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ABSTRACT

Parameters for the Fracture models namely the Inherent Flaw Model (IFM), Point Stress Criterion (PSC) and 
Average Stress Criterion (ASC) were experimentally determined for HTPB-Al-based composite Solid Propellant 
of three different compositions. A Compact Tension specimen with geometry, as suggested in ASTM-E399, was 
adopted to generate fracture data. Parameters were estimated from a zero-aged propellant and also from a propellant 
that was naturally aged up to 4 years. Failure Assessment Diagrams for composite propellants have been formulated 
based on Two Parameter Fracture Criterion (TPFC) for these three fracture models. The notched strengths estimated 
from the models agree with the experiment results. Measured fracture toughness values for aged propellant are less 
than un aged propellant. The estimated decrease in notch strength for three years naturally aged propellant (with an 
increase in crack size from 27 mm to 31 mm) for type-1, type-2 and type-3 propellant are 36.82 %, 39.90 % and 
35.47 % respectively estimated from CT specimens. The study shows that the generated model can be utilized to 
predict the notched strength of cracked configuration in un-aged and aged HTPB-Al-based composite Solid Propellant. 

Keywords: Solid propellant; Inherent Flaw Model (IFM); Point Stress Criterion (PSC); Average Stress Criterion 
(ASC); Failure Assessment Diagram (FAD)

NOMENCLATURE
Kl : SIF in mode-I loading
KlC : Critical SIF in mode-I loading
c : Initial crack length
𝜉 : Ratio defined by c/w
PQ : Load corresponding to 95 % of the initial tangent

 : Notch strength of the wide specimen
sN : Notch strength of test CT specimen
KQ : Provisional fracture toughness as per ASTM E399
rci : Characteristic length of IFM
s0 : Notch strength of the unnotched sample
rcp : Characteristic length of PSC
rca : Characteristic length of ASC

 : Fracture toughness of wide specimens in fracture 
   models
Kf : Parameter in fracture models
m : Parameter in fracture models
SIF : Stress intensity factor
LEFM : Linear elastic fracture mechanics
IFM : Inherent flaw model
PSC : Point stress criterion
ASC : Average stress criterion

1. INTRODUCTION
Solid propellant has proved its performance and reliability 

for its applications in Space and Defence over decades. With 

the development of Defence technologies, the requirements 
for high-performance solid propellants with a high level of 
reliability over the entire duration of service life have been 
increased. One of the prime concerns is the initiation of micro 
flaws and cracks during storage and handling. The presence of 
micro flaws alters the mechanical behaviour and puts potential 
risks of its growth over time. If developed cracks exceed a 
certain limit, it restricts its usage as during the ignition/burning 
phase, these extra exposed surfaces (at the time of burning) will 
cause an unexpected rise in pressure resulting in catastrophic 
failure. 

Review of propellant mechanical properties studied1 for 
structural integrity. Since uniaxial testing is not adequate, 
numerous pioneer researchers have put their efforts into 
understanding and examining the fracture behaviour of solid 
propellants for years. Ha 2, et al. carried out studies for the 
strip-yield model and the Inherent Flaw Model conducting 
fracture toughness tests using CCT (Centre-Cracked Tension) 
specimens and Failure Assessment Diagram methods were 
investigated using these two models. Similar studies were 
carried out3 in polyamide12 resin. Shapery4, et al. established 
the theory of initiation and growth of cracks in viscoelastic 
media.  Unique failure criterion for characterizing the fracture 
in solid propellant was studied and formulated5. The fracture 
process in solid propellant was examined experimentally 
through the J-integral concept6 and his co-workers. Effect of 
load history on fracture properties highlighted7. Further to this 
fracture behaviour was studied at various temperatures and 
strain rates8 and explained the dependency of fracture toughness 
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on these parameters. With the development of testing and 
computing efficiency, researchers developed fracture Criteria 
for solid propellant. Rao9-11, et al. developed and experimentally 
validated fracture Criteria for solid propellant. Similar fracture 
models were developed and validated for laminate composite 
materials12-13. Attempts have been made to formulate fracture 
Criteria for composite and similar materials. Nuismer14, et 
al. formulated fracture Criteria for laminated composites 
containing stress concentration. Srivastava15, et al. studied 
load carrying capacity of laminate composite under different 
environment conditions. In the present study, parameters for 
fracture models were determined experimentally on solid 
propellant samples with three different compositions with ages 
ranging from un-age to naturally aged up to 4 years. Failure 
Assessment Diagrams were then evaluated from experimental 
data for these samples and results were compared. The 
rationale behind selection of the three fracture models namely 
IFM, PSC, and ASC is primarily to formulate fracture model 
which can predict fracture in solid propellants to a good level 
of accuracy and ease. Researchers too explored the adequacy 
of such models with specific compositions as evident in the 
Literatures.

