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ABSTRACT

j

A generalisedform of Reynoldsequationfor two symmetrical surfacesisderived considering
velocity-slip at the bearing surfaces. This equation is applied to study the effects of
velocity -dlip for the lubrication of roller bearings under lightly loaded conditions. Expressions
for the point of cavitation, load capacities, and coefficient of friction obtained are also studied

theoretically for various parameters.

Keywords  Reynolds equation, velocity-dlip, viscosity, roller bearings, cavitation, load capacity,

coefficientof friction

NOMENCLATURE

F.. Frictionaforce

hy Minimumfilm thickness

h Total film thickness

k Ratio of the periphera layers

a Thickness of the periphera layer
P Hydrodynamic pressure
r Radius of each cylinder
Roalling velocity of thecylinder
1% Squeezing velocity of the cylinder
W, W, Load componentsin x and z—directions
% 2 Cartesian coordinates
(-x)  Point of maximum pressure

x* Point of cavitation

H Viscogty of the base lubricant

M M, Viscostiesof the lubricant

p Dimensionless-dip parameter
A & & Molecular mean free pathsfor gaslubrication

1. INTRODUCTION

Hydrodynamically lubricated cylindrical roller
bearingsare widely used in a variety of applications
involving severe operating conditions of speeds,
loads, etc. Consequently, considerable research
effort has been made towards their analysis to
develop a better understanding of the performance
of such systems. The rollers have been selected
for analysis since many real contactsin machinery
can be adequately represented by equivalent cylinder-
cylinder contact. Also, it operates at a very
low coefficient of friction. Martin analysed the
roller bearings using determini sticapproach?. Floberg
studied theroller bearings using cavitation boundary
condition 3.
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Sinha and Singh* considered lightly loaded
bearings|ubricated by non-newtonian fluids. Thermal
effects on combined rolling and squeezing motion
was also investigated by Prasad and Chabras. The
effects of couple stresses on the roller bearings
were also considered by Sinha®’, et al. under the
lightly and heavily loaded conditions.

In general, a small amount of additives were
added to the lubricant to increase its efficiency.
Usually, these additives are the long-chain organic
compounds. It has been proved experimentally that
the additives added to the base lubricant, attach
themselves to the surface, and thus, the viscosity
of the lubricant varies across, as well as along the
films,

Lessattention has been paid to study of effects
of velocity-slip at the surface, although it may
be of importance in the flow behaviour of
gases and liquids, particularly, when the film is
thin®"", the surface is smooth'? and at the porous
boundary '*-'8. In this study, the effectsof velocity-
slip and viscosity variation on roller bearings under
lightly loaded conditions using cavitation boundary
conditions has been discussed.

2. BASIC EQUATIONS

Consider the laminar flow of a fluid between
two symmetric surfaces, whose physical configuration
isshown inFig.1. Considering the variation of fluid
properties acrossaswell asalong thefilm thickness,
thebasicequationsof motionand equationof continuity
in their general form for a newtonian fluid can be
written as
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with the following usual assumptions of lubrication
theory:

(&) Inertia and body force values are negligible
compared to the pressure and viscous values

(b) No variation of pressure across the fluid film,

which means @ =0
oz

(c) No dlip in the fluid-solid boundaries
(d) No external forces act on the film

(e) The flow is viscous and laminar

(f) Duetothegeometry of fluidfilm, thederivatives
of uandv wrt z arelarger than other derivatives
of velocity components

(g) Theheight of the film hisvery small compared
to the bearing length 1 Typical value of A/l
is about 10-.

The Navier—Stoke's Eqgn (1) can be simplified
as

P _ 9 ou]
ax az naz
dy az 0z | 3)

where P = P (x,y) is the pressure in the film and
n is the viscosity.

