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ABSTRACT

Several higher-order shear deformation theories have been proposed for laminated plates,
based on the expansions of displacements across the thickness, which are the same for all layers.
In this study, a unified formulation of all higher-ordet theories is presented for cross-ply laminated
plates based on polynomial expansions of displacements in the thickness coordinate z, It includes
all the models availabie in literature. The governing equations for linear static and free-vibration
response, and for buckling under inplane load are derived. The expressions for the stiffness
matrix, inertia matrix, geometric stiffness matrix, and the load vector are developed for a simply
supported rectangular plate using Navier's solution. A general purpose, single programme has
been developed for all higher-order laminated plate theories.

Keywords: Plates, geometrical nonlinearity, cross-ply laminate, Navier’s solution, higher-order shear
deformation, higher-order laminated plate theories '

NOMENC LATURE A Generalised inertia
A Transformation matrix p. Generalised load
& . .
A Generalised stiffness for the plate k .\'2.\' , k;‘ Shear correction factors
a. b Plate sides ' '
i Plate thickness K KX Stiffness matrices
h, Face sheet thickness K. K Geometrical stiffness matfices
1; Number of layers MM Inertia matrices
E Young's modulus M. M, M Moments
G, Shear modulus N, N‘ N“_ Inpiane forces
i Poisson's ratio : PP Load vectors
o Fourier coefTicients of f Q () Stiffness terms in o - € relations
F. F " Generalised force resultant and its elements p(i) Density
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0,0, Shear forces

u,vw Displacements

Up Vy W, Series terms in displacements
X%z Cartesian coordinates

t Time

a, B mn/a, nnlb

W Natural frequency

g, Strains

o Stresses

1. INTRODUCTION

For the efficient design of laminated composite
and sandwich plates, a good understanding of
their deformation characteristics under various load
conditions are needed. Classical plate theory,
first-order shear deformation theory (FSDT), and
higher-order shear deformation theories (HSDTs)
involving higher-order terms in the Taylor's expansion
of the displacements in the thickness coordinate =z
have been developed for orthotropic and laminated
plates. Lo'?, et al. have presented, for a laminated
plate, a closed-form solution with higher-order shear
deformation theories, including the effect of transverse
normal strain. Kant® derived the variationally consistent
third-order theory for symmetrically laminated plate,
including the distortion of the transverse normals
and the effect of transverse normal stress/strain.
Reddy** derived a third-order variationally consistent
theory which satisfies the conditions of zero shear
stress on the faces of the plate: Using the theory
of Reddy, Senthilnathan’, et al. presented a simplified
HSDT by splitting up the transverse displacement
into bending and shear contributions. Pandya and
Kant’, and Kant and Manjunatha® have presented
third-order HSDTs including the transverse normal
strain in the former, for laminated cross-ply and
sandwich plates and have given corresponding finite-
element formulations. Noor and Burton® presented
an assessment of first-order shear deformation theories
and HSDTs for the static, free vibration, and buckling
analyses of laminated composite plates. Srinivas'?,
et al. Srinivas and Rao'', and Noor'? presented
exact three-dimensional elasticity solutions for
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the free vibration of isotropic, orthotropic, amnc
anisotropic composite laminated plates. Swaminathar
and Kant'*'* have recently compared five non-classica
plate theories for deflections and stresses unde
transverse loads, natural frequencies of free vibrations
and buckling loads under inplane static loads, fo
cross-ply composite and sandwich simply-supporteq
plates. Pagano'®, and Pagano and Hatfield'® hav.
given exact solutions for the rectangular composit:
and sandwich plates. Noor'’ has given elasticit;
solutions for stability of multilayered composit:
plates.

The objective of this study is to present a unifies
general formulation of all higher-order theories fo
geometrically nonlinear responses of cross-pl
plates, based on a single polynomial expansion o
displacements in the thickness coordinate z. It include
ten models studied by Swaminathan'? as specia
cases. The governing equations for linear stati
response under transverse load, free-vibration respons¢
and for buckiing under inplane load, have bee
derived. The expressions for the stiffness matri
K, inertia matrix M, geometric stiffness matrix X,
and the load vector P have been developed for
simply supported rectangular plate using Navier'
solution. A general purpose, single programme ha
been developed for all higher-order laminated plat
theories.