The fracture models under study predicted the notched 
strength very closely within the domain of studies and close 
to the test results. Being polymeric material with apparently 
blunted zone close to crack tip, ASC can be an appropriate 
model for predicting fracture.

2. LEFM AND EXPERIMENTAL DETERMINATION 
OF FRACTURE TOUGHNESS FOR OPENING 
MODE
As per Linear Elastic Fracture Mechanics16, the stress 

field near the crack tip is fully characterized by Stress Intensity 
Factor in opening mode and is related to both stress and the 
size of the flaw.

The limiting value of SIF at onset crack propagation is 
a property of material known as fracture toughness. Fracture 
toughness KlC (in opening mode) is a function of crack length 
and specimen geometry. As per procedures17 experimental 
determination of KlC was carried out using Compact Tension 
(CT) specimens. Expression for provisional fracture toughness 
is expressed in Eqn. (1).

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤
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𝑊𝑊𝑊𝑊
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(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  
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�
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f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 
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∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
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∞
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𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

             (1)
where: ; w being specimen width

                             )
Once load PQ is estimated from the experimented load 

line and displacement curve, provisional fracture toughness 
is estimated from Eqn. (1). The KQ value estimated is valid 
K1C if it meets the validity Criterion listed in Eqn. (2) through  
Eqn. (4). With ‘B’ being sample thickness.
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5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
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             (4)

3. FORMULATION FOR FRACTURE STRENGTH 
AND CHARACTERISTIC LENGTH IN FRACTURE 
MODELS
With the development of polymer technology and its 

usage in propellant processing, efforts have been made over 
decades to understand and establish failure Criterion for Solid 
Propellant. Solid Propellant being a viscoelastic material 
undergoes changes in mechanical behaviour with time. From 
LEFM, SIF for infinite plate subjected to far-field stress is 
given by Eqn. (5).

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤
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(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
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∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

              (5)
There exists an intense energy region near the crack tip 

and applied successfully18 as it was applied to metal by Irwin. 
The resulting Eqn. is shown in Eqn. (6).

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

             (6)

In the Eqn. Above,

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

is the fracture strength of a wide 
tensile specimen having a centre crack of length 2c. This 
quantity (c+rci) is seen as an effective half-crack length. For 
the case of the unnotched specimen, the notched strength 
equals unnotched strength s0 and  Eqn.(6) reduces to Eqn.(7).

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 
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∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 
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� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
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  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2
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𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞
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∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
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𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

             (7)
The quantity rci is then a half-crack length of an Inherent 

Flaw in the unnotched tensile specimen. Accordingly, the 
model in the literature is referred to as the Inherent Flaw Model 
(IFM). A schematic of stress intensified zone for IFM is shown 
in Fig. 1(a).

Figure 1.  Schematic stress intensified zone for (a) IFM; (b) 
PSC; and (c)ASC.

The fracture strength (

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
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𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
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�
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0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 
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𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 
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𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
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𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

              
(8)

From Eqn. (6), notched strength can be written as 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

              (9)

An expression for the length of the intense energy zone rci 
(characteristic length) is written from Eqn. (8) as

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 
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The fracture model, Point Stress Criterion (PSC) is based 
on the assumption that failure occurs when the applied normal 
stress sy>0 over an axial distance of rcp away from the crack 
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tip equals unnotched strength s0. The schematic view of the 
failure Criterion is shown in Fig. 1(b).
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𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

           (11)

Similarly, the fracture model Average Stress Criterion 
(ASC), is based on the assumption that the failure occurs when 
the average stress over an axial distance of rca ahead of the 
crack tip equals s0. The schematic view of the failure Criterion 
is shown in Fig. 1(c).
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�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

          (12)

The normal stress sy>0 along the x-axis ahead of the 
crack is given by Eqn. (13).