The boundary conditions considering velocity-
dlip at the surfaces® are:

w= ) =[] 4

v=(v), = ), [gﬂl W, atz=H,
o= (o), == 2] 0,
V=(V)2=“(8)2[‘§VE} tV, at z =H, (4

2

where ( ), denote the value at z = H, and
z=H, Hele A’s and &’s are molecular mean free
paths for gas lubrication, and depend upon the
lubricant's temperature, pressure, and viscosity. In
liquid lubrication, A and 6 depend on the viscosity
and the coefficient is sliding friction. However,
with porous bearings, A and & are functions of
velocity-dipcoefficientat the wal and the permesbility
parameter of the porous facing.

IntegratingEqgn (3) and using boundary conditions
[Egn (4)], expressions for the fluid film velocities
are obtained as

t zdz |OP
u=Ul +|:(Xd[{l+"‘?:|-a;

H

U;—U, EGP] taz
F2=A A o+ [ =
[ R ’53"[ J"] 5)
Z
zdz | OP
=v, +({pH + |2 |E
14 1“*‘[[31 1+’_!: n:!ay

+[V2"]VI_E i’ijl B +I_‘1§_
F F, 9y a M
where

tdz tdz
E):‘xl"'az"'j“— Fol=Bx+Bz+I—"
P P

H.
Fi =(1‘H‘+02H2+ fﬂz‘

H,

F =BH, +B,H, + j_?ﬁﬂ

®), 0, @) . _ (),
" Tm, N W W,

Integrating the equation of continuity [Eqn (2)]
wrt z and taking limitsfromz = A, to z = H, gives:

Br=-=0B; =

o =
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? —aﬂ f 2 (pwdz

)
+f —(pv)dz + (pw)jp =0 N
oy

Hy

The integrals of (pu) and (pv) are evaluated
by partia integration. Introducing the expressions
for (pu) and (pv) and their derivatives in Eqn (7)
gives.

{(F2+G1)g§} aay{(F2 +G,)3:}

=H, {'a—x‘ (pu), + a—y (pv)z}

-~ H, {% (pu), + % (pv),}
{(U2 -U) (F +G,) U, 03}
F,

3)
+V G3}

9
ox
3|, - V) (F, + GY)
oy F

H, 3
+ | —dz+ (pw)Z:
1%

where
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H
G3=.rz—pdz 9)

Equation (8) represents a generalised form
of Reynolds equation for compressible fluid film
lubrication considering velocity-dlip at the bearing
surfaces. The two setsof functions Fand G depend
upon the variation of fluid properties both along as
well as across the film and on the velocity-dlip
conditions at the surfaces, i.e.

M\),= W), = 8),= (8),= 0

B,=0

The viscosity of the lubricant can vary across
the film and may be different near the bearing
surfaces owing to the reaction of additives and
surfactants with the surfaces?: ' 8 21-24,

o= a,= BI =

Consideringareasonablecase wherethe density
and viscosity of the lubricant near the bearing
surfaces may be different from the central region,
one can have:

p = pxy) n =1n,kxy)
H <z<H +h

P = p(xy) M = Myx,y)
H +h <z<H +h +h,

P = p0ny) M = My(xy)

H+ h+h,< z<H +h +h,+ h,
(10)
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This introduces the concept of multiple layer
lubrication. By taking

api =0

- =1,2,3,...
% i 1n

Thegeneralised equation with vel ocity-dipreduces
to the following form:

a[ BP] o (. oP
Fr1 A e A R

) )
= !Hz {3; (pu), + @ (pv)z}

0 ]
- H, {a (pu), + 5 (pv),} (12)
Jd | F
+ U —|—1+
ax[ } lp ]
where
h h h
F=o +o, +—t+-2+-2
T]1 112 n3
Fi=o0,H +a, H, o CH A R)
2n,
N h, (2H, + 2h, + h,)
2n,
Ly QH, 428 + 2k + 1)
2n, '

F, = _39“_11. {# +n) -n}

+ 3‘3—22 {@ 4+ m) - @+ ny)

p3 3 3 I;‘IF3
+—3H; ~-(H;+h +h -—
3113{2 (H, + By + 1,)*} 3

F, = p‘ L (2H, t h,)
Pz 2
+ == (2H,+ 2h, + h,)
2“2 1 1 2

+PM o0p L on 2, +hy)
2n;,

oP o
(P”); POy [H “‘I;‘] 'é; +91U[ Fl]

0

(P“)z = —ps3Q; l:Hz - F;‘jl 3 +psU 'E)‘

K
(Pv)l oy [Hx _-I%] dy

F]ap
V), = —p;0. L=
(Pv), =-ps 2[ Fb] 3 (13)
) 3H,
[pW] (p“)z a y
—pu), 2 a”‘ o ),i’-’i-v

Here V_is the resultant velocity of the film.

