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ABSTRACT

The problem of wave propagation in a fluid flow across the junction between the rigid and the
compliantpanelsina channelhasbeenstudied.InvorticalTollmien-Schlichting-type waves, thejump
conditions are obtainedby the half-Fouriertransforms definedon both the sides of thejunction along
withtheadjointmethod. The methoddevelopedis fairlygenericand is applicableto similarproblems.
A comparison of the results obtained in the present study with those obtained from direct numerical
simulations' shows good agreement.
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I. INTRODUCTION

The use of compliant walls for drag reduction,
by keeping the flow laminar for large Reynolds
numbers, is well studied. The evolution of two
dimensional Tollmien-Schlichting (T-S) waves over
alternate rigid-compliant panels through
numerical simulations':" was studied by the authors.
It was noticed in their simulations that the propagating
1'-S wave exhibits a sudden change in the amplitude
at the rigid-compliant wall junction. It is necessary
to calculate relationship between the amplitudes on
two sides of the junction. A vibrating ribbon-type
transfer interface is assumed at the wall junction
in the present study". Once the amplitude ratios are
determined at the leading and trailing edges of the
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compliant panel, it is possible to simulate the
T -S wave and the other waves over the entire
stretch of rigid and compliant panels. Simulations
are carried out for a few typical cases ofpropagating
disturbance waves.

2. ELASTIC WAVES ON PLATES AT THE
JUNCTION

Before going into the details of formulation
and solution ofthe problem, a compliant wall excitation
study by Lucy", et al. has been considered. Ihcf
compliant wall model used is the well-known stretched
membrane model used by Carpenter and Garrad'
in their study. The equation for this compliant wall
model is given as .
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In Eqn (2), a is the wave speed. The above
solutions correspond respectively to two travelling
wave solutions, one travelling to the right and the
other to the left; and two evanescent waves decaying
for x < 0 and x > o.

where 11 is the vertical displacement of the plate,
x is in the streamwise direction, t is the time, m,
d, and B are the density, damping, and flexural
rigidity of the plate, respectively; K is the spring
stiffness of the continuous foundation. In general,
p ... is the fluid pressure acting on the plate. Here,
it is equivalently zero. If the plate is driven at a
frequency, 13 and if it is above cutoff frequency i.e,
13>.JK / m , then waves will propagate along the
plate. Further, generallyd =0 and the four fundamental
solutions of Eqn (1) are:

(4)\jJ{y,x,t)=j{y,x) e-itJl
/

Owing to periodic forcing on time, at constant
temporal (circular) frequency <0, \jJ may be written
in the following form:

For the sake of distinguishing the rigid and
compliant sides, the function f(y, x) is defined in
two halves as

two junctions, at x = x I (the rigid-compliant wall
interface) and at x = Xz(the compliant-rigid interface),
produce two different kinds of jump phenomena.
Also, it is needed to look at what portion of the
oncoming wave is transmitted and what portion of
it gets reflected at these interfaces. The governing
equation is the linearised Navier-Stokes equation,
written below in vorticity form, in terms of the
disturbance stream function \jJ=\jJ(y.x. t):

(2)

(1)

- r 2 ]114a=L(ml3 -K)/Be(iax-iPI); a ~ ± U, ± iu;

3. FORMULATION OF PROBLEM

A channel flow is considered here. The rigid
compliant-rigid region is formed having a compliant
panel inserted as shown in Fig. 1. The compliant
wall properties are applicable in the region from
x = XI to x = x

2
• The domain from y = 0 to Y = y\

corresponds to the half-width of the channel. The

where, in Eqn (5), H(x) is the Heaviside step function.
Substituting Eqn (4) in Eqn (3) yields the operative
differential equation for the problem.

x x~x = XO RIGID
WALL

RIGID
WALL

x = o·

VELOCITY PROFILE LEADING EDGE TRAILING EDGE. _._. -'-' _. T' _. _. _. _. _. -. _. _. _. _._. _. _.,. _. _. _. _._ ......_._. - Y - Y,
I I »:"

• I I ••••
I I •••••

I /~
I ••, I: I

SMALL I ••' r

""--of ..::~::~~~.;t-········- ~

Figure 1. Rigid-compliant-rigid wall arrangement
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A Fourier transform is now defined for f(y, x),
in two halves, with a slit at the location of the
joint, viz., at x = o.

