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ABSTRACT -

The paper reports the indentation of a semi-infinite, initially stressed elastic medium under the action of an

axisymmetric rigid punch pressing the medium normally. The problem has been considered within the framework

- of ncremental deformation theory for neo-Hookean solids. Using the Hanke!’s transformation, the distributions of

incremental stress and strain have been obtained. Indentations by a flat-ended circular cylindrical punch and a

conical punch have been oblained as special cases and these effects have been studied numerically and presented

in the form of curves. This problem has defence application as many launching pads and firing machines have some
nco-Hookean solids as buﬁ'cr which bﬁu‘ cnormous impact or punch during the action of thc machine.

Keywords: Neo-Hoakezan Sehds Hankel's n-msﬁ;matmﬂ,mcremental dcfonnatmn theory, ax:symmetrlc ngld

punch, cylindrical punch, conical punch

NOMENCLATURE

X Cartesian coordinates

n Component_s of unit normal to boundary surface

S Initial-stress; 5 OFEESpoT ';mg to- mmai finite
deformation referred to: xw AT

P Density in a finite deformation

W  Elastic potential per unit volume

u Incremental displacement (infinitesimal)
A, - Extension ratio

Incremental strain

¢ Dispihc::rlent function
Incremeﬁi;i;roration

e incremental volume expansion

Incremental stress referred to axes which are

5.
i
- incrementally dlsplaeéé with the medium

4 f, Incremental boundary force per unlt initial
area

p,  Shear modulus in an unstrained state

P Initial all-around compressive stress

‘;Eg Integral constants

. 1. INTRODUCTION

Various elastic bodies posses initial stress which
exists in the body by process of preparation or by
the action of body forces, e.g. a sheet of metal

‘rolled up into a cylinder and the edges welded

together. If such a body is further subjected to
deforming forces then apart from the initial finite
deformation, it will have incremental deformation’
also. Many tanks and missile firing machines have
some buffer material to bear the impagt- -of feverse
action of the machine when they arefited. In these
cases, the effect of punch on’ achine can be
studied in the light of fi éﬁgéé'fph:s paper. Trefftz!,

Neuber?, Green** and’| iot>® have discussed and
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given basic equations of such incrementat deformation =

theory. The derivation of basic equations generally
comes from the theory of finite deformation making
use of tensor calculus. But Biot has developed his
theory using Cartesian concepts and elementary
mathematical method. Using his theory (in which
it is not only easy to understand the physical meaning
of incremental stress and $tfain but also useful for
mathematical analysis), he has treated some interesting

problems. Later on, Kurashige’® discussed an

axisymmetric circular crack problem and a two-

dimensional crack problem for an initially stressed
neo-Hookean solid. The problem of opening. of a
crack of prescribed shape in an initially stressed

body has been discussed by Ali°. Hara', er af.

Invove'!, et al. and Sakamoto'?, et al. have discussed

some contact problems. Recently, Fan and Hwu'® -

have discussed purich’ problems for an isotropic
elastric half-plane by combining Stork’s formalism
and the method of analytic continuation.

In the present study, an attempt has been made
to find the str¢sses and strains in a semi-infinite,
initially stressed elastic medium, which is pressed
normally by an axisymmetric rigid punch. The medium
is supposed to be lsotroplc homoggﬁeus and

2. BASICEDUA

In the rectangular Cartesian coordinates, (x,
and time, 1), the equations of motion for incremental
deformation theory and the expressions of incremental
boundary forces per unit area are:

os; Owy o OWa B8, ¥y,

""—'+S +5 “e ;
o, o, tox, “ox, ' or (N
Af, =5+ Suwy + Sye — Syepdn; @

where the usual convention for summation over
repeatéd indices is applied. :

The stress-strain relations are:

Sp =Sy =Ho( Al —Xér)
C LSS = (M - %) 3)
: S;s Sn po(A3 ~27)

The cylmdr:cal polar coordinated (rBz) of a
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" point in the initially deformed be&yigre connected
with rectangular coordinated by relaﬁous

r=yfxl+ 22,

It is assumed that the only non-zero components

=tan"'(x, /%) z=x; (4)

" of initial stress are S.3 00 and Szz which are uniform

throughout the body and the body is in the state
of symmetrical incremental strain wrt z-axis. The

‘equations of motion [Eqn (1)] reduce, in the cylindrical

polar coordinates, to:

.05, 8.8, O ___= O'u,
B Ay e SVerT
| %M__r )-(s, S)———(r

(5)

The incremental displacements u, and z_ in

terms of potential function ¢ (r, z) ate given by:

7 =l£(,é¢:)

u = >

"oaez’ " ror ®)

The function ¢ is given by the simple partial
differential equation as

36 p 3% : 7
727 1=0
oz”  u, ot
where K= Ar/lz. (8)

According to Kurashige’, the components of
incremental displacement and stress, ina stéﬁdystate,
are given by:

3,2
Uy = 1z —k Jl(ré)

s Uz "*"‘%&3-]0(’&)‘1@ 9)
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where

o l . © 63" 5
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and § is the Hankel fransform- of -¢ defined by .