2. UNIFIED FORMULATION OF GOVERNIN(C
EQUATIONS

Consider a laminated cross-ply composite ¢
sandwich plate of sides 4, b along axes x, y an
thickness # with its mid-plane at z = 0. Summatio
convention is used with the summation indice
i, I ranging from 0 to p; j, j/ ranging from 0 1
g¢; and r, s ranging from | to 6. The displacemen’
are expanded as polynomials in the thicknes
coordinate z:

u(x,y,z,1)= z"u,.(x,y,t)
v(x,y,2,t) = 2'v,(x,,1) Qa
w(x,y,},t) = zjwj(x,y,t)

The number of terms p +1 in inplane displacemen
can be different from the number of terms g+1 i



the transverse displacements. The virtual displacements
are given by '

Bu(x,y,z,0) = 2'8u,(x, y,t)
Sv(x,y,z,6) = 2°8v,(x, y,8) )
dw(x, y,2,0) = 278w, (x,y,1) @

In the strain-displacement relations, the nonlinearity
is included only in the inplane strains due to w
alone

x X 2
—_ — 13
E; <€, "v.y+'i'w§’
£3 =g, =w,

3)

where subscript comma denotes partial differentiation.
The strain increments 8¢, for du, v, dw are:

8¢, =2' Ut zﬁj'wj'-xa wf--‘.
o, =z 's VieatZ s WJ"-."8 Wiv
8gy= 2/ w,

be, =iz, +2/8w,,

oe; = iz"1$ u; + 2’8 Wiy 4
585 =z (8 ;. +6 vi..\') + zj+j' ( )

(wj'._rs L wj'..\‘s W)

Two models of linear elastic constitutive equations
are used.

(a)Ifg, #0,i.e.. g 2 I, then actual Young’s moduli
are used for orthotropic material.

{b)Ife,=0,i.e.q=0,then reduced moduli based
on the approximation, ¢, = 0 are used.

The constitutive equations are:

6, =0, =0& + 05, + 036,

G, =0, =08 +Ont, + ks
03 =0, =0, + )€, + 05€,
4T, =QuY,,

O =T, =0

O =Ty =Uss¥

(5)

where

Qu= Gyzs Oss =G, O =ny-
For Case (a)

Oy =E(1-v, v }A

Q,= E,(vy, +vﬂvy,)fA

Q]3 = Ex(v.-,; +v,xvzy)’A!

On =£,(1-v,v, }A

Qz‘3 =E (v, +V, v, )}/A (6)
On=E (1-v,v,)/A

A=l=v, v, =V, v, =V, V, —d V.V,

For Case (b)

Qu=E (1-vyy,)

On=E, /(1-v,v,) |

On =V, E (1-v,Vv,) : €))
Qi3=0y=0,,=0

The 6 x 1 generalised force resultant matrices
F, for the mid-plane are defined as the integral of
the product of 6 x 1 stress matrix ¢ and the &*
power of z across the thickness:

T
¢ =[0,6,0,0,050]

Fk=[FIk an Fs.t F4k Fs& Fﬁt]T
W2
= J’cz*dz, k=0,1,2,..

-hi2

8

The inplane forces N, N, N _, transverse shear
forces O, Q_‘, and moments M, My, M__ are related
to the elements F, of F, as N = F , N =F,,
N.\'_l' = Fﬁ(}' Q.t = FSD’ Q_r = FM)’ M\' = FI.]’ M\' = Fll’
M = F,, M_= F,. The generalised inertia /,
and the generalised transverse load p,, for the
mid-plane are defined as
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IYp) hi2
h="fores =)
-h/2 -hi2 9)
k=0,1,2...