 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

          (13)

Application of Eqn. (13) to fracture Criteria result in 
fracture strength relations

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
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For the Average Stress Criterion.

In the literature11, it is noticed that the characteristic 
lengths in the fracture models are dependent on the notch 
sizes and are not the material constants. While it is argued19 
that these are essentially constant values. In the present study, 
within the crack length studied, the characteristic lengths 
are experimentally determined and are apparently constant 
values. Two parameter fracture Criterion as suggested 10-12 are 
considered here for study. A linear relation between the two 
fracture parameters namely Kf and m is written as

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤
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𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
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𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

           (16)

The terms Kf and m in Eqn. (16) are determined by the 
least square fit to the data of 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤
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𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
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5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 
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𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 
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𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  
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and s0. The value of m=0 
implies that Kf is equivalent to Linear Elastic Stress Intensity 
Factor K1 and the Eqn. Applies to low toughness material. 
If the value of m is set to unity, the result applies to high-
toughness material. If the value of m is found to be negative 
it is set to zero and the value of Kf  is determined. Hence in the 
present analysis value of m is set between zero and unity. The 
value of Kf is determined by the least square for 0≤m≤1. For the 
determination of Kf and  m, a minimum of two notched samples 
and one unnotched sample are to be tested as recommended in 
the literature. Normally more samples are tested to cater for 
the dispersion in test results between samples. In the present 
studies, a minimum of three identical samples were tested at 
each test condition meeting the requirements17 of extracted 
from the same batch of materials.
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f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

 where b is the characteristic length of 
the fracture models. The Eqn. (16) is arranged and re-written in 
non-dimensional form as

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

           
(17)

where

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

Or

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

         
(18)

Once b* and m in Eqn. (17) or Eqn. (18) are known, 
notched strength is easily determined for specific crack length 
by solving these non-linear equations by numerical methods 
like the Newton-Raphson method.

              
(19)

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

         

(20)

 
 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 = 𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄
𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤

𝑓𝑓𝑓𝑓(ξ)  1 

𝜉𝜉𝜉𝜉 = 𝑐𝑐𝑐𝑐
𝑊𝑊𝑊𝑊

  

𝑓𝑓𝑓𝑓(𝜉𝜉𝜉𝜉) = (2+𝜉𝜉𝜉𝜉)
(1−𝜉𝜉𝜉𝜉)1.5 (0.886 + 4.64𝜉𝜉𝜉𝜉 − 13.32𝜉𝜉𝜉𝜉2 + 14.72 𝜉𝜉𝜉𝜉3 −

5.60𝜉𝜉𝜉𝜉4  

𝐵𝐵𝐵𝐵, 𝑐𝑐𝑐𝑐 ≥ 2.5 �𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
�
2

 2 

0.45 ≤ 𝜉𝜉𝜉𝜉 ≤ 0.55 3 

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.10𝑃𝑃𝑃𝑃𝑄𝑄𝑄𝑄 4 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎𝜎𝜎 √𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐  5 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐 + 𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  6  

σ𝑁𝑁𝑁𝑁∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  7 

f(𝜉𝜉𝜉𝜉) (σ𝑁𝑁𝑁𝑁∞ = σ𝑁𝑁𝑁𝑁 f(𝜉𝜉𝜉𝜉)) 

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= � 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
  8 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁∞ =
𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄
∞

�𝜋𝜋𝜋𝜋(𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
  9 

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐

� 𝜎𝜎𝜎𝜎0
𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞�

2
−1

  10 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)�
𝑚𝑚𝑚𝑚=𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0   11 

1

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∫ 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐

= 𝜎𝜎𝜎𝜎0  12 

𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥, 0) = 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚
�𝜋𝜋𝜋𝜋𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚2−𝑐𝑐𝑐𝑐2)

