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Estimation of Drag Coefficient from Radar-tracked Flight
Data of a Cargo Shell
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Two schemes to extract drag coefficient (C,) by processing the radar-tracked trajectories
of artillery shell in motion, have been proposed. Flight trajectories of artillery shell are considered.
The proposed schemes are applied on the radar-tracked trajectory data of artillery shell to estimate
thc C,,. The C,, is strong function of Mach number. To capturc the functional rclationship between
the C,and the Mach number, the C, of the ammunition was assumed to be a polynomial function
of Mach number (separately for subsonic and supersonic). The coefficients of the assumed
polynomial were estimated by minimising the error between measured and estimated trajectories.
In the second scheme, whole trajectory was split into diffcrent sets containing 50 or 100 data
points. Each data set was processed using the proposed schemes to estimate numerical values
of C, corresponding to the average Mach number of the chosen data set. The estimated values
of the C, (at different Mach numbers) have been presented along with its standard deviations.
The difticulties encountered in processing the real trajectory data using the proposed schemes
are also highlighted. It is observed that thc proposed schclnes could advantageously be applied
to quickly estimate the numerical values of the C, at corresponding Mach numbers, by
processing thc trajectory data of an artillcry shell in motion.
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p, q, r

Components of the angular velocity
vector of the projectile

U,,

Initial values of velocities in x- and
z-directions

U,,

V

Total velocity of the shell

Wx, W , Wz Wind velocity conlponents in s-,y-,
z-directions
u, v, w

Conlponents of the velocity vector of
the mass centre of the co~npositebody
in the body reference frame

X, E: Z

Trajectory co-ordinates of mass centre
in x-, y-, 2-directions

X",2,

Initial values trajectory coordinates
in x- and I-directions

z,,

Matrices of rneasured and estimated
trajectory variables

z
2

a

Angle of attack

0

Side-slip angle

4,
P

0, yr

Roll, pitch, and yaw angle of the projectile
Density of air

1 . INTRODUCTION
Artillery forms an important wing of the army
in providing firepower, during both war and crossborder skirmishes with the enemy. Artillery shells
are a class of pro-jectiles around which much of
aeroballistics theory was originally developed, and
it continues to form a significant part of the
aeroballistician's interest. The effectiveness of artillery
shells is largely judged by its accuracy in hitting
the target. The conventional approach used for
predicting the behaviour and flight performance of
a projectile such as an artillery shell was via mathematical
models'.
Beginning with the simplest, but relatively inacc~trate,
in-vacuuo trajectory model, more and more sophisticated
models of increasing accuracy such as the pointmass model, the modified point-mass model, and
the six-degrees of-freedom (6-DOFs) model, havc
been developed'. Numerical integration of the 6 DOFs equations of motion gives the most accurate

