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ABSTRACT

The |EEE standard on piezoel ectricity recommends methods to determine the coefficients
of piezoelectric ceramics and the sizes of the samples to be used. A method to determine the
difference between the actual coefficients and the coefficients determined using the |EEE standard
ispresented. The difference or error for samples of various shapes and sizesis presented. These
errors and manufacturing considerations are used to make recommendations of the actual sizes
of piezoceramics in various shapes to be used for material characterisation. Often, the IEEE
standard cannot be used to determine the coefficients of piezoceramics used in underwater
transducers and other devices because of their shapes and sizes. Radially polarised tubes
and axially polarised rings used in hydrophones and projectors, respectively, are the
examples. A method to determine some of the complex coefficients of tubes used for quality
control during production is presented. Finally, an analytical model that can be used to
develop asimilar method for ringsis presented. Several numerical results are presented to
illustrate the methods.

Keywords: Piezoelectric, polymeric materials, PVDF, hydrophones, acoustic signal, pressure-release
system, ceramics, piezoelectric ceramics

2. ERRORS IN CHARACTERISATION
USING STANDARD EQUATIONS

1. INTRODUCTION

Developers as well as users of new materials
of new materials are interested in the characterisation
of piezoelectric ceramics. The former are interested
in all the ten coefficients' that define a material
and use material samples whose sizes satisfy the
recommendations, for characterisation, in the |[EEE
standard on piezoelectricity?.

The standard recommendations for the sizes
of slabs and rods used for characterisation are
L>>W and L>>t. Here, L, W and t are the length,
width, and thickness, respectively. These qualitative
requirements become more stringent as the piezoelectric
coupling increases®. The electrode areais L x W
and W x t for slabs and rods, respectively are

The latter are more interested in characterising
shown in Fig. 1. For slabs, W> 3t is aso recommended.

the piezoceramics used in devices and the sizes of

these usually violate the recommendations in the
IEEE standard. In this paper, characterisation of
some samples that satisfy and others that do not
satisfy the |[EEE recommendations is presented
in brief.

For discs, shown in Fig. 1, the recommendation is,
a> 20t for finding s} and a > 40 t for finding,
s, Where a and t are the radius and distance
between electrodes, respectively. Slabs are used

to find &3, s and d,;; rods are used to find ¢,
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sZand d,,; and discs are used to find &, sf,
s, and d,,. The coefficients are also used to find
the piezoelectric coupling coefficient k, in slabs
and discs and K, in rods.

Theerrors® in the coefficients determined using
the standard equations are determined as follows:
The input electrical admittances of piezoelectric
slabs, rods, and discs, of various sizes, are first
computed using a set of 10 piezoelectric coefficients
and the 3-D finite element program ATILA* as
shown in Fig. 2. It is possible, in principle, to
solve the inverse problem, i.e., use the computed
input electrical admittance to determine the 10
coefficientsinput to ATILA. If thisis done exactly,
the set of coefficientsinput to ATILA can be recovered
exactly. However, this is not easy as some of the
coefficients have very little effect on the admittance
when the dimensions of the slab, rod or disc satisfy
the recommendations in the Standard. The 10
piezoelectric coefficients of PZT4 input to ATILA

are SlFiz 12.3 x 10*?> m?/N, Sp= -4.05 x 1012 m¥/

=
A
v
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v
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Figure 1. (a) A length expander slab with perpendicular field.
Sideswith area LxW are fully electroded, (b) A length
expander rod with parallel field. Sides with area
Woxt arefully electroded, (c) A disc of radiusa and
thickness t. The flat surfaces are fully electroded.
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N, s£=-5.31 x 102 m¥N, sE=15.5 x10"2 mN,
s£=39x10"2 m#N, d,= -123 x 10%2 CIN,
d,,=289x1012 C/N, d,.= 496 x 102 C/N, &5, and
e5- Thevalues of & and &3, are computed using
the values of the other eight coefficients, ngll &9 =1475,
and ¢},/5,=1300. The coefficients in the set input

to ATILA, and those calculated using the relationships?
between different sets, are the actual values.

