticaI defect. On'the 

' other hand when the length is high, the fuze will not function and thus i t  is a, 
major defect. 

(b) A short description of the manufacturing p 

There are two spindles, one placed inside t 
outer spindle there is a collet. A feed finger is 
inner spindle. The other end of the inner spindle is attached to the geding 
crank. The brass rod of diameter .1875" is pushed ink0 the innerqnm&. It 
passes through the feed finger and comes up to trhe face of the collet. With the 
forward stroke of the crank the feed finger enters into the collet along with 
the rod and as a result a certain length of the rod is pu&e& Q-&+ _ 
finger now comes back to its previous position but the rod c a d c  
it is gripped by the collet. At the same t ide a stopper falls in front of the 
collet and adjusts the length. After a few more operations a tool parts off 
the job from the rod. Hence the length 
following factors : 

(i) setting of the stopper, 

(ii) setting of the parting tool, 
(iii) condition of the feed fingea and the collet, 

(iv) setting-of the feeding orank. 

Low length of the component is due to short feeding and may ocom 
following cases : 

(i) when the settibg of the crank is low, 

(ii) when the feed finger is loose and results in the slipping of the rod, 
(iii) when the collet is slack in which case the rod m& come back along 

with the backward movement of the crank. 

But high length is only due to high set%+ of the stepper, - - 
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&&Ud & d B B t i ~ n  t3f d t k  
"JOhe investigation lastd for twenty three dap  from 4th August, 1963 to 

36th August, 1953. SaqP1@-af consecutive five jobs were taken at a regular 
interval of half an h m .  Each component was measured carefully witb a 
micrometer after proper cl&ning and removing of bars, if any. The msm- 

s were rmded on a data sheet. Any adjustments of the 
I +a_ 

hfed in the remarks column of the sheet. For each sample th  
mallest values were plotted on a graph against the tolerance limits given 

in th~specifimtion. The control limits were calculated and shown on the chart, 



- 
Similarly the mean and range for each sample *re ~slculated and plotted 

on the respective control chart. The new pair of control limits were calcultlted as 
the quality improved. The corrective steps suggested by the L-S chart were 
followed. AEI a result of control the percentage of defectives went dbwn 
appreciably. 

(a) A brief description of the control chart 5 
For the first three days the process was completely out of control, i&e - ' 

variation was very high in comparison to the tolerance limits, the two control 
limits of the L-S chart were outside the specification limits. On loth August, 
1953 the machine was properly examined and set on a higher side with a view to 
avoiding low jobs. The work improved la a great wtent. Because of low 
variation in the process the setting was lowered on 12th A&&, 1953 and the 
process was completely brought %der control. Lack of control was not id  for 
the next two days. When minor adjustments failed, the machine was reset. 
On 17th August, 1953 the process was completely within control with minimum 
variation and the-state of control continued for the next four days. Out gf 
control points appeared on 24th August, 1953 but the process was beaten back to 
control on 26th August, 1953. Por all these days the coiled rods after straighten- 
ing were used, and in the opinion of the technicians these . undulated rods 
were considered to be the main cause of lack of control. With a view to investi- 
gate this point a few straight rods available at  the factory were fed on 9th Sep- 
tember, 1953. The work did not improve at  all ; on the other hand due to some 
reasons the variation increased slightly. But it is considered that with straight 
rods it would be easier to maintain control and rep 
feeding arrangements may not be necessary. 

(e) The percentage of defectives during; the period 
The table below shows the percentage of defectives observed on various 

dates on the basis of cent per cent inspection. 
9 

TABLE I 
Percmtqe defectitm obsmed on various duta 

Date 

I 4-8-63 .. 
I 

, 8-8-53 . . 
7-833 . . 

TOM . . 

Jobs 
inspeoted 

646 

690 

270 

1606 

Defeotives 

41 21 

20 66 
oontrol 

28 28 

1 

87 101 @ 188 11.71 @ 
4* 

7' 



TABLE 1 4 .  

The above table shows that the peroentage of defectives in the beginning 
was on the average 11 -71 while due to control it was brought down to 1.04. 

(I) Comparison between the 6 8  chart and t h e 3  & R charts 

(i) L-8 oh& &t& lack of control &ast epallg @kkntly as the b B 
charts. Throughout this investigation the process was controlled by taking 
corrective steps as suggested by the L-S chart. This was checked with the 
X & R charts. The results of the interpretation of both the charta were 
substantially the same. 

(ii) In 128 chart a sbp le  comparison of the control lh i t s  with thectdaranos 
limits heures economic cmtrol while in & R charts such asszcranoe rmire8 
further calcula&wz. and comparison. If the two control limits of the L-S ohart 
are within the tolerance limits, so long as the procesa ia within control we are ' 
fairly sure that the job will meet the speciii~atiom. This is not so obviow . 

in the cam of X & R oharts. 
." 



I 62 c o a a ~ m ~ ~ ~ ~ ~ ~ z A r n o x  aE 'IwBY L% E AND L-8 (JHABTI 

(iii) In some cases quickw" diqp@s& qf&assip$bte muse may be posoible 
with the L-S chart. The lasb ample of 20th August, 4953 (a& 8.Q.C. C W )  
indicates lack of conkrol on both sides of the control limits. Th& mggested 
the. adjustment of tihe position of the stopper and the.feeding amaageswshts. 
But according to 5 & R charts the range only was out of control and thw 
indicated that the variation had increased. This might have been either due 

-to irregular feeding or sudden shift of the stopper. Similar situations were 
noticedwith the last samsles of 13th August, 1953 and 25th Aygwt, LBri;3. In 
such cabes the L-S chart suggests definitely the nature of corrective steps while 
the-X & R charts keep i s  in doubt. 