This suggests the form for the ribbon function
41 as

()

Fjy,a)= J/_(y,x)e-iUXdx; -oo<x:s;O (7)

41 = ne-iw,

where

o ::::(a
2

{ )

ax .1=0

(11 )

+<X>

FJy,a)= J/+(y,x)e-iWdx; O:S; x < 00 (8)
o

Unlike as in a Weiner-Hopf-type of problem,
f and It are considered complete in themselves,
so that the inverse transform is given separately
for - 00 < x s 0 and 0 :s; x < 00. The inverse transforms
are -given as

Now, let the rigid side be considered, i.e.,
- 00 < x :s; 0, with boundary conditions applicable to
the rigid side applied to F_. Let the eigenvalue
corresponding to the rigid side be a" In which
case, in the neighbourhood of values close to a"
Eqn (12) may be expanded as follows:

L(a)F =i(ail -ro)(F" _a2F)

-iail"F -J..(F"" -2a2F" +a4F) (14)
R

L(a)F_ =+ nil (12)

L(a)F+ = - nil (13)

where, in Eqns (12) and (13), the operator L(a)
is the Orr-Sommerfeld operator. The expanded
form of this operator is given as

Similarly, corresponding to the compliant side,
i.e., for 0 :s; x < 00, and with appropriate boundary
conditions for the compliant side applied to F+, and
remembering that the eigenvalue for the compliant
side is given by a~, one obtains:

Now, the Fourier transform ofEqn (6) is taken
separately for the domains~ < x:S; 0 and O:s;x< 00.

For both sets of transforms, one needs to know the
value of the function f(y, x) at x = O. For both
halves, this is given as V21-Cy,x=0)=n and
V2/Jy,x=0)=n. Both halves of the Fourier
transformed Eqn (6), therefore, reduce to an
Orr-Sommerfeld like equation with a forcing 'term
given in. terms of 41. The equations are as follows:

(9)

(10)

I. =2
I
n JF_ (y, x )e-iuxdx; - 00 < x s 0

c.

where C C are suitable contours enclosing the
" II" h

poles. The above method of representation is most
convenient if the junction is to be modelled as a
vibrating ribbon. If, for instance, one is dealing
with just a pair of waves, viz., the rigid T-S mode
for - 00 < x :s; 0 and the compliant T-S mode
for 0 :s; x < 00, then: (i) the ribbon is created by the
incident wave from the rigid side; and (ii) the
compliant T-S mode x ~ 0 tunes in from the
vibrating ribbon.

An attempt has been made to give an essential
model of the vibrating ribbon. The two fringes on
either side of the ribbon merge into the upstream
and downstream side waves, respectively. It now
remains to see at a so-called essential form or
elemental" form for the ribbon function. Due to
rapid change in x at around x = 0, or the ribbon

location, v'Iv is essentially ( ~~ lo<> .
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(16) as A = 1, whereupon, one obtains the value of C
as

The operator L
2

(a) in Eqns (15) and (16) is
defined as

Lz(a)F =i~Fw - iiwF - 3aziiF + 2roaF]

-..!.-[-4aFW +4a 3F] (17)
R

It has been noted that substituting Eqn (11) for
cjl in Eqns (15) and (16) results in

\

J[Lz(a,)~,] O,dy
C=-"o _

(22)

Similarly, using Eqn (21), one may determine
the magnitudes of the jumps A

c
on the compliant

side as follows:

.,

(23)
Ac =-=\---"-----

JLz(aJ ~cOcdy

°

s. OTHER EIGENMODES

Once the amplitude of the T-S wave A on thec

compliant side for a given case is known, it is
possible to determine the amplitudes for other
eigenmodes on the compliant side as well. For this,
the boundary conditions available at the two ends
of the compliant panel were utilised. It was noted
that at the leading edge, the wall displacement
11 = 0 and by assuming hinged joint at x = 0, one
obtains the second condition as 11" = O. Similarly,
these same conditions are satisfied at x = xZ' the
trailing edge also. On the compliant side, along
with the T-S mode (az), one needs to consider
other eigenmodes like the vorticular mode (az)'
long wave (a

3
) and evanescent modes (a

4
and as)

also. The vorticular wave is like the T-S wave but
originates a! the trailing edge and is an upstream
travelling wave. The other mode is a long wave
with a smaller wave number. Apart from these
three modes, two local evanescent modes in the
close vicinity of the edges are also noticed. The

where, in Eqns (20) to (23), the subscripts rand
c denote quantities on the rigid side and the compliant
side, respectively. But on the compliant side, the
T-S wave may show up in combination with other
modes. To determine the jump corresponding to
each individual mode, one needs to run the programme
with appropriate ac'

(21)

(20)

A, =...,..\---"-----
J[Lz (a, )., ]O,dy

°

where over line (-) over cjl will generically denote
a suitably normalised cjl, eg cjl = 1 + iO at y = 1.
Thereafter, the magnitude of A will generically
define the magnitude of the jump. Using this
convention, and using methods based on adjoint
theory, it is noted that

where, in Eqn (21) and subsequently, 0, will
(generically) imply the adjoint eigenfunction to cjl,.
Actually Eqn (21) depicts the creation of the ribbon.
The magnitude of the rigid side wave may be defined

According to the method of solution based on
adjoints, the jump in the amplitude ofthe disturbance
wave may be generically defined by a factor A, as
follows. Consider, for example, the rigid side
disturbance wave is defined as

4. CALCULATION OF JUMP IN
AMPLITUDE

where, the constant C is defined as C == O(y). In
other words, essential content of 0 is a constant.
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combined amplitude of the compliant wall motion
at the two ends of the compliant panel is calculated
by adding up the individual contributions of all the
relevant modes. This gives rise to four relations
with four unknown amplitudes as follows:

evanescent mode, respectively. The amplitudes are
computed by solving the above system of Eqns
(24) to (27) using Gaussian elimination.