The computed admittances and the approximate
1-D standard equations are then used to calculate
some piezoelectric coefficients. The difference between
the actual coefficient and that obtained using the
standard equations is the error for that particular
case. Errors exist because the standard equations
are based on 1-D models. Normally, measured values
are used in place of the computed admittances and
the actual coefficients are not known and the error
cannot be determined.

Results of the computations are given here for
each of the 3 shapes considered in this study. The
piezoel ectric coefficients determined for slabs, rods
and discsareshownin Tables 1, 2, and 3 respectively.
The “actual values” in the last row of each table
are those in the set input to ATILA or computed
from that set. It is of interest to note that the
percentage error in the coupling coefficient is often
less than the percentage error in the corresponding
S, S or d coefficient. It is also seen that the error
isnot very large even when the sizes of the samples
are similar to those used in piezoelectric devices
and do not conform to the standard recommendations.
In most cases, d, of slabs is underestimated by
a few per cent, d., of rods is overestimated by a
few per cent, and d,, of thin discsisnearly accurate.
This is of interest to developers of new materials
and also to transducer designers.

3. CHARACTERISATION OF RADIALLY
POLARISED TUBES

Radially polarised piezoelectric ceramic tubes
are widely used in hydrophones. It is difficult to
control their properties from one batch to the next
and this can cause variations in the characteristics
of hydrophones. One approach to reduce rejection
of costly tubes as well as large variations in the
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Figure 2. Flow chart for finding errors.

Table 1. Coefficients of dabs obtained using standard equations

) my m SB/% S oy
(pm?N)
100 30 10 1.30e3 124 -119 -0.310
100 25 10 1.30e3 124 -120 -0.320
100 12 5 1.30e3 12.3 -123 -0.330
40 20 5 1.30e3 12.7 -108 -0.280
40 10 5 1.30e3 124 -121 -0.320
40 10 3 1.30e3 124 -120 -0.320
40 8 3 1.30e3 124 -121 -0.320
Actual values 1.30e3 12.3 -123 -0.327

Table 2. Coefficients of rods obtained using standard equations

L W t da3 Kas
(mm) (mm) (mm) (PCIN)

T D
€/€y Ss
(pm#N)

10 2 2 1.30e3 828 291 0.690
10 3 3 1.30e3 834 293 0.690
10 4 4 1.30e3 843 296 0.690
10 5 5 1.30e3 855 300 0.690
Actual values 1.30e3 824 289 0.684

Table 3. Coefficients of dics obtained using standard equations

(mam) (mtm) 853/ € SlEl SlEZ (pc)jg:l/N) Kat
(pm?/N) (pm?/N)
10 1 1303 126 -436 -123  -0.320
10 2 130e3 138 -555 -124  -0.310
30 1 130e3 123 -408 -123  -0.330
40 1 130e3 123 -407 -123  -0.330
60 1 130e3 123 -408 -123  -0.330
25 4 130e3 184 -103 -127  -0.280
Actual values 13063 123  -405  -123 -0.327

characteristics of hydrophones is to bin the tubes
based on their material properties—particularly those
that affect hydrophone performance. Piezoelectric
coefficients determined for this application are likely
to have higher errors because the tubes are not
slender. Nevertheless, the results are useful if the
variation in hydrophone characteristicsis reduced.

Ebenezer and Sujatha® presented methods to

determine the coefficients ¢}, s, s5, and d,, of

radially polarised piezoelectric tubes as shown in
Fig. 3. They used the membrane model. Later,
Ebenezer® determined the complex coefficients using
thin shell theory and a method (briefly described
here). The method can be used for both: characterisation
of new materials and components for devices. In

this method, the value of &, is first determined

Figure. 3. A thin radially polarized cylindrical tube of length
L and radiusa. Theinner and outer curved surfaces
are fully electroded.
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using the measured complex admittance, Y, at a
frequency much lower than the lowest resonance
frequency. Alternatively, if dispersion is significant,
it is measured at a few low frequencies and its
value at higher frequencies is determined by
extrapolation. The real and imaginary parts of

S; S, and d,, are then determined by iteratively

refining them until the measured values of six functions
are nearly equal to those computed using the analytical
model” and the refined coefficients.

