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ABSTRACT

This work deals with the investigation of the effect of porosity on the natural frequencies of the rotating pre
twisted sandwich blade with a functionally graded core in the thermal environment. The top metallic and the bottom
ceramic surfaces are exposed to ambient temperature and high inlet temperature, respectively. A finite element
approach using a layer wise theory is developed. Two different porosity distributions are assumed here. The effect
of the volume fraction index, rotational velocity, porosity model and temperature gradient on the natural frequencies

of the pre twisted sandwich blade is studied.
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1. INTRODUCTION

Turbine blades are mostly exposed to high-temperature
environments (Ansari', et al.). The combined effect of the higher
rotational velocity and the temperature requires careful design
and analysis. It is well known that blades made of advanced
materials like functionally graded material (FGM) have an
advantage in terms of long service life and better operational
efficiency? Interestingly, during the process of manufacturing,
voids are created in the layers made of functionally graded
material (FGM)®. Researchers like Chen?, et al. investigated
the natural frequencies of the rotating pre twisted functionally
graded material (FGM) blade in a thermal atmosphere. Yan*, et
al. investigated the nonlinear transient response of the rotating
blade made of FGM using a new structure dynamic model.
Singha’, et al. studied the behaviour of the natural frequency of
the pre twisted rotating panel. Chen®, et al. presented a rotational
dynamic model based on a quasi-three-dimensional approach
for rotating pre-twisted FGM blades. The application of the
finite element method (FEM) has several benefits. Researchers
like Singha’, et al., Parida and Mohanty®, Karmakar and Sinha’,
Karakoti', ef al. used FEM to perform dynamic analysis of the
FGM pre twisted rotating blade and FGM panels.

The exhaustive review of the literature indicates that there is
limited work available on the investigation of natural frequencies
of the rotating pre twisted blade with an FGM core in a thermal
atmosphere employing a FEM formulation. Therefore, the
present work aims to explore the output of the implementation
of different porosity models on the fundamental vibrational
modes of the rotating pre twisted sandwich blade with an FGM
core in the thermal atmosphere. Ceramic and metal are used as
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the lower layer and the upper layer of the sandwich blade and
the core is composed of FGM. The top metallic and the bottom
ceramic surfaces are exposed to ambient temperature and high
inlet temperature, respectively. A finite element method (FEM)
formulation using a layer-wise approach is presented. Two
different porosity distributions are taken up for this study. The
principle based on Hamilton’s approach is implemented to
obtain the differential equation. Different parameters are varied
to research the effect of distributions of porosity, gradient index,
rotational velocities and temperature gradient on the natural
frequencies of the blade.

2. MATHEMATICAL FORMULATION

Assume a sandwich blade with the upper, middle and lower
surfaces composed of metal, porous FGM and ceramic. The
FGM sandwich blade lies on a rectangular planform having
width a and length b along the x and y axes as shown in Fig. 1.
h is the thickness of the blade. /1, 4, and &, are the thicknesses
of the upper, middle and lower surfaces. The upper, middle
and lower layers of the FGM sandwich blade are made of pure
metal, FGM and pure ceramic respectively. ¥ is the angle of
the twist. It may be noted here that in the present analysis, a full
three-dimensional problem is reduced to a two-dimensional
analysis by assuming the thickness of the FGM sandwich blade
small (Kashtalyan!!, et al.). The layer-wise theory is used as a
displacement field for the present investigation and the same for
the middle, the top and the bottom surface is given as'*:

u? (x, v, z) =u, (x, y)+ Z(z)ef)

y@ (x, v, z) =v, (x, y)+ z20 ;2)

w®(x, ,2)=w,(x, ) (1a)
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Figure 1. Pre-twisted rotating sandwich blade with FGM core.
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w0 (5,3.2)= o . ) (10