, 𝑥𝑥𝑥𝑥 > 𝑐𝑐𝑐𝑐 13 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �1 − � 𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�

2

  14 

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
= �

𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝑐𝑐𝑐𝑐+𝜌𝜌𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

  15 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�� 16 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞  𝜎𝜎𝜎𝜎 𝑁𝑁𝑁𝑁     

∞  

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄   
∞ = 𝜎𝜎𝜎𝜎0�𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋   

�𝜋𝜋𝜋𝜋

𝜋𝜋𝜋𝜋∗
+ 𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� = 1 17 

𝜋𝜋𝜋𝜋∗ = 1
𝜋𝜋𝜋𝜋
�𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓
𝜎𝜎𝜎𝜎0
�
2

  

𝑚𝑚𝑚𝑚2 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�
2
− 2𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� + �1 − 𝛽𝛽𝛽𝛽

𝛽𝛽𝛽𝛽∗
� = 0  18 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2
  19 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄∞ = 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �1 −𝑚𝑚𝑚𝑚�𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋  

�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
�

2
+ �1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�

2
  20 

𝐾𝐾𝐾𝐾𝑄𝑄𝑄𝑄 
∞ = 1

√2
𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓 �−𝑚𝑚𝑚𝑚 �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
� �  𝑋𝑋𝑋𝑋�1 − �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁

∞

𝜎𝜎𝜎𝜎0
�
2

 21 

𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 𝐴𝐴𝐴𝐴1(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇2 + 𝐴𝐴𝐴𝐴2(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀)̇ + 𝐴𝐴𝐴𝐴3  22 

√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓  (𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐√𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  

𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁, �𝜎𝜎𝜎𝜎𝑁𝑁𝑁𝑁
∞

𝜎𝜎𝜎𝜎0
� 𝑓𝑓𝑓𝑓(ξ) 

        
(21)

Relations for Failure Assessment Diagrams (FAD) for 
three fracture models are obtained by eliminating characteristic 
length in Eqn. (17) or Eqn. (18) with relations in Eqn. (8), 
Eqn. (14), Eqn. (15). The obtained relations for FAD of three 
models ie IFM, PSC and ASC are listed in Eqn. (19), Eqn. (20), 
Eqn. (21) respectively. The relations are significant as these 
can be utilized further for notched strength prediction in the 
tension of cracked configurations other than the centre crack20. 
Establishing such fracture models has the advantage that 
these models can be used for the estimation of notch strength 
prediction of configurations other than standard specimen 
geometries.

4. SAMPLE SELECTION AND PREPARATIONS
All experiments were carried out on Compact Tension 

(CT) specimens as per ASTM E399 from HTPB-AP-Al based 
composite propellant with poly urethane-based curator with 
NCO to OH ratio of 0.80-0.85.  The number average molecular 
weight of HTPB in selected propellant has values between 
3000-5000. Hydroxyl values are in the range of 40-50 mg 
KOH/g. Ammonium Perchlorate in bi-modal form has particle 
size varying from 45-500 microns and 30-100 microns for 
type-1, it is 45-300 microns and 30-100 microns for type-2. 
Type-3 has a trimodal AP composition with a third particle size 
range (as compared to type-1) is 6-10 microns. Al powder has a 

Table 1. Sample selection

Conditions Type-1 Type-2 Type-3
HTPB 10 10 10
Al 18 18 19
AP 68 68 67
Catalyst 0.2 0.0 0.5
Others 3.8 3.5 3.5
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size in the range of 16-20 microns. The compositions for three 
different propellant samples are listed in Table 1. Propellants 
are cast under vacuum and cured at 50 °C. CT specimen 
prepared as per17 for fracture testing. 

The dimensions adopted for the present study for 
the specimen are shown in Fig. 2(a). The sample from the 
propellant finally prepared is shown in Fig. 2(b). After final 
punching pre-crack of known length was introduced in the 
samples by a new sharp razor blade.

Similar procedures have been adopted in literature5-21. 