solution possible, for the trajectory and flight dynamics
behaviour of a rotationally symmetric, spinning or
non-spinning projectile provided that all the aerodynamic
forces and moments, and the initial conditions, are
known to a high degree of accuracy".
At the preliminary design stage, theoretical
methods',4 to estimate aerodynamic parainetcrs
are useful in spite of their limited accuracy. Nevertheless,
computational fluid dynarnics has in recent years
positively influenced the analytical scenario by providing
n~unericalsolutions of total configurationvia sophisticated
and advanced Euler, and Navier-Stokes flow s ~ l v e r ~ , ~ .
Experimental methods are essential to corroborate
the analytical predictions. The wind tunnel testing
improves the accuracy of the estimates but is often
difficult to simulate the exact flight condition^'.^.
Moreover, the model tested in the tunnel is generally
slightly diffcrcnt from the actual model uscd in the
flight due to last minute changes. It is, therefore,
desirable that the wind tunnel estimates be updated
using the estimates obtained from actual flight test
data9,'".Estimation activities in aerospace sciencc
started in late 1950s. Aircraft parameter estimation
using flight data is done on routine basis"'". Flight
data of an aircraft generated through special manoeuvers
contain measurements of a large nuinber of motion
and control variables, like accelerations, speed,
angle of attack, side-slip angle, etc. Acquisition of
these flight variables is carried out using a large
number of dedicated sensor^",'^. Artillery shells
generally do not have sufficient space to install
dedicated sensors to acquire time histories of large
number of motion/control variables. Further, considering
the cost-effectiveness, it may not be feasible to
house many sensors inside an artillery ammunition
going through many development flight trials".
During early phase of developn~entof an artillery
ammunition, large n~unberof these ammunitions
are fired at different elevations (launch angle, 9)
for subsystem validation. It is a routine practicc to
capture the trajectories of these ammunitions in
motion, using ground-based tracking radar system.
Generally, a typical trajectory data of a projectile
in motion, acquired by tracking radar contain
measurements of trajectory variables, namely range,
( X ) , height (Z), drift ( Y ) , and total velocity ( 0 .
Such flight data contain very limited dynamics for
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the parameter estimation using conventional methods.
However, these trajectory data could effectively
be processed using a proper estimation algorithm
to estimate a few aerodynamic parameters of the
artillery anlmunition in motion.
The maximum likelihood estimator in its several
forms has been the most widely used means of
estimating the stability and control derivatives
(parameters) from flight data of a flight vehicle9 '".
Application of maximum likelihood method requires
an npriori postulation of the flight dynamic model.
As stated earlier, given the forces and moments,
along with initial conditions, the complete in-flight
motion of the projectile can be simulated using a
6-DOFs trajectory model. However, this model
requires aerodynamic coefficients as input (e.g.,
drag coefficient ( C , ) , damping in roll derivative,
(C,J, etc.) and thc estimates available for these
coefficients are not SO reliable. In contrast, thc
point-mass trajectory model, which includes the
aerodynamic drag force in addition to gravity, is
a very practical and accurate approxin~ationto the
actual trajectory of any projectile that flies with
predominantly small yaw. Accordingly, the pointmass trajectory model could be used as an a priori
model while applying maximum likelihood method
to estimate C, by processing the radar trackedtrajectory data of the artillery shell in motion".

In this paper, schemes using maximum likelihoodX
method have been proposed to estimate C,,, by
processing trajectories (acquired by tracking radar)
of artillery shells in motion. The aerodynamic parameters
are strong function of Mach number. To accurately
estimate drag characteristics of projectiles in motion,
it is necessary to estimate the numerical values of
C, as a function of flight Mach number. Application
of maximum likelihood method requires an apriori
postulation of the aerodynamic model to be used
in estimation algorithm. The point-mass trajectory
model uscs C, to model the aerodynamic force
responsible for projectile's deceleration'. Since the
artillery shells belong to a class of projectiles which
encounter very small angle of attack ( < I -2 degree)
in-flight, the use of point-mass model in estimation
algorithm for this purpose is fairly justified','.

Two schemes using maximum likelihood method
to extract C, by processing the trajectory data of
an artillery shell have been proposed. Both the
schemes were initially validated using simulated
trajectory data. On satisfactory performance of
the schemes with simulated trajectory data, attempts
were made to validate both the schemes using real
trajectory data of an artillery shell in motion. In
the first scheme, the C , was assumed to be a
polyno~nialfunction of Mach number. Maximum
likelihood estimator was used to estimate the coefficients
of the polynomial by minimising the error between
the measured and estimated trajectory variables.
The numerical value of the C, was computed by
plugging the values of the estimated coefficients
in the chosen model of the C, used in the estimation
algorithm. In thc second scheme, whole trajectory
was split into a number of successive sets containing
50 or 100 time histories of trajectory variables.
Each data set was processed using maximum likelihood
method to estimate a constant numerical value of
C, corresponding to the average Mach number of
the chosen data set. For this scheme, the initial
conditions (velocity and elevation) required for generation
of the estimated responses, for different successive
sets, were obtained by differentiating (wrt time)
the time histories of measured trajectory variables
(X, 2,Y) of the ammunition in motion.
For this study, trajectory data corresponding
to a cargo ammunition was chosen from the database
for estimation of C,. The estimated values of the
C, (at different Mach numbers) have been presented
along with their standard deviations. The estimated
valucs of C, were then comparcd with the values
of C, (true value) used for preparing range table
(firing table). Range tables (firing tables) are routinely
used to estimate required values of elevation (6)
and bearing (v) of the barrel to engage a target
at predefined location. The difficulties encountered
in processing the real-trajectory data using the
proposed schemes are also highlighted. It is observed
that the proposed schemes could advantageously
be applied to quickly estimate the numerical values
of the C, at corresponding Mach numbers, by
processing the real-trajectory data of an artillery
shell in motion.
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2 . GENERATION OF SIMULATED AND
REAL TRAJECTORY DATA
Simulated trajectories of a routinely used artillery
shell in motion were generated using 6-DOFs trajectory
nlodel'. The 6-DOFs include, three-position components
of the mass centre of the artillery shell, as wcll as
three Euler orientation angles of the body. Due to
symmetry, the aerodynamic model was simplified
to have the following form:

To derive the spatial position equations, above
equations were used to transform the body-axis
velocity (u, v, w)into earth-fixed axis. The equations
are:

Y=usinry cosB
pd
C1 -- C ' P 2v

Due to symmetry of artillery shell, Cniq= Cn,,
Clq= C,,', the following are the 6-DOFs equations
of motion:

+ v (sin rysinBsin~+cosrycosb)
+ w ( s i n ~ s i n ~ c o s ~ - c o s v s i n+WV
b)

(16)

To generate the simulated trajectories, the 6DOFs equatior~sof n~otion[Eqns (6)-(17)] were
numerically integrated using a fourth-order RungeKutta algorithm. The artillery shell configuration
used in this sirnulation study is a representative of
a direct fire artillery shell that is 0.8 n~ long, spinstabilised shell with ranging capability up to 23 km.
Table 1 gives the inertial, geometrical characteristics
along with the initial condition used for generating
the simulated data. Time histories of simulated
trajectory variables, X,Z, Y, and V for both the
trajectories ( V = 8 18 mls and 360 mis) are presented
in Fig. 1. The trajectory variables corresponding to
l J = 818 mls and 8 = 7.0" was processed to estimate
variation of C, with Mach number in the supersonic
regime. The shell with initial velocity of 360 mls
maintained subsonic flight throughout the trajectory.
This flight data was processed to estimate variation
of C, with Mach number in the subsonic flight
regime only.
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Table 1. Inertial and geometrical characteristics with initial conditions for example shell

Mass (m)= 42.6 kg

CG = 0.533 m

Roll inertia (I,>) = 0.146 kg-m'

Pitch inertia (I*,) = 1.709 kg-m2

u, =

81 8 and 360 m/s

nro= 0.0 m/s

4,

o.oo

y,,= 0.0 deg

p,, = 1657 r a d s

r,, = 0.0 radis

4,= 0.0 m

Z,, = 0.0 m

=

Real trajectory data (X,
Z,Y , V) were selected
from the trajectory database of artillery ammunitions
available with Armament Research & Development
Establishment (ARDE), Pune. Trajectory data generated
m cargo shell was considered for parameter
using 130 m
estimation. Trajectories of seven rounds of the
cargo shell (artillery shell) corresponding to launch
angle of 8" and initial velocity of 810 mls were
used to estimate C, of the cargo shell. It may be
mentioned here again that, the trajectories of this
cargo shell in motion were tracked and acquired
by the Doppler radar, DR6700, located at the firing
site. The radar-tracked trajectories of these almnunitions

were processed to compute range (3,
height, (Z)
drift (Y) and total velocity ( V ) of the ammunition in
motion. Figure 2 presents the real trajectories of the
cargo shell used to estimate C,. From Fig. 2, it is
observed, that the real flight data for all the seven
rounds fired on two different occasions, show good
consistency in trajectory variables, namely, X,Z and
If except for Y. Although, there seems to be large
scatter in the values of drift ( Y ) among all the seven
rounds, however, the absolute values of the drift for
majority of cases are small when compared to height
or range. Thus for estimation purpose, the numerical
values of drift (Y)was not considered.