The displacement at a coordinate in the x, y and z system
is given by u®, v and w for any i layer (i = 1, 2 and 3). The
transverse displacement is given as w_and the same is constant
for all the three layers. u_ and v_ are the in plane displacements
in x and y directions at the middle plane. The small inclination
of normal having rotation to mid-plane with y and x-axes is

given by Gg) and OJ(f). Accordingly, the strain-displacement
relationship is given as’'3:
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are plate curvatures. The middle plane of the curved blade is

b 0,0 a
given as PLOJSE S Ak where, Ryy=—". g,? and Fg are
the in plane strains 1% and y directions at the midplane and ng

is the in plane shear strain at the midplane. xyy =00y /0x and

Kyy = o0 / Oy are the derivatives of the rotational. (ﬂ( ) and (ﬂ(l)
are the shear strain components of any " layer. R is the radlus
of curvature in the x-direction. R, is the pre-twist radius. Since
the upper and lower layers are made of isotropic materials a
constant temperature is assumed for the same. However, the
middle layer is made of FGM having gradation along the
thickness direction and the solution for the temperature profile
is obtained from the Fourier law of heat conduction equation
under steady state (Eqn. 3) that results in a nonlinear profile of
temperature along the thickness (Karakoti'’, et al.):

K(’)( i dT(l) :l

3)

The temperature field (71) and the thermal conductivity
(K) have nonlinear variation across the thickness'*.

2.1. Porous FGM With Even Porosity

In this estimation, the temperature-dependent elastic
property at any point (P?”) along the thickness (z) direction is
given by'*:

PO, 1) = (B (1)~ BT D n) =SB+ D) (4

where, P (7) and P (T) are elastic properties of ceramic and
metal respectively and the same depends on the temperature.
& is the porosity coefficient. A7 is the volume fraction of pure
metal constituent for any i layer and the same is expressed as:

0 (20 1) /2h )

n is a non-negative real number that determines the
volume fraction profile of metal in functionally graded core
across their thickness.

2.2 Porous FGM With Uneven Porosity
In the uneven distribution of porosity, the temperature-
dependent elastic property is given as'*:

P2, 1) =By (1) — BN +

_s _z=h
Fe(T) = S Fp () + PC(T)][I o hz}

(6)

Eqns. (4-6) are used to obtain the material property at
a point along the thickness direction for the upper metallic,
the middle FGM and the lower ceramic layer of the sandwich
blade having FGM core. The obtained material properties
are used in the derivation of the rigidity matrix (D) and the
inertia matrix (I) that are further used in the derivation of the
global stiffness matrix (K), global geometric thermal stiffness
matrix (KoTH), global geometric rotational stiffness matrix
(KoR) and mass matrix (M) in the FEM formulation. Further,
Lagrange’s equation of motion is used to obtain the governing
differential equation and the first variation of the linear strain
energy, kinetic energy, thermal and rotational load-based strain
energy are taken. The global stiffness matrix (K), mass matrix
(M) are derived using linear strain energy and kinetic energy'®.
However, the geometric stiffness matrix (K_,,) due to thermal

load is derived from the non-linear strain energy (U_ ) as:
T
Unl-TH = Ict endV
% )
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where, ¢, and ¢  is the initial stress vector and non-linear strain
vector, respectively. Further, the non-linear strain (U ) is
expressed in terms of initial stress and differential matrix (g)
for any j" element as:

Le T
Unl-TH =5fngoTngjdA ®)
A
also, g= doj ©)
Where,

d j:{uo, vo. wo, o, o, 6P, oD o, 9&3)}'

J
is the nodal displacement vector for any ;™ layer. G, and S,
are the, differential matrix and initial stress matrix due to the
thermal load of any ;" element. Substituting Eq. (9) in Eq. (8).
The total strain energy due to thermal load and non-linear strain
is given as:

N
1
Unl-TH = Zﬂg?scm J8jd4

J=1" 4 (10)
Ny

Unl-TH = ZEJ-djkGTdej
J=4 (11)

Where, k . is the geometric stiffness matrix due to the
thermal load of any j* element and the same is expressed as:

KoTH ; = JG§SGTH G
A (12)

At the elemental level (chHj) is assembled to get the global
thermal geometric stiffness matrix (k_,,) for the entire porous
FGM sandwich blade. Similarly, the geometric stiffness matrix
due to rotation (k_.) is derived.

Lagrange’s equation of motion is used to obtain the
governing differential equation as:

Md + (K + KgTH + Kgr ) =0 (13)

Now, the separation of time and space is done to obtain
the generalized Eigen value problem. Further subspace iteration
method is used to obtain the natural frequency for the present
analysis'’.

