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ABSTRACT
A simple formula for plasma frequency reduction factor for a solid cylindrical electron beam in a metallic
tunnel has been developed by means of a 3-D curve fitting to the standard results of Branch and Mihran with
accuracy > 1.7 per cent, over the parametric regime of normalised beam-radius and beam-filling factor applicable
for linear-beam microwave tubes. An artificial neural network algorithm was used for the curve-fitting following
the approach of universal approximation. The formula is simple and amenable to easy computation, even using
a scientific calculator.
Keywords: Artificial neural network, plasma oscillation, plasma frequency reduction factor, solid electron beam,
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NOMENCLATURE
a
Radius of the beam-tunnel
b

Radius of the electron beam

be

Electronic propagation constant

he

Charge-to-mass ratio of an electron at rest

e0

Permittivity of free-space

In

Modified Bessel function of first-kind of order n

Jn

Ordinary Bessel function of first-kind of order n

Kn

Modified Bessel function of second-kind of order n

R

Plasma frequency reduction factor

r0

Charge density of the un-modulated electron beam

wp

Plasma frequency

wq

Reduced plasma frequency

1.

INTRODUCTION
Plasma frequency reduction factors are widely used
for incorporating the influence of the geometry of the
electron beam and the proximity of the metallic tunnel of
the RF interaction structure on the space charge field in
finite electron beams 1-4. In most practical situations, the
electron beams having finite transverse cross section are
placed close to a metallic interaction structure (Fig. 1), and
as a result, the space-charge field ceases to be purely
radial and, therefore, the axial electric field intensity, and
hence the restoring force on electrons reduce as compared
to their values in the case of an infinite transverse cross
section of the beam, manifesting a reduction in the value
of plasma frequency. Introduction of the plasma frequency
reduction factor conveniently incorporates the screening
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effect of conducting surfaces on space charge, thereby
simplifying the equation of wave-particle motion and its
solution.
Conventional computation of the plasma frequency
reduction factor involves numerical solution of a transcendental
equation involving Bessel functions, and is not amenable
to analytical solution 1-4. Moreover, numerical solution can
not illustrate the physical dependence of parameters, and
hence, a closed-form formula4-6 is ever welcome. Rowe 4,
also stated emphatically in this regard "this creates joy
in the hearts of the computer people but brings nightmares
to the klystron engineer." In fact, use of an approximate
plasma frequency reduction factor could provide abundance
of physical insight in klystron and TWT interaction
phenomena 3-6. This paper is aimed at deriving a closedform expression for plasma frequency reduction factor for
a solid cylindrical electron beam in a metallic tunnel, applicable
for a linear beam microwave tube ( 0.6 £ be b £ 0.9 and
0.5 £ b / a £ 0.8 ) , be being the electronic propagation constant
and be b being the normalised beam radius), which would
be easy to use in theoretical studies and time saving for
computer simulations.

Figure 1. Schematic of the problem.
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Here, J n is the ordinary Bessel function of first-kind
of order n , and In and Kn are the modified Bessel functions
of first- and second-kind, respectively, of order n. The
transcendental Eqn (3) has been solved numerically and
the values of plasma frequency reduction factors over the
parametric regime of interest for a linear beam device are
shown in Table 1.
The problem has now been to find a closed-form
formula for R, without resorting to numerical solution of
a transcendental equation and also without sacrificing the
accuracy. For this purpose, an artificial neural network
(ANN) algorithm based on universal approximation theorem8-9
was followed and a 3-D curve fitting to the standard results
of Branch and Mihran (Table 1) was developed which was
applicable for the parametric regime of linear beam microwave
tubes ( 0.6 £be b £ 0.9 and 0.5 £ b / a £ 0.8 ) as

Figure 2. Percentage deviation in the computed values of plasma
frequency reduction factor using Eqn (4) wrt
(Table 1).

Table 1. Branch and Mihran’s1 plasma frequency reduction factors
Beam filling factor ( b/a )

2.

âe b

0.4

0.5

0.6

0.7

0.8

0.9

0.5

0.3468

0.3229

0.2978

0.2727

0.2481

0.2247

0.6

0.4004

0.3763

0.3495

0.3216

0.2936

0.2666

0.7

0.4483

0.4251

0.3976

0.3678

0.3372

0.3072

0.8

0.4908

0.4696

0.4422

0.4113

0.3787

0.3461

0.9

0.5286

0.5094

0.4831

0.4519

0.4179

0.3832

1

0.5622

0.5454

0.5206

0.4897

0.4549

0.4186

-

FORMULATION AND RESULTS

Plasma oscillation frequency (wp) for an infinite unbounded
cloud of electrons 1-4 is given by

w2p = h r0 / e0

(1)