Toseetheeffectof velocity-dip,threesymmetrical
incompressible layers between two solid boundaries
are considered:

P1=p2 =p3

=(h+a)=h

N =r2
H,=0
h,=h,=al2, h,= (h-a)

o =a,=p=8,=1B » (14)

The Reynolds equation applicable to this case
can be written from Egn (12) as follows:

d oP| d oP 0
F, =U—(h) -
ax[ 4 ax] ay[ﬂ dy ] Uax(h) v oas)
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CIRCULAR

PARABOLIC
F+

Figure 2. Roller bearing configuration

where
_ 3
F, = (h—a)
12n,
3 2 2 2
+a +3a“(h—-a)+3ah—a) +h__
12n, 2B
. _mn .
taking B = % & the slip parameter.

3. LUBRICATION OF TWO SYMMETRICAL
CYLINDERS UNDER LIGHTLY LOADED
CONDITIONS

Consider theflow of an incompressible lubricant
between two symmetrical rollers rotating with the
same velocity U, as shown in Fig. 2.

Theone-dimensional form of equation governing
the pressurein thefluid film, taking n, =kp, n, =
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from the Eqn (15) is:

d dp d
—{F,——}=U—(h
dx{ 4 dx} dx( ) (16)
where
B {(d-alhPk-D+1 6u
= y +—=
: 12u{ k gl 4D

here B represents the slip parameter, k the viscous
layer parameter, a the thickness of the peripheral
layer, h the total film thickness of the lubricant,
and p the viscosity of the middlie layer.

The total film thickness h is given by

h2
hy >R (18)
where R = r/2.

Theboundary conditionsfor Eqn(16) considering
the cavitation are:

p=0 at x = - (19)

dP

':l‘;=0 at x = —x, (20)

p=o, %P_ atx=x 1)
dx

where x = -x, is the location of maximum pressure
and x = x*, the point at which cavitation starts.

Now integrating Eqn (16) ,and using the boundary
conditions [Eqgns (20) and (21)], one gets:

=6-"—= (22)

where F, = [(1 —alh) (k=1y+14 71%] (23)
= ‘



RAO & PRASAD: EFFECTS OF VELOCITY-SLIP AND VISCOSITY VARIATION FOR LUBRICATION OF ROLLER BEARINGS

F—'——Phglz ¥ = — f =
" 2uUR"? JRhy l JRhn
— __h_ — _ h* ; 2
k= hO h —;l; h=1+£—-2)—
(;1)2 5:3- B:E’LB.

+T hy B

Using the boundary conditions [Egn (21)] in
Egn (22), one obtains:

x'=x (24)

I

Thus, it may be noted that the point of cavitation
and the point of maximum pressure lie equidistant
from the point of minimum film thickness.

Integrating Egn (22) and using the condition
[Egn (19)], one obtains:

Sy FE=E)
P(x)=6'[(,_13f ) g% (25)
- 4 -

Substituting boundary condition [Egn (21)] in
Eqgn (25) one gets:

#

3‘!

f h,; (26)

Equatlon (26) is used to determine the point

"'ﬂ

><I

The load component along x—directionisgiven

Wx=—]‘Pdh—:';2—12"J; dx (27)

Substituting (22) in equation (27), oneobtains:

(h~h") —
f e ()d (28)
where
1/2
w35l
2uU LR

The load component (per unit width) in the z-
direction is given by

W, = I Pdx (29)
-a
which on using the Egn (25) in Egn (29) yields:

J'(h -n")_

W, = F xdx (30)

where

= 1 7)3 i
) ____[(l-a/h) (k-1)+1 +____6___]
k hB

The frictional force on cylinder at z=H, is
given by

; T ou
F,=14n [ ] dx
: ‘[ : dz z=H=(~h12) G

Integrating and using the condition U, = U, =
U, one obtains:
- x
=7 (32)

Similarly, thefrictional force on the surfaceat
z = H, is given by

W, 5
(33)

F,=2%
r2. 2

From the Egns (28), (32), and (33), one gets:
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(Fi+Fo) =W, (34)
which is the equilibrium condition.

Equation (26) is solved numerically for x,
and substituted in Eqns (28) and (30) to find W,

and W,.

4. RESULTS & DISCUSSION

4.1 Dimensionless Parameters

The bearing characteristics are dependent on
the parameters B, k and &.

4.1.1 Velocity-slip Parameter

B represents the velocity-slip parameter. As
B tends to infinity, it indicates velocity-no-slip at
the surface and as B tends to zero, the velocity-
slip becomes maximum, which means that as B
increases, the velocity-slip decreases. So, the lower
values of B indicate high velocity-slip and the
higher values of indicate low velocity-slip.

4.1.2 Viscous Layer Parameter

It is mentioned earlier that the viscosity near
the surface isdifferent ascompared to the viscosity
of the middle layer. Thisis taken into account by
the parameters k and @. When k > 1, the viscosity
near the periphery is more than the viscosity of the
middle layer. k = 1 indicates that the viscosity is
same everywhere.

When k < 1, the viscosity at the periphery
is less than the viscosity of the middle region.
Thus the difference in the viscosity of the
middle and the peripheral regions is indicated by
the parameter k.

Another parameter is @ which indicates
the thickness of the peripheral layer caused due
to the presence of additives. When @ = 0,
there isno peripheral layer. Asthe peripheral layer
thickness is small, normally there will exist small
values of 7.
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4.2 Bearing Characteristics

Equations (26), (28) and (30) are integrated
numerically and appropriate graphs have been plotted
with these parameters. The load capacities w , .
and W, are plotted with § for various values of
k in the Figs 3 and 4. It has been found that these
parameters increase rapidly as B increases up to
certain level, and afterwards, the increase is very
low and it becomes steady. This shows that the
load capacities increase asthe vel ocity-dlip decreases,
up to a certain point which become the result of
no-slip case afterwards.

3.4

3.3
S
= k=2
= Sk k=3
& k=4
3.2 > k=5
< k=6
3.1 T T T T
2 x 10 2x 102 2x 108 2x 100 2x10°
P
Figure 3. Variation of Wx versus [_3 for various values
of k.
1.9
1.8 * k=1
1= —— k=2
Sk k=3
=+ k=4
> k=5
= k=6
L7 T T T T
2 x 10! 2 x 102 2x10° 2x 104 2 x 108
Figure 4. Variation of W, versusB for various values
of k.



RAO & PRASAD: EFFECTS OF VELOCITY-SLIP AND VISCOSITY VARIATION FOR LUBRICATION OF ROLLER BEARINGS

It has also been observed that when k > 1,
the load capacitiesincrease due to the high viscous
layer present near the periphery. This increase is
more as its thickness increases and when k < 1,
the load capacities decrease as a increases, the
load capacities being more for higher values of k.
Thus, when the viscosity of the peripheral layer is
less than the viscosity of the middle layer, the load
capacity decreases and this decrease is more as
its thickness increases.

In Fig. 5, the coefficient of friction Cy, is
plotted with B for various values of k. It has been
found that the coefficient of friction decreases as
dlip decreases. The values of the coefficient of
friction are more for higher values of k, thus
due to dlip, coefficient of friction increases. For
k = 1, which represents a single layer case, the

coefficient of friction on 7 is zero.