Figure 1 . Time histories of trajectory parameters for the chosen artillery shell.
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In Scheme 2, the whole trajectory was split
into different sets containing 50 or 100 tlme
histories of trajectory variables. Each data set
was processed using maximum likelihood method
to estimate a constant numerical value of C,,
corresponding to the average Mach number of
the chosen data set. The initial conditions required
for the generation of the estimated responses
for different successive sets were evaluated by
numerically differentiating the time histories of
the measured trajectory variables of the ammunition
in motion. The measured trajectory variables (X,
Z, Y) are expected to have measurement noisc
associated with it. The presence of measurement
noise is likely to cause numerical difficulty in
getting reliable initial conditions through numerical
differentiation. While applying Scheme 2 on realtrajectory data, this aspect has been given more
attention to evaluate the suitability of the Scheme
2 for actual field application.
TIME OF FLIGHT (s)

Figure 2. Time histories of real flight trajectory variables
of cargo shell.

3 . PROPOSED SCHEMES FOR PARAMETER
ESTIMATION
Two schemes using maximum likelihood method
to extract the C, by processing trajectory data
have been proposed. In Scheme 1, the C, was
assumed to have the following form in the aerodynamic
model used in the estimation a l g ~ r i t h m ' ~ , ~ ~ :

Maximum Iikelihood estimator was used to estimate
the coefficient of the assumed polynonlial by minimising
the cost function J ( 0 ) . The cost function J ( 0 ) used
for the purpose of estimation can be given as:

where 2, and 2: contain the measured and estimated
trajectory variables (X, 2, Y , P? as their elements,
respectively. Numerical values of the C, were
computed by substituting the estimated values of
a,, a,, and u, into the Eqn ( 1 8 ) .

4 . RESULTS AND DISCUSSION
The numerical values of C , obtained by
validating the proposed schemes using simulated
and real trajectory data have been presented.
The difficulties faced in implementation of these
schemes using real trajectory data have also
been discussed. Before presenting the detail
results of the estimated C , and discussing its
accuracy, a brief discussion is given about the
initial values, number of data points, sampling
rate, etc. Different combinations of the initial
guess values of the polynomial coefficients (a,,
a , , a,) were used to start the iterative algorithm.
In general, results found not much affected by
the choice of the initial values except for a few
eases. It is therefore decided to present the
result for a typical set o f the initial values. The
sampling rate has been fixed a t At = 0.027 s
for all the cases. Maximum likelihood estimator
was used to estimate the numerical values of
C,, by minimising the error between the measured
and estimated trajectory variables namely X, Z,
Y, and V. The estimation algorithm used the
point-mass model, as represented by the following
equations of motioni is
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The results obtained by implementing the proposed
schemes using simulated and real trajectory data
are presented hcre:
4.1 Scheme 1: Study using Simulated Data
To start with, firstly, the proposed scheme 1
was validated using simulated data only. The simulated
trajectory data as shown in Fig. 1 were treated as
measured trajectory data. The trajectory data contained
information about X,2, Y,and Vof the artillery shell
in motion. The trajectory data corresponding to
~nitialmuzzlc velocity of 818 m/s and 360 tnls were
used. The launch angle, q for both the cases were
fixed at 7". For estimation purposc, a po~nt-mass
model [(Eqns (20)-(22)] was considered in the
estimation algorithm. The C, was expressed as a
polynomial function of Mach number as given in
Eqn (18). The numerical values of a,, a , , a , were
eshnatedusing maximum likelihood method by minimising
the cost functlon .J(0) glven in Ecln (19). Table 2
presents values of u,, a , , and a , along with estilnates
of Cramer-Rao bound obtained using trajectories
corresponding to initial muzzle velocity of 8 18 m/s
and 360 mis. Using the values of a,, a , , and a,,
numerical values of estimated C, were obtained
through Eqn (18). The estimated values of C,, were
compared graphically with true values of the chosen
artillery shell in Fig. 3(a). It can be observed that
Table 2. Estimated values of polynomial coefficients ( a , a ,
and a,)
Constant
-

V
= 818 m/s
-

-

Y = 360
m/s
- - -

a,

-

0.549 (0.0028)*

- 5.449 (0.6611)

a,

- 0 2137 (0 0026)

9 737 ( I 3507)

a?