Here, h is the charge-to-mass ratio of an electron at
rest, r0 is the electronic charge density in the unbounded
plasma and e0 is the permittivity of free space. In any finite
electron beam inside a metallic drift tube, the plasma oscillation
frequency (wp), given by Eqn (1) reduces. The reduced
plasma frequency (wq) is defined by a plasma frequency
reduction factor (R), given 1-4 as
-
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Here, be is the beam propagation constant, and T 0 is
the eigen-value of the beam-tunnel coupled geometry solvable
from the wave equation Ñ 2^ E z + T02 E z = 0 , E z being the axial
space charge field 1-4. The solution of the eigen-value T0can
be numerically solved1-3from the transcendental equation
given as

T0

J1 (T0 b )

J 0 (T0 b )

= be

K0 (be a ) I1 (be b ) + K1 (be b ) I0 (be a )

K 0 ( be b ) I 0 ( be a ) - K 0 ( be a ) I 0 ( be b )

(3)
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The percentage deviations of the computed values of
the plasma frequency reduction factor using the present
formula Eqn (4) wrt Branch and Mihran's results (Table 1)
are plotted in Fig. 2 over the regime of operation as specified
in Table 1. The present simple formula predicts values of
plasma frequency reduction factor with accuracy better
than 1.7 per cent.
3.

CONCLUSIONS
A closed-form formula for plasma frequency reduction
factor is developed using an ANN algorithm, which is
simple, amenable to easy computation, and yet accurate
enough, for practical range of parameters. It is hoped that
the present handy formula would help in the design of
linear beam microwave tubes.
REFERENCES
1. Branch, G.M. & Mihran, T.G. Plasma-frequency reduction
factors in electron beams, IRE Trans. Electr. Dev., ED2, 1955, 3-11.
2. Basu, B.N. Electromagnetic theory and applications
in beam-wave electronics. World Scientific, Singapore,
1995.
769

DEF SCI J, VOL. 58, NO. 6, NOVEMBER 2008

3.
4.
5.

6.

7.
8.

Chodorow, M. & Susskind, C. Fundamentals of microwave
electronics. McGraw-Hill, New York, 1964.
Rowe, J.E. Nonlinear electron wave interaction phenomena.
Academic Press, New York, 1965.
Datta, S.K. Investigation of taper positioning in a
Helix slow-wave structure for suppression of
backward-wave oscillation, In Conference on Microwaves,
Antennas & Remote Sensing (ICMARS-2006), Jodhpur,
2006.
Datta, S.K. ; Sidharthan, P.; Rao, Raja Ramana P. &
Reddy, S.U.M. A simple analysis of backward-wave
oscillation criterion for helix travelling-wave tubes.
Asian J. Phys., 2008, 17, 307-12.
Haykin, Simon. Neural Networks - A Comprehensive
foundation. Pearson Education, Singapore, 2004.
Datta, S.K.; Kumar, Lalit. & Basu, B.N. A simple closedform formula for backward-wave start-oscillation condition
for millimeter-wave helix TWTs, In. J. Infrared &
Millimeter-Waves, 2008, 29, 608-16.

Contributors
Dr S.K. Datta received his BE (Electronics
and Telecommunications Engineering) in
1989 from the Bengal Engineering College,
Calcutta University, Kolkata, and MTech
and PhD in Microwave Engineering in
1991 and 2000, respectively, from the
Institute of Technology, Banaras Hindu
University, Varanasi. He is currently
working as a Scientist in the Microwave

770

Tube Research and Development Centre (MTRDC), Bangalore,
India. His current areas of research include: Computer-aided
design and development of helix and coupled cavity travelingwave tubes, Lagrangian analysis of the nonlinear effects in
traveling wave tubes and the studies on electromagnetic wave
propagation in chiral and bi-isotropic media. He received Sir
C. Ambashankaran Award of Indian Vacuum Society for
Best Paper (1998), INAE Young Engineer Award (2000), Sir
C. V. Raman Young Scientist Award (2002) and DRDO Agni
Award for Excellence in Self Reliance (2003). He is a Fellow
of IETE of India, a member of Magnetics Society of India
and Society of EMC Engineers India. He is the founder
General Secretary of Vacuum Electronic Devices and Applications
Society (VEDAS), India.
Dr Lalit Kumar received his MSc (Physics)
from Meerut University and PhD (Physics)
from Birla Institute of Technology &
Science, Pilani, India. He is the Director
of MTRDC, Bangalore. His current
interests include: TWTs, microwave power
modules and ultra-broadband high-power
microwave devices. He received JC Bose
Memorial Award of IETE for Best Paper
in 1993, Best Project Award of CEERI
in 1993, IETE-IRSI (83)-2001 Award, and DRDO Agni Award
for Excellence in Self-Reliance (2003). He is a Fellow of
IETE and a Member of Indian Physics Association, Indian
Vacuum Society, Indo-French Technical Association, and
Magnetics Society of India. He is the founder President of
Vacuum Electronic Devices and Applications Society (VEDAS),
India.