3. RESULTS AND DISCUSSION

The natural frequencies of a single-layered FGM plate
are discussed here. The bottom and the top layer of the FGM
plate are composed of aluminum (Al, p_=2703 Kg/m®, v _=0.3,
E_ =70 GPa,) and aluminum oxide (ALO,, p, = 3800 Kg/m’,
v.=0.3, E =380 GPa,), respectively. Table 1 presents the natural
frequencies for an FGM plate which is simply supported, for an
alh ratio of 20, taking the porosity coefficient (&) as 0.4 and
gradient index () is taken as 1. As evident from Table 1 that
the present FEM formulation gives results that have an error
of 1.098% and 1.321% with respect to the analytical solution
given by Demirhan and Taskin'®. It is also found that a mesh
of 6 x 6 gives accurate results. Thus, it can be inferred that the

Table 1. Natural frequencies of a single-layered FGM plate
(alh=20,(=04,n=1)

Even Uneven
Demirhan & Taskin'® 0.0182 0.0227
Present 0.0184 0.0230
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present FEM formulation is accurate, computationally efficient
and simple.

Further, the influence of gradient index (n) on the non-
dimensional natural frequencies (@ = w(a?/h)p (1= vin)/ Ep )'®
of pretwisted sandwich blade with porous FGM core having
1-8-1 configuration is presented. The elastic properties of
Zirconia-Oxide (ZrO,) and Titanium alloy (Ti-6Al-4V) that
depend on the temperature are taken for the present analysis'.
Fig. 2 presents the variation of @ with » for different porosity

models.
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Figure 2. Variation of @ of a 1-8-1 pre-twisted sandwich
blade with homogenous facesheets and FGM core
for different porosity models (a/h = 20, § = 0.2,
Y = 30° AT = 300 K).
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Figure 3. Variation of & of a 1-8-1 imperfect-even porosity pre-
twisted sandwich blade with homogenous facesheet
and FGM core for various non-dimensional rotational
velocities (Q) (a/h =20,&=10.2, ¥ =30° AT =300 K).

It is observed from Fig. 2 that the variation of w for a
1-8-1 rotating blade with homogenous face sheets and FGM
core, increases monotonically for the » varying from 0 to 5,
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taking non-dimensional rotational velocity (Q =) and pre-
twist angle () as 0.75 and 30°, respectively. It may be noted
here that the present results are obtained using a 6 X 6 mesh.
The same is observed maximum for a sandwich blade with no
porosity (perfect blade) followed by an FGM sandwich blade
with imperfect porosity having uneven distribution of the same.
However, @ is observed to be minimum for the FGM sandwich
blade with imperfect porosity having even distribution.

Next, the effect of varying the non-dimensional rotational
velocity (Q =Q/wg) on @ of the imperfect sandwich panel
having an even distribution of porosity is investigated. Figure
3 presents the variation of @ of a 1-8-1 imperfect even-porosity
prewisted sandwich blade for non-dimensional rotational (Q)
velocities of 0.25, 0.5 and 0.75. It is found from Fig. 3 that @
increases with an increase in & from 0.25 to 0.5 and the same
is observed maximum for Q = 0.75. It may also be noted here
that with the increase in the porosity, the stiffness of the FGM
panel decreases and the natural frequency decreases'™.
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Figure 4. Variation of 7 of a 1-8-1 imperfect-even porosity
pre-twisted sandwich blade with homogenous facesheet
and FGM core for various temperature gradients

(a/h =20,§=10.2, ¢ =30°Q=0.75).

Next, the effect of varying the temperature gradient AT on
w of the imperfect sandwich panel having an even distribution
of porosity is investigated. Figure 4 presents the variation of @
of a 1-8-1 imperfect even-porosity prewisted sandwich blade
for temperature gradient of AT = 300K, 150K and OK. It is
observed from Fig. 4 that @ increases with the decrease in AT
from 300 to 0 and the same is observed maximum for non-
thermal loading viz. AT = 0 K.

4. CONCLUSIONS

This study deals with the free vibration study of the
FGM sandwich blade. Several parameters are explored to
observe the effect of gradient index, porosity model, rotational
velocity and temperature gradient on natural frequencies of
the pretwisted sandwich blade having a core made of FGM
considering the thermal conditions. The concluding remarks of
this investigation are discussed as follows:

*  The natural frequency is highest for the gradient index of 5

*  With the increase in the rotational velocity, the natural
frequency increases

*  With the rise in the gradient index, the fundamental
frequency increases

*  The present finite element formulation is general, simple
and accurate for the analysis of rotating FGM panels

e The results present in this work for the free vibration
analysis of porous FGM rotating blade will serve as a
benchmark problem.
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