=

¢ = I (r z) rJO(rﬁ} o

b= J8(rz) & Jo(re) @ (12

where J, and J, are Bessel functions of order
0 and 1 respect:vely

Equatlon 7), byj{ankei tranéform, reduces
to the following ordinary differential equation,
giving ¢ (r.z) for a steadystate:

d? d% J :
(d. i}[db_KE..!t ' (13)
3. .PUNCH PROBLEM

It is assumed that the semi-infinite medium
z20is mmal]y deformed and the components §_,
in addition to S 98 is also zero so that

Srr = uu(lf "lj) == P | (14)
From Eqns (8) and (14), it is obvious that for no
initial stress, when P=0, K = I..

The solution of the dlfferentlal Eqn (13) is
given by

(10) -

b =AE)e™> +B(E)e™
(15)

The rigid punch is in the form of a solid of
revolution which has the equation z = f{r), referred
to the tip of the punch as origin and.it has a radius
of contact ‘a’ with the medium (Fig. 1). If the
pressure p(r) is assumed to be applied in the plane
z=0, and the contact is free from friction, the
boundary conditions are:

~u(r0)=p(r),  (0<r<w)
5. =0, (GS_rSm)} (16)
u, =D-—f(r), (0$r5¢:.1r T
s,, =0, © (r>a) )} (7

where D is a parameter whose physical significance
is that it is the depth to which the tip of the punch
penetrates the elastic half-space and {0)=0.

IO PUNCH 256 (1)
et

\\ . /
: ORIGINAL
SURFACE OF
ELASTIC
MEDIUM
. A, Yo - DEFORMED SURFACE
00'=D
AA=2a
’
z

Figure 1. Indentation of a semi-infinite solid by an axi-
symmetrical rigid punch.

Applying boundary conditions [Eqﬁ (16)] to
the solution [Eqn (15)], one has:

: T, w* -
. The boundary condgmns [Eqn (17)] give the
following dual integral equations:
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[[&p(e) 0 (e)de =D~ 1(r). (0<r<a) (19)

L ferenea=o >0 @

Taking & (&) =¥ (a&), one has from Eqns (19)
and (20) -

;¥ (0)dg =D - =) (0sx<1) @1)

[ev@nta=0 2 @

= aD, f(x) = aflax) and a§ = {
The solution of Eqn. (22) is given' as follows:

¥(g)=arm) ﬂg(:)co;(Q)dz- | @3

Equatlon (21)is equnvalent to the Abel’s mtegral
equation:

Jerm [ E = n - 40

where the unknown functioin'? g(t) 1s glven hy

{ f } (25)

' fx)dx
D= 01—-,1’:7 | (26)

in which D,

(r >0) (24)

and

or

D= “I A0 4 @

R
FremEgn (23), V (!;) and hence y (a&) is known.
Thus P(£) being known, the components of stress
and strain can be found.

4. SPECIAL CASES

4.1 Flat-Ended Circular Cylindrical Punch

'Lef'the case be considered in which the semi-
infinite elastic medium is deformed by the normai
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indentation of the boundary by a flat-ended circular
cylinder of radius, a. Sinch in this case, the profile

of the punch is not smooth at r= @, .oBe-must

regard D as one of the data of problem. In this

case f,(x)=0 and from Eqn (25), one gets:
' g(t):,] 2/n)aD B (28)
Therefore, one has:
2D sin
ply) = 2% 29)
&
Hence

- 2D 2 _pg-Kiz sinaé
dl ——(T-—-KT){(1+K2)C€. - K }_57—(30)

Thus, the non-vanishing components of incremental

disptacement and stresses are in terms of the Hankel
inversion, Sneddon'®, as follows:

;(;-KT [+ k)t -2e8).

BERE 0D
-2D . O
u,-=m_|‘{(l+1{)eﬁ 2Ke‘“}.