The following equations of motion and boundary
conditions are obtained using Hamilton's principle:

1 i — Fy "F&t,y +iFsu"—t) =0

lix
LV —Fo o= Fy  +iF =0 (10)
i=0,..,p
LWy = Fyjo = Fojy + JFs
_[F;(jﬂ“)wf.x].z -[F; 2(j+;‘)wfd'],y
_[F;»(jﬂ‘)wj'.y L= [F;(ﬁj')wf.x ].y =Py, (11)
j=0,...9

at x = 0, a: prescribed values of
F,oru, F orv,

F

147 Wi 61 iy )

at y=10, b: prescribed values of

F,oru, F,_orv,

| (13)

' + +
Fapyrs * FogpWya ¥ Fy 0t W,

Neglecting the nonlinear terms in Eqns (10)

to (12), yields the linear equations of motion:

i

Ly =Ry —F, +iF'5(,_1) =0,

_ i=0,..,p
LiVe = Foio =Py +iFy 4y =0,
. i.= 0,;..,p (14)
! Wi~ FSJ.x - F4;',y + st(;'—l) =Pp.,
' Jj=0,....q.

and the linear boundary conditions:

at x = 0, a: prescribed values o_f F, oru,

Foorv, Foor w _ " (15)
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+F +F, orw (12)-

at y = 0, b: prescribed values of F, or u,

F,orv, F,orw, (16)

The linear strain-displacement relations are
obtained from Egn (3):

i
g, =2

i
£\ =z, ty

€y = jzj"wj £, =iz, +z'w;

o (17)
gs =iz u+zlw,, €=2'(u,+v,)

Equations (5), (8), (17) yield following relations
for the generalised force resultants for the linear
case:

gk k+i ket
Fu=Ayu, +A4; v, +jdz"w;
gk ki, gktjel
Fu =4y u, Ay v, +jdy' " w;
- AR+ k+i gk -l
Fy=A5"u + Ay, + jAy"w,

Fo =idg™ v, + AGw,, (18)
k+j

o & k-]
Fo =idsg u, + Asg'w;

koi
Foy = Aﬂ;‘(ui,y +v; )

where
hi2
K _ k . .
4, = IQrsz 9z are the generalised stiffness
k12

of the plate.

A=A AL =B =D

where A, B, D are the inplane, coupling and bending
stiffness of the plate, respectively. For first-order
shear deformation theroies:

ni2 hi2
0 _ 2 0 _z2
Ay = ks_v J.Qudz, Ass =ksy _[stdz (19)
' -hi2 -hi2
where kf,,k;. are the shear correction factors for

shears Q ,Q), respectively.

The governing equations for buckling under
inplane load for symmetric laminate are obtained
as follows. The pre-buckling linear solution consists
of constant values of F, F,, F, which satisfy



Eqn (10) with F,,, = 0 F,,, = 0. Using this in

Eqn (11) yields for j = 0, ... , ¢:

=Fj = Fyjy ¥ i) — B Wi

~Fyje\Wiyy — 2Fe(je pyWimy = 0.

3. NAVIER'S SOLUTION

The displacément equations for linear dynamic
response are obtained by using F, from Eqn (18)
in Eqn (14):

i 1+z ’
Il+t u: ‘ 1 Yy — AIZ '.xy
it —1 i+
=J A; ! - A66 (u“,yy + V:",xy)
+i({ALY _2u + A Ny ) =0

i+ I+
I:H vf’ (ui Xy + Ve, ) _AlZ Uy oy

+_;—l

- -] ".y
-2 i+j-
+l(l M2y, . )=0
A44 ) ! 54 (21)
J+r- J+i
Iy, pwy— i Up o = A55° Wy o
JHi-1 I+ ; .
I V i,y A44 -' + J

[Aijgﬂ_lu +AJ+1 i'—1 +JAJ+J 2W ’}= pzj

fori=0,...,p;and j=0,...4. The boundary conditions
for simply-supported plate are taken as
Atx=0,a: F;=0,v,=0,w, =0
aty =0, b: F2£=0,u[.=0,wj=0_ (22)