(iv) L-S chart is  mucC6 simpler. In the case of y& R charts the mew and 
range are to be calculated h a  plotted. In L-S chart, only the largest and 
smallest values are to be noted and dotted. Hence t b  L-B .oh&is-xi~~~h - 

J. 

simpler than t h e 3  & R charts and will take much less time to ma+$@&. 

(v)  L-S chart i s  r e d l y  ezplainable to the machine operator. The machine 
operator is more accmtorned with individual measurement and the FI~rance 
on it than with the sample mean and range which are-confusing to him and 
therefore he can more easily understand the L-S ohkc &an .b& X'knd R 
charts. 

Theoretics Investigation 

Some idea of the rklative efficiencies of the SQC methods considered above 
can be obtained by comparing the probabilities of the samples drawn a t  , 

different times, with varying y and o lying ~ i t h i n  the ~ e ~ t i v e m n t & ~ ~ & a i t 8  
established for given m and a. 

* ,;,-- 

Tor given m and o let C,, C, and R be control limits for the mean and the 
range charts for the probability levels P, and P, respectively. . Then P1 xP, 
is the probability that the sample will lie within the controllimits both in the 
mew and the range charts. 

Let Ll and S1 be the upper and lower control limits for the L-S chart,' for 
the same rn and a at the probability level P, such that PlxP,=P,. Asearning 
Pl = -- 998, P2 = a 998, P, = Pl x P, = - 996, m = .7500", a= . OOION, Cl, 
C,, R, L1 & 8, are given below for the characteristic investigated for lz = 4 
and 6. 

- 



b 

DEFENUE 8-NCE JOVBNAL 

, are djsoussed by Pmrnon 

4 
with varying m and a for the ' 

and the L-S chart are given - 
ia Table I1 f i r  n=4 and n=5. 

wq a 
ProM"Iity of awe$;Ils *tea with'jrad R aharts ancl L-X ohccrt with usm! 

oolttrol limits. 

- 
8 

la'thgabove table Fl, PZ a.nd P3 are the probabilities of accepting rrtm$~o 
b~ t h e 3  and R chartsand L-S obmt respeckively for different vdues of m & a 
p;ad for the eoatrol l i i t s  obtained in (A). 

-7606 
e7610 
.7616 
~7520 
.7828 - -  

- .--. 

1 9  

$ 9  

9 1  

s t  

.'7606 
-7610 
.7616 
-7620 
.'I626 

?C 

-0010 
-0010 
-0010 
.0010 
0010 

-WHO 
* 0615 
0020 
.0025 
0030 

.QO10 

.0010 

.0010 
-0010 
-0010 

. * 9772 
.%I86 
-4091 
.0869 
~0062 

.99%Q 
-9654 
-8969 
7923 
.7063 ~ 

,9801 
,8186 
.4091 
.0869 
,0062 

-9980 
-9980 
.9980 
-9980 
-9980 

-9980 
-9020 
-6566 
-4231 

- -2664 

.9980 
-9980 
a9980 
9980 
-9980 

-------. 

-976 
.817 
-408 

' .087 
.006 - 

-996 
-869 
.589 
-335 
el88 

. 0918 
r 817 
9 408 
-087 
so08 

-- 

990 
.980 
-864 - 656 
364 

-998 
.889 
~627 
~186 
-227 

-990 
-96.0, 
.864 
-686 
-864 
- 



The ourve obtained by plotting the probabilities fox m or .B is called 
tb operating oharaoteristio (0.c) curve and is shown in Fig. 2. 

- i-L - - - .,* , 

* L 
m'2 * 
- -.- . 

-Ti' - 

In aotual practice it is m& e&&mical to use the m 
for the mean chart when the variation in production is,very small and therefore 
it would be more-useful if the relative efficiencies are compared for modified 
control limit a. .. 

For the specification limits -.7450U and -7550" and o = .0014", the modi- 
fied pontml limits for the mean chart are -7521" and : 7479" for n 4 and 
-7520" and *7480W for n = 5. 

For the range chart the difference between upper and 1ower.apecifiwtion 
limits is h b n  as the upper eontrol limit, The upper and lower speoiiic&ion 
limits are taken as L, and ,HI for the.L-S chart. On this basis, P1*x Pa and P4 
are gves. is. Tsble 111 for n = 4 w d  5 for varying values af m and a, 

3 * 



- .  TABLE 111 
Pr&ability of aoaepti?ag smples with and R o M s  and L-X ohart with modaJCed 

W r o l  limits. 

0991 

-996 - - 

The above Tables and 0, C.  curves show that. when o varies the pro- 
bability of accepting the samples does not differ much for a given m. On the 
other hand, if m varies the probability of accepting by' the L-X chart is more 
than that for th'e r a n d  R charts. It follows, t'herefore, that the .L-S chart 

, is as efficient as the Xand R charts if there is no apprebiable shift in the mean. 
If the mean shifts in quick succession then the 3 and R charts will be able to 
control production better than the L-8 chart. In the case of L-S chart we shall 
have to take corrective steps much earlier when there is a trend either increasing 
or decreasing in the L-8 values. Thus from the practical and economical 
points of view the L-S chart can be recommended for use in place of the% and 
R aharts in the majority of caaes, . 
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The 0. C. curve for the modifffrd csl3t&& ftimih is given in fig. 3. - - 
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