The generated crack was observed in the high-resolution 
microscope with 200x and the pic from one of the samples 
is shown in Fig. 3. For each type of propellant under study, 
samples selected with naturally aged at ambient conditions 
ranging from un-aged, aged for 2 years, 3 years and 4 years. 
CT samples were tested in a Universal Testing Machine at 
cross-head speeds of 0.5 mm/min, 5 mm/min, 50 mm/min, 250 
mm/ min and 500 mm/min with an ξ value of 0.537. 

5. RESULTS AND DISCUSSION 
5.1 Effect of strain rate and ageing on fracture 

toughness of solid propellant
KlC was evaluated from experiments at different strain 

rates for type-3 solid propellant samples under studies plotted 
against log strain rate in Fig. 4(a) with fitted curve. 
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𝐵𝐵𝐵𝐵√𝑤𝑤𝑤𝑤
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         (22)

Figure 2.  CT specimen as per ASTM E399 (a) Geometry with 
dimensional details; (b) Propellant CT Specimen.

Figure 3.  Crack growth in propellant (a) magnified view 200x; 
and (b) Fracture Zone during crack propagation.

A minimum of three samples were tested at each test 
condition. Provisional fracture toughness was evaluated for 
each sample and taken average. Tests were also carried out on 
three years aged samples with  from 0.482 to 0.574 at a cross-
head speed of 50mm/min. Load and load line displacement for 
all test conditions recorded electronically. 

During testing images of the fracture zone and crack 
front were recorded and shown in Fig. 3(a) and Fig. 3(b) 
respectively for one of the samples. The pictures clearly show 
the propagation of crack in heterogenous solid propellant in 
slight zig-zag manner. Propagation of crack is resisted by the 
strength of the binder while oxidizer particles get separated out 
during the phenomena. The more the binder filler strength, the 
more resistance it offers for crack growth.

Figure 4.  Propellant fracture toughness variation of KlC with 
strain rates; (b) Variation of KlC with age; (c) Load 
displacement curve; and (d) Characteristic length 
for IFM type-3 unaged.

In the graph, experiment data excellently fits with second 
order polynomial as in Eqn.(22) with r-square value of 0.998. 

The same trends were noticed for samples of all test 
conditions. Test results for all three types two years of age and 
four years of age are shown in Table 2 and Table 3 respectively.

Table 2.  Fracture toughness values evaluated with various 
crosshead speeds for naturally aged 2 years samples 
from CT specimen with c=29 mm, W=54 mm and 
B=27 mm.

Crosshead speeds 
(mm/min)

KIC
 
MPa

Type-1 Type-2 Type-3
o.5 1.3924 1.0405 1.4025
5 1.7830 1.5214 1.7098
50 2.4520 1.8627 2.1554
250 3.0993 2.5383 2.7827
500 3.0066 2.5679 2.8545

From the curve fitting, the constant in Eqn. (22), evaluated 
and compiled in Table 4 and Table 5.

With age, the fracture toughness of solid propellant under 
study shows decreasing. The decrease is reflected in all tested 
strain rates. Evaluated fracture toughness is compared for 
2-year and 4-year naturally aged samples for type-1 propellant 
in Fig. 4(b).

Failure load and the equivalent failure stress for the 
wide specimen for Type-1 propellant compiled and shown in  
Table 6.
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5.2 Experimental Evaluation of Parameters for Fracture 
Models
Fracture toughness evaluated from load-displacement 

plot as shown in Fig. 4(c) in line with 17. Evaluated Provisional 
fracture toughness verified for its compliance to Eqn. (2), Eqn. 
(3), Eqn. (4). Compliance values are accepted as valid fracture 
toughness of propellant. 

From the valid fracture toughness values, fracture strength 
was evaluated. Characteristic length for IFM estimated using 
Eqn.(10). Graphically shown in Fig. 4(d). The experimentally 
evaluated Characteristic length for fracture models is compiled 
in Table 8. for the crack length of 29 mm.

Table 3.  Fracture toughness values evaluated with various 
crosshead speeds for naturally aged 4 years samples 
from CT specimen with c=29 mm, W=54 mm and 
B=27 mm.