The u, v, w, are expanded in the following
series form which satisfy all conditions [Eqn (22)]:

u, =% Tu" cosor xsinf8 ycosax

w; =% Tw;" sinaxsinf ycosax

v, =Y Yv"sina xcos B ycosax (23)
=% Xp; sina xsinf ycosa¥

. where o = mn/a, B = nn/b and w is the frequency.
Substituting Uy VoW, P, from Eqn (23) in Eqn (21)
yields:

—®*Mu” +Ku* =P _ (24)

(20)

fori=0,.,p,i=0,..

where 4" = [u, vy w, u, v, w u, v, w, ...]I", M is
the inertia matrix, X is the stiffness, and P is the
load vector. The non-zero elements of matrices M,
K and P are:

MGi+13+) =1,
M@Gi+2,37 +2)=1,;

- M@j+337+3)=1,;
KGi+13' +h=a 24T 1 B A"%' i :+r 2 -
K_(3t+1,3: +-2)-—-:aﬂ(Al‘;‘ +A;f)
KGi+1,3j +3) =it/ o jAl ™
KGi+237 +y=af (Al + Al
KGi+2,37 + 2 =a’ AL + B2l +irAl?
KQGi+23j+3)= ﬁm;}'-l B7. +.r—1
K(3j+3,3 +1)—a;A51+"' _ainﬂi‘—l
KGj+3,37 +2) = BrAl " - BjAi
K@j+33/+d)=a Asjs” +B Ai:, +Jj'A.J.’;'f‘2
PGj+3=p 25)

P j=0,, g7 =04

~ For the buckling problem under inplane loads, .
let the loads be increased proportionately with

Fy = ARy, Fy = AFy, Fg =AFg, where F, F, Fy
define the proportion of loads and A is the buckling
parameter. The Navier's solution of Eqn (20} is
obtained by substituting from Eqn (23) and setting
u=v=0:

Ku' —AKgu' =0 | (26)

with non-zero elements of the geometric stiffness

matrix K being:
K;(3j+3,3j +3)
=-a zfimi’) - ﬁzfzum +20BFy 1.y 27)
One-term static solution for a simply
supported plate subjected to a sinusoidal load on

the top surface, i.e.,

0, (x,y,4) = pysinoxsin fiy = pI* = ROy
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is obtained by solving Ku' = P for u«". The force
resultants are computed using Eqn (18).: The
displacements, strains and stresses at point z in
layer number i/ are obtained using Eqns (1), (3)
(retaining only linear terms) and (5).

For FSDT models, a better estimate of 7,,
7,,, O, is obtained by integrating the equations of
equlhbnum across the thickness. The equilibrium
equations for x and y directions are integrated to
yield 7_(z2), T, (2), respectively. The equilibrium equation
for z direction is then integrated to yield o(z).

g  +T,. .+

xx yx.y

Tn (=05 ()= j(—aof"' + Bc;"" )dz
=00 =

To =0 =

Tyrt O, +T,,
Z
T () =0"(2)= [(-oy" +aodz

=00 = (28)

Tt T, 10,

X

o () =07"()= [(ao" + Boi™)dz
0

since T, (—h/2)=15 (-h/2)=0;"(-h/2)=0 at the

- the general

traction free bottom face. Equation (28) is integrated
layerwise.

To obtain frequencies of free oscillations of
the (m,n)® mode, equations Ku" = w?Mu" are solved
for all eigenvalues.

The buckling problem is considered for the
following prescribed inplane loads at the boundary:

2

=Fo. N, =Fy, N, = Fy
ie. NN, : N uFy:FyFg
and o
F,=F,=F;=0 for i#0
For given (m,n) Ku"=AK_u"is solved for the
smallest eigenvalue A and reworked for other
values of (m,n) to obtain the absolutely smallest
value of A.

A computer program has been developed
for solving static response, linear vibration frequencies,
and buckling loads for any cross-ply composite/
sandwich, simply supported rectangular plate using
unified formulation presented
herein for any higher-order plate theory using
single displacement expansion across the thickness.