The six functions used to determine the piezoel ectric
coefficients are all frequencies. These are the

frequencies f- and f’ in the lower and upper
branches, respectively, at which the conductance,

G, reaches a local maximum; the frequency f_ in

the upper branch at which the resistance, R, reaches
a local maximum; and the three bandwidths

L L U U U U
1:1/2s_ 1:—1/25 J f1/25_ f—1/2s ,and fl/Zp_ f—1/2p where

L L . .
f;,s and f,,. are the frequencies in the lower

branch at which B reaches a local minimum and
maximum, respectively, and are the frequenciesin
the upper branch at which B reachesalocal minimum

and maximum, respectively, and fj;,, and f

are the frequencies in the upper branch at which
the reactance, X, reaches a local minimum and
maximum, respectively.

Then, an initial guess is made for the six
unknowns —real and imaginary parts of s, s5,

and d,,. The real parts of the initial guess are
values obtained using ‘book values' and theimaginzré
parts are small, non-zero, and satisfy the conditio
in Ref. 8. In the first step of iteration of the first
cycle, the guesses for Re(s;;) and Re(s;) are
refined using the measured frequencies f" and .,
and

. o,

%) (%) | 7 | [R-T

2 %y My Oy fy — fy
0% OXy
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where %, x, %, f,, fM,i=1,2, ...N, are the
unknowns, the initial guesses, the refined guesses
at the end of the current step, functions whose
values are measured, and measured values of the
functions, respectively, and N = 2. The partia derivatives
and are evaluated using the analytical model at Z
i=1,2 ..Nand y;, | = N+1, N+2 ...6 where
y; are the guessed values of the unknowns
that are not refined in the current step of the
iteration. Equation (1) is based on a Taylor
series expansion for each function in terms of
the piezoelectric coefficients and the Newton-

Raphson method.

In the second step of the cycle, the value of
Re(d,) isrefined using f:f and Egn (1) with N = 1.

In the third step, the values of Im(sf), Im(sy),

and Im(d,,) are simultaneously refined using the
three bandwidths and Egn (1) with N = 3. Each
step is done twice before proceeding to the next
step. The three steps together constitute one cycle.
The entire cycle is repeated twice or thrice or until
some prescribed convergence is obtained.

Numerical results are presented to illustrate
the robustness and accuracy of theiteration method.
All calculations are done using the four sets of
dimensions shown in Table 4 that are representative
of those used in hydrophones. Sets of the four
complex coefficients and determined by iteration
are shown in Table 5(a). These, together with the
six coefficients shown in Table 5(b), form a set of
10 coefficients necessary to completely describe
piezoelectric materials. The density is 7750 kg/m?.
The functions that are usually measured are cal culated
using the coefficients in Table 5(b), any one set
from Table 5(a), and the finite element model ATILA.

Table 4. Dimensions of radially polarised cylindrical tubes

Dimension L a t
(mm) (mm) (mm)

A 20 15 1

B 10 10 1

C 20 15 3

D 10 10 2
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Table 5(a). Piezoelectric coefficients input to ATILA and
determined by iteration

Case 823 leg SlEl SlEz ((jpslc/N)
(pPm#N) (pm3N)

a 1700(1-j0.02) 16.4-j0.30 -5.74+j0.10 -171+j3.0

b 1700(1-j0.02) 15.5-j0.80 -6.50+j0.50 -150+j1.0

c 1700(1-j0.02) 17.5-j0.80 -6.50+j0.50 -150+j1.0

d 1700(1-j0.02) 15.5-j0.80 -6.50+j0.50 -190+j1.0

e 1700(1-j0.02) 16.4-j0.30 -5.74+j1.0 -166+j3.0

Table 5(b). Additional piezoelectric coefficientsinput to ATILA

SL leq SQ‘E3 SlE3 854 da ds
(pm?N)  (pmZN)  (pmZ/N) (PC/N) (pC/N)