0 0346 (0 0007)

-3 983 (0 6887)

* Cramer Rao bound

Figure 3. Comparison of estimated values and true values:
Scheme 1 :Simulated trajectory data: (a) noisem0 %;
(b) noise=5 % (without initial conditions estimation),
and (c) noisc-5 % (with initial conditions estimation).

the estimated values of C,, lie in close agreement
with the true values of C, used for simulation.
Further, low value of Cramer Rao bound in Table
2 reflects higher confidence level in the estimation.
It was also of interest to see how the accuracy
of estimates is affected by the presence of measurement
noise in the radar-tracked trajectory variables. To
this purpose, pseudo noise were added to the trajectory
data corresponding to V = 818 mls. The noise was
simulated by generating successively uncorrelated
pseudo random numbers having normal distribution
with zero mean and assigned standard deviation,
the standard deviation corresponding approximately
to the designated percentage (1 %, 5 %) of maximum
error of 2% m in X andZ measurements. It was
observed that 1 per cent noise had almost no effect
on the accuracy of the estimate (C,), a higher noise
level of 5 per cent affected the parameter, C,,
appreciably. A comparison between estimated C,
obtained by processing flight data with 5 per cent
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noise and true value of C, used for simulation is
presented in Fig. 3(b). Referring Fig. 3(b), it could
be appreciated that the estimated values of C , with
Mach number did not follow the expected trend. A
careful look into the application of scheme 1 revealed
that while adding pseudo noise in Xand Z, the numerical
values of X and Z during the initial phase of the
trajectory got altered appreciably, however the effect
of noise diminished as the trajectory progressed. To
overcome this difficulty, it was decided to evaluate
the initial conditions X,,Z,,U,, and U,, along with
the polynomial coefficients a,, a,, a,. The estimated
values of a,,a , , a, were then plugged in Eqn (18)
to compute variation of C, with Mach number. A
coniparison between estimated C , with true value of
C, is presented in Fig. 3(c). Appreciable improvement
in the estimation of C, could be observed for this
case. This is expected as estimation of initial conditions
helped in reconstructing the trajectory implicitly.
4 . 2 Scheme 1: Study using radar-tracked
Trajectory Data
After validating the applicability of the
Scheme 1 using simulated data, it was then applied

on real-trajectory data of cargo shell (Fig. 2). Trajectory
data of seven rounds of cargo shell were considered.
From Fig. 2, it could be seen that the cargo shell
maintained the supersonic flight from launch to terminal
phase. Therefore, the variation of C, during supersonic
regime could only bc estimated. The trajectory data
contained information about X , Z and V. The C, was
expressed as a polynomial function of Mach number
as given in Eqn (18). The numerical values of X,,
Z,,U,, Uzu, ao, a , , and a, were estimated using
maximum likelihood method by minimising the cost
function J(9). Table 3 presents the numerical value
of X,,Z,,Urn, Urn, a,, a,,and a, along with its
Cramer Rao bounds. Using the values of a,,, a , , and
a?,the numerical values of C, at a corresponding
Mach number were evaluated using Eqn (1 8).
Figure 4 shows the variation of C, with Mach
number for all the real flight data of seven rounds
of firing. It may be noted froni Fig. 4, that the
numerical values of C , estimated using all the seven
trajectories lie in proximity to each other. Further,
these values of C,, were compared with the true C,
of the cargo shell used for developing firing tables
for actual field applications. A close match in

I

I

I

I

I
1

MATCH NO

Figure 4. Comparison of estimated values and true values: scheme 1: with initial conditions estimation; Real-flight data.
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Table 3. Estimated values of 'Yo, Z,, UX,, U,, a*, a, and a,
Parameters

' Cramer

Estimated values for flight data of trail no. 5

in erratic value of the initial condition (X,,
Z,, urn,
U,,). To avoid this difficulty, it was decided to
smoothen the noisy data by filtering it by a polynomial
of Sth order. The initial condition of the trajectory
variables corresponding to a particular set was obtained
by numerically differentiating the smoothen trajectory
data. A comparison between true values and estimated
values of C, after preprocessing (filtering) the noisy
trajectory data is presented in Fig. 5(c). It could
be observed that, by smoothing the noise trajectory
data with a polynomial of Yh order, there was appreciable
improvement in the estimated value of C,.