Crosshead speeds 
(mm/min)

KIC MPa

Type-1 Type-2 Type-3
o.5 1.3732 1.3909 1.3074
5 1.7426 1.6448 1.6206
50 2.3453 1.9267 2.1247
250 2.8711 2.9617 2.7847
500 3.0360 2.6323 3.0581

Table 4.  Experimentally evaluated values for constants in  
Eqn. 22 for naturally aged 2-year samples.

Conditions A1 A2 A3 r2

Type-1 0.0003 0.2229 1.5140 0.9856
Type-2 0.0106 0.1554 1.1680 0.9898
Type-3 0.0194 0.1122 1.4700 0.9898

Table 5.  Experimentally evaluated values for constants in  
Eqn. 22 for naturally aged 4-year samples.

Conditions A1 A2 A3 r2

Type-1 0.0155 0.1614 1.4680 0.9983
Type-2 0.0213 0.0564 1.4400 0.9909
Type-3 0.0295 0.0899 1.3660 0.9983

Table 6.  Experimentally evaluated failure load and failure 
stress for type-1 propellant (CT specimen w=54 mm, 
B=27 mm)

c, mm f(𝜉) Pmax, kN
sN 
MPa MPa

27 9.66 0.0585 0.0319 0.3078
28 10.24 0.0521 0.0276 0.2826
29 10.88 0.0473 0.0249 0.2703
30 11.59 0.0362 0.0191 0.2209
31 12.38 0.0370 0.0188 0.2330

Table 7.  Experimentally evaluated Un-notched strengths for 
0,2,3, and 4 years aged samples 

Age, years
s0 (MPa)

Type-1 Type-2 Type-3

0 0.8502 0.6708 0.7443
2 1.0542 0.7963 1.4308
3 1.1072 0.8326 1.5220
4 1.3317 0.8846 1.7828

Table 8.  Estimated characteristic lengths for IFM, PSC & 
ASC fracture models at c=29 mm

Conditions Type-1 Type-2 Type-3

IFM 1.8375 2.5138 0.6381

PSC 0.9046 1.2308 0.3173

ASC 3.6749 5.0277 1.2762

Figure 5.  Fracture parameters (a) Notched strength for type-3 
propellant; (b) Evaluated FAD for type-1; (c) Evaluated 
FAD for type-2; and (d) Evaluated FAD for type-3.

Fracture strength of samples from all three types decreases 
with the increase in notch size as is evident from test results 
and values predicted from fracture models using evaluated 
parameters. The observed trends are plotted in Fig. 5(a) for 
type-3 propellant. 

Table 9. Estimated values of fracture parameters Kf (MPa√mm) 
& m for three models.

Fracture 
models

Type-1
Kf            m

Type-2
Kf            m

Type-3
Kf               m

IFM 2.5375   0 2.5989   0 2.1415     0
PSC 1.7812   0 1.8134    0 1.5101     0
ASC 3.5885   0 3.6754    0 3.0285     0

Parameters of fracture models (IFM, PSC and ASC) 
evaluated using Eqn. (16) and applying the Newton-Raphson 
method for all three types of propellant compositions and 
compiled in Table 9.

With the evaluated parameters, FAD for all cases evaluated 
and compared in Fig. 5 (b-d). They are in good agreement with 
the experiment results. 

FAD plotted in Fig. 5(b), Fig. 5(c) and Fig. 5(d) for type-1, 
type-2 and type-3 propellants respectively commonly indicate 
IFM & ASC are coinciding in predicting the notched strength 
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behaviour of solid propellant of three different compositions 
of unaged and naturally aged propellants. The predicted 
notched strengths of propellant samples by fracture models 
with experimentally evaluated parameters agree with the 
experiment results. The results showed that the notched 
strength decreases with an increase in notch size for all tested 
compositions. The estimated decrease in notch strength (with 
an increase in crack size from 27 mm to 31mm) for type-
1, type-2 and type-3 propellant are 36.82 %, 39.90 % and  
35.47 % respectively estimated from CT specimens.  Knowing 
the notch size, the fracture strength can be estimated with a 
good level of accuracy. The fracture strengths vary differently 
with compositions of propellant and test results shows 
decrease with age. Though, more no of experiments need to 
be conducted on naturally aged samples to ascertain further the 
trends noticed. These are planned as future works.
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