1730 18.8j0.30 -7.22+]0.15 47541 37447 58410
(1-j0.02)

Critical frequencies are computed using ATILA
with aresolution of 10 Hz and input to the iteration
procedure. The low resolution is used to account
for measurement errorsthat may occur. For example,

thevaluesinkHzof f', ., f-, f4,., )., 7,
f—liIZS' flijpv fFl,J , and f_Li,zp for dimension A,
Caseaare29.17, 29.44, 29.70, 75.09, 75.80, 76.50,
86.34, 87.20, and 88.08, respectively. The refined
coefficients obtained from theiteration procedure
are shown in Table 6, after rounding-off, for the

various dimensions and cases shown in Tables 4
and 5, respectively.

Theinitial guess for the four complex coefficients
is the same in all cases and is shown in row a of
Table 5(a). It is seen from Table 5(a) that both the
real and imaginary parts of the coefficients in the
other rows differ considerably from row a. This
indicates that the method is not sensitive to the
initial guess.

It is seen from Table 6 that the error increases
when the ratio of wall thickness to radius or wall
thickness to length increases. The error in the real
parts of the coefficientsisminimum for s, slightly
greater for d,, and greatest for s;,. Re( 51E1) and
|Re( lez)| are underestimated, and |Re(d3l)| is
overestimated. | Im( 51E1)| and Im(s5) are

overestimated except for case e where Im(sj;) is

Table 6. Coefficients obtained by iteration for dimensions
and coefficientsshown in Table 1 & 2 respectively

Dimen- Ca= of dy
(pm?/N) (pm?/N) (PC/N)

A a 16.4j0.30 -5.72+j0.095 -171+j3.0
b 155-j0.80 -6.48+050  -150+j0.98
c 175081 -6.48+051  -150+j0.98
d 1550.80  -6.49+j0.50  -190+j1.0

B a 16.4j0.30 -5.640.097 -172+j3.0
b 1550.80 -6.40+j0.50  -151+j1.0
c 17.5j0.80 -6.41+j0.50  -151+0.98
d 1550.80 -6.40+j0.50  -191+j0.95

C a 16.3j0.30  -5.47+j0.095 -173+3.1
b 15.4-j0.80 -6.26+j0.50  -152+j0.97
c 17.4j0.80 -6.25+j0.50  -152+0.98
d 15.4-j0.80 -6.26+j0.50  -192+0.98
e 16.3-j0.30  -5.47+j0.097  -168+j3.0

D a 16.3j0.30 -5.30+j0.089  -176+j3.1
b 15.4-j0.79  -6.07+050  -155+0.95
c 17.4j0.79  -6.08+j0.50  -155+0.99
d 15.4j0.80 -6.07+j0.50  -194-j0.96
e 16.3j0.30  -5.30+j0.090  -171+{3.1

underestimated, and Im(d,,) is sometimes overestimated
and sometimes underestimated.

The value of g, has a strong influence on the
receiving sensitivity of radially polarised cylindrical
tube. Here, the percentage error in Re(g,,) is
equal to the percentage error in Re(d,) because
g, = d./ el and it is assumed that &, is exactly
determined. For Dimension A, there is no error to
three significant digits in Re(g,,) as seen from
Table 3. For the other dimensions and cases, | Re(g.,) |
is consistently overestimated by a small amount.
Therefore, it isconcluded that theiteration procedure
can be used to estimate Re(g,,) and bin tubes
produced in large numbers according to their properties.

4. CHARACTERISATION OF AXIALLY
POLARISED RINGS

Consider an axially polarised piezoelectric ceramic
ring of length L, inner and outer radii a and b,
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respectively as shown in Fig.4. The inner radiusis
a few-time the wall thickness, which is nearly the
same as the length. The top and bottom surfaces
are fully electroded and a known voltage is applied
between these. The input electrical admittance and
a few characteristic frequencies are of interest.

Az

v

NG ==

Figure. 4. A piezoceramic ring with electrodes on the flat
surfaces.