Rao bound

Fig. 4 suggests positively on the utility of the Scheme 1
to extract C, by processing the radar-tacked trajectory
data of artillery shell in motion.
4.3 Scheme 2: Study using Simulated Data

While applying Scheme 2, complete simulated
(Fig. 1) time histories of trajectory variables X,Z,
Y, and V were broken into finite number of smaller
sets containing information of trajectory variables of
silccessive 50 data points having total time duration
of 1.35 s. Each of these sets was considered separately
to estimate a constant value of C,. The initial conditions
required for solving the equations of motion were
obtained by nulnerically differentiating the trajectory
variables X and Z. Figure 5(a) graphically shows a
comparison between estimated and true value of C,
of the chosen example artillery shell. The estimated
values of C, almost exactly follow the true values
of C, used in the simulation.
To evaluate the robustness of the Scheme 2, in
relation to the presence of lneasurement noise in
the trajectory data, it was decided to apply scheme
2 on the trajectory data having 5 per cent noise.
Fig. 5(b) presents graphically a comparison between
estl~natcdand true C, used for sirnulat~on.The poor
matching between the estimated and true values of
C, was attributed to the prcsence of n o ~ s ein the
trajectory data. The Scheme 2, requires numerical
differentiatlon of motion variables X,Z to evaluate
successive initial conditions of the chosen set to
estimate the trajectory variables. The presence of
measurement nolsc in the trajectory data resulted

4 . 4 Scheme 2: Study using Radar-tracked
Trajectory Data
Accordingly, before applying Scheme 2 ,
o n real trajectory data, a polynomial fit was
employed to smoothen the motion variable X,
Z, Y. As shown in Fig. 6 , the application of
Scheme 2, on the real trajectory data, resulted
in nuillerical values o f C , with large scatter.
The average valuc of the estimated C, did lie
a little closer to the true value of C , of the
shell. The application o f Scheme 2, seems to
be highly sensitive to the presence of measurement
noise in the trajectory data. Before application
of Scheme 2, it is necessary to smoothen the
trajectory data by filtering out the noise content
present in the trajectory data. Thus, the applicability
of the Scheme 2 on the real trajectory data
would largely depend on the quality of trajectory
data acquired by radar tracking system. The
sensitivity of this Scheme 2 with respect to
presence of measurement noise may restrict
the use of it on real trajectory data for the
purpose of estimation of aerodynamic parameters.
Figure 7 represents a comparison among
thc average values of the estimates obtained
using Scheme 1 and Scheme 2. These are then
compared with the true values of C, at corresponding
Mach Nos. Despite the poor quality of the trajectory
data, both the schemes yields estimates in close
proxi~nitywith the true values of C,. Although
few estimates obtained by Scheme 2 show large
scatter, this scatter can be reduced by properly
pre-filtering the trajectory data.
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Figure 5. Comparison of estimated values and true values: Scheme 2: S i m ~ ~ l a t etrajectory
d
data: (a) noise = 0 %;
(b) noise = 5 % (without initial conditions estimation); and (c) noise = 5 % (with initial conditions estimation).

5 . CONCLUSIONS
In this paper, two schemes have been proposed
to estimate the C, (as function of Mach number)
by applying maximum likelihood estimation algorithm
on radar-tracked trajectory data of an artillery shell.
Scheme 1 assumes series approxin~ationof the C,
as function of Mach number in estimation algorithm.
In Scheme 2, the whole trajectory was split into
different sets of points and average values corresponding
to each set of points were estimated.

Based on the results obtained via these schemes,
it can be concluded that both the schen~escan
advantageously be used to estimate C, by processing
radar-tracked trajectory data of an artillery shell
in motion. However, the applicability of Scheme 2
on the real-trajectory data would largely depend on
the quality of trajectory data acquired by radartracking system. Thus, the sensitivity of this scheme
wrt presence of measurement noise may restrict
the use of it on real-traject0l.y data for estimation
of aerodynamic parameters
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