Table 1. Identification of elements of displacement vector u* nnd variables used in various theories

Z i™element Variable Models
of w* :

: 1 6 2 7 3 8 4 9 5 10
Zo l uﬂ uﬂ uﬂ uﬂ uO uO
° 2 v, v, v, v, V, v,
Fad 3 W, w, W, y W, X W, wh + W) W+ w X w,
Z 4 u! X e.\' x 9.1: ex ex - Wg-x - ngx x ex
z 3 v, ., 8, 68 8 6, 6, —we, —we, g, 9,
z 6 w, 9, ’
z 7 u, u; u;
z 8 v, Vo v,
2 9 w, w, W,
z 10 u; 3: 9: 9: -9 _;:2-(95 + Wo.x) s (e .x) _?:Twﬂs.x —#w;.x
z 1 ¢! 9: ; ; - 9; _ﬁ? (ey + w°d') T (e." + ﬂ'r) - Ti%f Wour - # wg-a
212 w, 8,
size 6 12 5 9 5 7 5 7 3 5
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4, EXISTING THEORIES AS PARTICULAR
CASES OF UNIFIED FORMULATION

The ten theories (model 1 to model 10) studied
by Swaminathan'? are the particular cases of the
unified formulation presented herein as shown in
Table 1.

Model 1 to model 5 are for symmetric laminates
and model 6 to model 10 are for unsymmetric
laminates. Model 1 and model 6 have been originally
presented by Kant}, Pandya and Kant’; model 2
and model 7 by Pandya and Kant’; model 3 and
model 8 by Reddy*; model 4 and model 9 by
Senthilnathan®, ef al. and model 5 and model 10
are FSDT models with shear correction factors.

k2 =k2 =5/6 in models 3,8,4, and 9, the size of
the assembled M, K, K, P matrices is reduced
from 5, 7,5, 7t0 3,5, 2, 4, respectively using the
transformation matrix A4 from the actual vector u”
formed by the independent displacement variables
used in the formulation to' the vector u" of the
generalised formulation presented herein: u° = Au"".
Equations (24) and (26) can be unified as

-0’Mu' +(K-Kgu' =P

= oMY +(K' K" =P 29)

where the reduced matrices M, K, K., P’ are
related to the matrices M, K, K., P by -

M'=ATMA, K =A"KA

Ky =ATK A, P=A"P (30)

The transformation matrices A for models 3,
4, 8, and 9 are given respectively by

r o [ 0 0
y 0 1 0 o
o o o 1 [I™
u =y = da 4 e,”
™ 2 342 g

S OO = O
-0 0 O O

&
~
@
[a=3
|

(=R =R~ -
(=R =R = =)

v llo o o -2

After finding solution for u" for models 3, 4,
8, and 9; use ¥ =Au_ to obtain u .

The general shear correction factors 2,k
are based on the quadratic variation of shear stress
across the thickness:

T, =31, (1-42%/4h?)
where 1_is the mean stress.

The shear strain energy based on t_ across the
thickness is modified by the factor kZso that

(212G )dz/ kL =12 12Gs5)dz

yielding
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43" L2602 Ossi)
[ 2,() - 2 () = S22~ ()
A AUREAQY

Oss ()

(32)

O

“Similarly, k;,
Qs

The FSDT models with the more general values
of k2 and k. are called model 11 and model 12
for the symmetric and unsymmetric laminates,
respectively.

is defined with Q,, replaced by

5. CONCLUSIONS

A unified general formulation of all higher-
order theories has been presented for geometrically
nonlinear response of cross-ply composite and
sandwich plates based on a single polynomial
expansion of displacement in the thickness
coordinate. It includes the existing ten models as
special cases. The governing displacement equations
for linear static, free-vibration response, and
for buckling under inplane static load, have been
derived. The stiffness, inertia, geometric stiffness
matrices, and the load vector for simply supported
rectangular plate have been developed using Navier’s
solution. A general purpose program has been
developed for all higher-order theories of a laminated
plate. - :
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