Ebenezer®!!, et al. analysed axially polarised
solid cylinders. They assumed® that the axial
displacement and potential are functions of only
the axial coordinate and that the radial displacement
is a function of only the radial coordinate. They
showed® that, for example, the analysis is exact
when shear stress is zero on all the surfaces and
the normal displacements are specified on the surfaces.

They extended the model to analyse rings with
free boundary conditions®. An exact solution to
the governing equations is written as

U Asin(k,z)
W =1BJ,(k r)+QY(kr) (2)
¢ A,/ 3;)sin(k,z)

where, U and W are the axial and radial components
of displacement respectively, ¢ isthe electric potential,

k=oyplch » cp=ch+eh/enand k=oyplch
and J, and Y, are the first-order Bessel functions
of the first and second kind, respectively.

Theinput electrical admittance of piezoceramic
rings is calculated after using the boundary
conditions to determine the coefficientsin Eqn. (2).
Material losses are accounted for using complex
coefficients shown in Table 7. The real parts of
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Table 7. Material parameters of piezoceramic used in the

model
Property Value
E P 138.995 +j 0.695
cll (GNm™)
c:]-E (GNm?) 77.835+j 0.389
2
74.282 +j 0.371
clE3 (GNm?) J
CE (GNm?) 115.409 + 0.577
33
ey (Cm?) 5203
ey (Cm®) 15.080
p (kgm®) 7500

S _ 5.872-j0.018
g3 (PFM?) J

these coefficients are abtained using certain coefficients
for Navy type | piezoceramics.

The parameters computed and shown in Table 8
arethelowest frequency, f, at which the conductance
G is maximum; the maximum value of G; the

frequency, f,,,, a which the susceptance B is locally
maximum; the maximum value of B; the frequency,
f 125 » @ which B islocally minimum; the minimum

value of B; and the frequency f, at which B is

zero. All the computations are done for both the
lower and the upper branches but the upper branch
is of moreinterest for transducer designers. Results
are shown for rings with various dimensions and
are compared with those obtained using the Flugge
model*® and ATILA.

It isseen from Table 8 that the values computed
using the present model are closer to the values
computed using ATILA in most cases than those
computed using the Flugge model. In cases A, B,
and C, the length is equal to or greater than the
wall thickness and all the frequencies computed
using the present model, except f in the upper
branch for case B, are closer to ATILA values. In
cases C and D, wall thickness is equal to length
and the present model is always better. In cases
A, B, and F, length is less than twice the wall
thickness and the maximum and minimum values
of G and B in the upper branch computed using
the Flugge model are closer to ATILA values. In
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Table 8. Computed parameters for piezoelectric rings with internal losses.

Dimension

Branch

Modél

fo(kH2)

f12s (kHZ)

fv2s (kH2)