) & - (32)

S = ;zlz_l)Tz)uolzz al'{(l+ Kz)ze-tt.— 4Kze"“‘}

sinaf Jo(rﬁ)dF, . (33)

f.r f’ﬁjuol‘i[!{(l'l' K?)e s - 41(%"?4‘_}2
_ sinag Jo(rf,)dg '
2]{2 f{(l"‘ Kz)e-iz ZK - K%z i!"n—a.f,(rﬁ)@:,
| (34)
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5 - 2D 22
e ‘R(l— Kz)f-‘o

sinat J, (rg)dg

) (35)

I{(H K’) e 4

4.2 Conical Punch

Here the boundary of the semi-inifinite elastic
medium is deformed by a  conical punch whose axis
is normal to the mdentad plane. It is assumed that
the axis of the cone coincides with the z-axis and
that the vertex points downwards into the interior
of the medium. In this case one takes:

f(r)=rtana

where the semi-vertical angle 8 {= (n/2)-a} of the
conical punch is supposed to be large, so that the
conical punch is not very much pointed.

D=%m:,- where e=agtana .

From Eqn (25), one obtains the expression:

g =@2/r) aD (1-1) (36)
Thus one gets:
201
-2 4a5) @)
Hence
N 2D 2 bt _ o Rr
¢=-1m—(1;K—1){(1+K)e‘ —Ze“}
1-cosa§ (38)

g!

Henee,ibemvmmmg components of incremental
displacement and stresses are in terms of Hankel s
transformation as follows:

-2D

u; = :r;—(l—l—(_z_)_r{(l + [f_z)e'éz —Ze"ng}

{1-cosat) cosaﬁ) I o

AR R LT

el S

(1- oosa&)
g

Kt % (40)

2D

S kz)uoﬁ{ [ et maerel

(1- cosaé)
g

o o0sad) sotre)a @

2D

Spp = mﬂoﬁ{f(l +K? )2 e 52 —4k3e"K"}

(1- cosaé)
g

Jo(ré)ds

. (42)

The case of non-initial stress can be obtained
by making K— 1. The results so obtained agree
with those already obtained by Sneddon® for materials
which obey Hook’s law. From the expressions of
displacements and stresses, it appears that as K— 1,
all components of displacement and stresses tend
to infinity which means that the situation becomes
unstable.’

6. NUMERICALRESULTS & D

For a flat-ended circular cyli j  punch, variations
ofs,,s, andu, with-various parameters.are shown

in Figs. 2-5. As discussed earlier, for a non-initially
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Figure 2, Variation of normal m-ponent of incremental stress
s, with r. .

stressed body, P =0 which is given by K=1. For

a body with high initial stress P/u, tends to unity.
Variations of stresses and displacement have been
shown for values of P/u, b _,_gen 0 agqlg’) 8, ie.
for cases between' mﬁnﬁiaﬂﬂ_’* stfvssed state and

0.94 Pty r=0 1
1- 0.0 2
$ 0.7 2- 04
; 308
0.5 408 3

5-1.0

0.3
g.;, . 'y
1-
']
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Figure 3. m of radial component of'i mcremept,giestrus g
8, mtlhz.,, - :
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those with high initial stress.

(a) Figure 2 exhibits the variation of normai cmmnents
of incremental stress s_ with ratz = 0.1a. It shows
that the lower the initial compressive stress is, the
higher is the stress component under the punch.
Near r=a, there is sharp rise and fall in the
stress. In fact in the case of a flat-ended circular
punch, the edge of the punch comes in contact

with the elastic body which produces large stresses.

This explains the discontinuity of stress nearr =q,

(b) Figure 3 shows the variation of the radial component
of incremental stress,’s. with z along r =0, i.e.
z-axis. It is interesting to note that for the non-
initially stressed body, s,_is tensile and incréases
monotonically froin: zero. - But for initially stressed
bodies, it first decreases, and then increses monotonically,
remaining compressive. :

(c) Figure 4 gives the variation of incremental stress,
s with r. Higher the initial compressive stress is,
the higher the incremental stress, s, is. It increases,
monotonically from the centre of the punch and
rises .very sharply. near. the .edge. of.the punch,

3 - z=01a

~t

-2

3

8,/P,

0 02 04 06 08 1.0 @ 14

Figure 4. Variation of radial componentql' lntremental stress
s, with r,
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o o T T — T

r/a
Figure 5. Varistion of normal component of incremental

dmflmantu wmh r.

given by r = a. After the edge, i_tQC{!g_ﬁ‘i_ﬂ‘lﬁ;ﬁ:}%;@gg};;

decrese gradually.

(d) Figure 5 shows the variation of the incremental
displacement, u_ with r at z = a. It shows that
higher the initial compressive force is, higher the
incremental displacement u_becomes. -
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