6. RESULTS & DISCUSSION

where, in Eqns (24) to (27) a., a2, aJ, a4 and as
are the amplitudes of the component waves, viz.,
T-8 wave, vorticular wave, long wave, leading
edge evanescent mode and trailing edge

(24)

(25)

(26)

The formulation is verified by running the
computer program for different cases. There is a
very good agreement between the present results
and the numerical simulations carried out by Davies
and Carpenter'. Firstly, the simulation below cutoff
frequency is investigated. The simulations above
cutoff frequency are carried out in detail as it can
point to important information about the stabilising
aspects of the compliant surfaces. The Reynolds
number is taken as R = 12000 for all the caS8S~

Again, the wall parameter values are taken as in
Davies and Carpenter': In this case and in the
subsequent cases,the(nondimensional) wallparameters
used are: m, d, B, T, and K which denote the
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Figure 2. Compll.at wall eileDmodes
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Figure 3. Compliant wan vorticity piots: (a) present results (b) corresponding results from Davies and Carpenterl •

Nondimensional length of panel - 340 and junctions are located at JC = 40, and 360.

density, damping coefficient, flexural rigidity,
streamwisetensionper unit length,and spring stiffness
per unit area, respectively.

6.1 T-S Wave below Cutoff Frequenty

For this case the wall' parameters are taken as
m = 0.33333, T = 0, d = 0, B = 1.92 X 107,

K = 4B. The nondimensional frequency is
13 = 0.24, and, from the present calculations, the
eigenvalues for the rigid side and for the compliant
side are respectively given as follows:

u, = 1.0317 - 0.0093i;

ac = 0.9395 + 0.0109i
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Figure 6. Compliant wall vorticity plots with small incremental length changes. The numbers on the top-right corner
indicate the length of the compliant panel.

6.2 T-S Wave above Cutoff Frequency

For this case, the wall parameters are taken
as m = 0.33333, T = 0, d = 0, K = 1.92 X 107

,

B = 4K. The three eigenvalues for T-S mode,
vorticular mode and longwave mode are calculated
respectively as

a
t s

= 0.920795 + 0.02125i

a = - 0.833156 + 0.01380i
vo r

aim = -0.145876 + 0.00018i

As can be seen from the simulation results shown
in Figs 2 and 3, there is a good agreement between the
results obtained and those published by Davies and
CarpenterI . An importantthing,is to choosean appropriate
initial phase of the wave that matches best with the
similar simulations in Davies and Carpenter).
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The individual modes on the compliant side are
shown in Fig. 2. The dominant among these seem to be
T-S mode and vorticular mode. The residual part of the
T-S wave is transmitted across the trailing edge.

The case of a longer panel is shown in
Fig. 3, wherein the wall vorticity plots for a rigid
compliant-rigid region are depicted. A clear jump
was noticed in the leading edge junction and another
similar but opposite kind of jump at the trailing
edge. The. two component waves, T-S wave and
vortical wave are shown in Figs 4 and 5, respectively,
These figures indicate the logic used in the calculation
of the jump on the downstream rigid side. Here.
the contribution is mainly from the vortical wave
as the strength of the T-S wave is insigni ficant.
This point can be observed in Figs 4 and 5.
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7. EFFECT OF PANEL LENGTH ON WAVE
SYSTEMS

It was mentioned that the technique developed
is generic to a class of fluid flow problems. In case
of numerical simulations any change in geometry
of the problem requires re-running of the whole
simulation. However, in the present approach, the
eigensolutions obtained once in the beginning are
reused, even some parameters like the length of
the domain, are modified. This feature is demonstrated
by changing the length of the panel in steps of
small increments. The compliant wall vorticity plots
for some of such steps are shown in Fig. 6. The
numbers on the top-right corner indicate the length
of the compliant panel. Each of these cases correspond
to a different simulation in direct numerical simulation.
In similar manner, the phase angles can also be
altered to give different patterns of the propagating
waves. Those among such patterns, which match
very well with the simulation results of Davies and
Carpenter' are used in the earlier comparisons.

8. CONCLUSIONS

A comparison of the results obtained from the
present study" with that from the direct numerical
simulations of Davies and Carpenter' are presented.
The agreement in results validates the vibrating
ribbon model for the junction and also the solution
methodology based on the adjoint. The present
method is very convenient in comparison to the

Contributors

direct numerical simulations. The present approach,
being a very generic in nature, can be used as a
tool for transition prediction and control. Further,
this approach has a great potential for engineering
applications involving the use of compliant surfaces.
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