f

2b, 2a, L, b-a and and and (kH2)
(mm) €max (MS) Bmax (MS) Buin (MS)
50,38, 8, 6 Lower  Present 23.99 (3.99) 23.93 (2.16) 24.05(-185) 2544
ATILA 23.96 (3.99) 23.90 (2.15) 2.02(-184) 2541
Flugge 23.87 (3.87) 23,81 (2.09) 2303(-178) 2527
Upper  Present 192.2(102) 191.7 (51.4) 1927(501) 2469
ATILA 189.4 (95.9) 188.9 (48.6) 1809(-473) 2360
Flugge 205.4 (98.8) 204.9 (50.2) 2059 (-486) 2544
50,38, 10, 6 Lower  Present 23.97 (3.24) 23.91 (1.74) 2403(-149) 2543
ATILA 23.95 (3.22) 23.89 (1.74) 2401(-149) 2540
Flugge 23.85 (3.12) 23.79 (1.69) 2301(-144) 2526
Upper  Present 150.3 (66.4) 159.0 (33.6) 1507(-328) 2036
ATILA 157.5 (64.1) 157.1 (32.5) 157.9(-3L6) 1985
Flugge 163.6 (60.1) 163.2 (306) 1640(-295 1935
50, 38, 6, 6 Lower  Present 24,00 (5.30) 23.94 (2.86) 20.06(-244) 2544
ATILA 23.97 (5.26) 23.91 (2.84) 24.03(-243 2541
Flugge 23.88 (5.12) 23.82 (2.77) 23.04(-235) 2527
Upper  Present 234.6 (159.5) 234.0 (80.9) 2352(-786) 2969
ATILA 228.7 (136.8) 228.1 (69.7) 202(-671) 2675
Flugge 2743 (178.1) 2736 (90.4) 2750(-87.7) 3417
50, 34,8, 8 Lower  Present 25.32 (5.53) 25,26 (2.97) 2538(-255)  26.89
ATILA 25.27 (5.49) 25.21 (2.95) 2533(-253 2683
Flugge 25,08 (5.15) 25,01 (2.78) 2514(-237) 2654
Upper  Present 176.7 (113) 176.3 (57.5) 1770(522) 2232
ATILA 172.2(96.5) 171.8 (49.1) 1727(-473 2011
Flugge 204.9 (125) 204.4 (63.6) 2054(-616) 2543
50, 42, 8, 4 Lower  Present 22,84 (2.61) 22.78 (1.41) 2289(-120) 2419
ATILA 22,83 (2.60) 22.77 (1.40) 2288(-120) 2418
Flugge 22.79 (2.58) 22.73 (1.39) 285(-119) 2413
Upper  Present 202.2 (73.1) 2016 (37.2) 2027(-361) 2515
ATILA 200.0 (71.0) 199.5 (36.0) 2005(-350) 2522
Flugge 202.0 (42.9) 2015 (23.0) 2025(-197)  209.2
40, 28,8, 6 Lower  Present 31.19 (4.14) 3111 (2.23) 31.26(-192) 3312
ATILA 31.14 (4.12) 31.06 (2.22) 3121(-191) 3306
Flugge 30.93 (3.91) 30.85 (2.11) 3101(-180) 3275
Upper  Present 192.8(77.9) 192.3 (39.5) 1932(-385)  247.2
ATILA 189.9 (73.5) 1895 (37.3) 1904(-362) 2364
Flugge 204.7 (74.7) 2042 (37.9) 2052(-367) 2519
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case E, the length is twice the wall thickness and
the upper branch resonance freguencies computed
using the Flugge model are alittle closer to ATILA
values. The good agreement indicates that the
analytical model and the measured values of the
parameters shown in Table 8 can be used to
determine the piezoel ectric coefficients of axially
polarised rings.

5. CONCLUSION

Methods to characterise dabs, bars, discs, radially
polarised tubes, and axially polarised rings have
been summarised. The errors in determining the
real coefficients of slabs, bars, discs using the
|IEEE standard method are quantified for various
dimensions. Based on these, it is recommended
that slabs of size 100 x 12 x 5 mm and rods of size
10 x 2 x 2 mm be used for characterisation. For
discs, even though the IEE Standard recommends
a> 40t for finding s, it is seen that the results
are quite accurate for some applications even for
smaller radius to thickness ratios. However, discs
of size 40 x 1 mm can be precisely made and used
for characterisation. An iterative method, that can
be used if a fairly accurate analytical model is
available, isalso presented. It isillustrated by finding
the complex coefficients of radially polarised tubes.
The analytical model is based on thin shell theory
and is therefore fairly accurate even when the wall
thickness to radius ratio is not very small as is
often the case in tubes used in hydrophones.

An analytical model of piezoelectric rings is
also presented and numerical results are presented
toillustrate the accuracy of the model. Theiterative
method used to determine the coefficients of radially
polarised tubes can be used to determine the coefficients
of axially polarised rings also.

Certain assumptions are made in the analytical
standard models and in the models developed by
Ebenezer'®, et al. and co-workers. These approximate
models are used to solve the inverse problem though
the forward problem is solved exactly using the
finite element method. The errors arise because of
the approximations made in the analytical models.
More numerical results are presented by
Ebenezer,?® et al.
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