For k > 1, it has been found that the coefficient
of friction decreasesasthethicknessof the peripheral
layer increases and for k < 1, the coefficient of
friction increasesasthe thickness of the peripheral
layer 7 increases and it is also more for higher

- 0.92]

kb ¥4

(U | I | B TS

DR W -

1o~ 0.91

0.90 T T T T
2 x 0! 2x102 2x10° 2x 100 2x1¢°
p
Figure 5. Variation of Ef versus [_5 for various values

of k.

values of k. In other words, the effect of high
viscous layer near the periphery isto decrease the
coefficient of friction and this decrease is more
pronounced on the viscosity of periphera layer,
which is favourable for lubrication.

In Fig. 6, the point of cavitation, x*is plotted
with B for various values of k. It has been found
that the point of cavitation decreases asthe velocity-
dlip decreases up to a certain limit and becomes
steady afterwards, i.e., if the velocity-dlip increases,
the point of cavitation movesaway from the centre.

Thus when k = 1, the point of cavitation does
not change as z increases. When k > 1, the point
of cavitation decreases, as @ increases and this
decrease is more pronounced for the higher values
of k, and when k < 1, the point of cavitation
increases as g increases and this increase is more
for the higher values of k. Thus, due to the presence
of high viscous layer, the point of cavitation moves
away from the centre and this is more pronounced
asthethicknessof the high viscous layer increases.
The values of point of cavitation is aso presented
in Tables 1 and 2.

0.68

| k4 $+4
PEEEET

0.66 —
0.65 T T T I
2x100  2x10*0  2x10°  2x10*  2xI0°
Figure 6. Variation of x* versus B for various values

of k.
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Table 1. Position of the film rupture point x* (cavitation point) for various valuesof g and k

k ;_1—> 0.1 03 0.5 0.7 0.9
0.2 0.71459970 0.74760740 0.74838870 0.73793940 0.72407230
0.4 0.68500080 0.70678720 0.71098630 0.70698250 0.69946300
0.6 - 0.67250980 0.68481450 0.68842780 0.68696300 0.68315440
0.8 0.66557620 0.67084970 0.67270510 067241220 0.67084970
1.0 0.66108410 0.66108410 0.66108410 0.66108410 0.66108410
2.0 0.65161140 0.63735350 0.62954100 0.62768560 0.63061530
3.0 0.64819340 0.62768560 0.61499030 0.61059560 0.61362310
4.0 0.64653320 0.62241210 0.60659190 0.59995120 0.60239260
5.0 0.64545910 0.61909180 0.60102540 ’0.59272460 0.59428710
60 0.64477550 0.61684570 0.59721680 0.58735350 0.58823250

Table 2. Position of the film rupture point x* (cavitation point) for various valuesof B and k (k> 1)

; B—» 2x10' 2x10° 2x10° 2x 10° 2x10°

1.0 0.67817390 0.66108410 0.65922850 0.65903320 0.65903320
2.0 0.67729500 0.66010740 0.65825190 0.65805660 0.65805660
3.0 0.67700200 0.65981?440 0.65786130 0.65766600 0.65766600
40 0.67680670 0.65961920 0.65766600 0.65747060 0.65747060
50 0.67670910 0.65952150 0.65756830 0.65737300 0.65737300
6.0 0.67670910 0.65942380 0.65756830 0.65737300 0.65727540

5. CONCLUSION

A generalised form of Reynolds equation
applicable to fluid film lubrication was derived
considering the variation of fluid properties,
both across and along the film thickness, with
velocity-dlip at the bearing surfaces. The effects
of velocity-slip and viscosity variation for the
lubrication of roller bearings under lightly loaded
conditions have been studied. The beneficial result

for hydrodynamic lubrication due to the presence
of increased viscosity near the bearing surface
was indicated. However, although, the effect of
velocity-slip at the bearing is to decrease both the
frictional force and theload capacity, the coefficient
of friction increases, which |leads to unfavourable
results. For a gas-lubricated hydrostatic bearing,
thegasfilm pressureand |oad decrease with increasing
molecular mean free path.
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