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AbstrACt

This article discusses linear complementary dual (LCD) codes over 2( 1),q qu uℜ = + =   where q is a power of 
an odd prime p. Authors come up with a new Gray map from nℜ  to 2n

q  and define a new class of codes obtained 
as the gray image of constacyclic codes over .ℜ  Further, we extend the study over Euclidean and Hermitian LCD 
codes and establish a relation between reversible cyclic codes and Euclidean LCD cyclic codes over ℜ . Finally, 
an application of LCD codes in multisecret sharing scheme is given.
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1. INtrODUCtION
The class of cyclic codes is an important subclass of 

linear codes because of their rich algebraic structure. The 
study of such codes over finite rings, after the pioneering work 
by Hammons1, et al. over 4 ,  have been attracting many 
researchers. Interestingly, non-linear codes over Galois fields 
can also be derived from codes over finite rings with the help 
of Gray maps2. Recently, many works have been reported on 
codes over finite ring 2, 1q qu u+ =   for different values of 

,q3-8. Meanwhile, constacyclic codes are generalization of 
the cyclic codes and often have good parameters than cyclic 
codes. These codes have been studied in many papers9-13.  
Nevertheless, to say that main target behind the study of 
linear codes (cyclic codes, constacyclic codes and their 
generalizations) over finite rings is to obtain new and better 
MDS (optimal) codes over finite field.

Linear complementary dual (LCD) codes were introduced 
by Massey14. These codes were shown to be supreme linear 
coding solution to the two-user binary adder channel. Yang & 
Massey15 derived conditions for a cyclic code over finite field 
to have a complementary dual. The relation between reversible 
and LCD cyclic codes over finite field was also provided when 
length of the code is coprime to the characteristics of the 
field. Sendrier16 showed that LCD codes over finite field meet 
Gilbert-Varshamov bound. Liu & Liu17 obtained some results 
for linear codes over a finite chain ring to be LCD under certain 
conditions. Li18 provided a construction of Hermitian LCD  
cyclic codes over finite fields and investigated their parameters. 
Later, Hui19, et al. obtained LCD codes over finite field from 
linear codes over ,q q qu v+ +    by means of a Gray map. 
Recently, Liu & Wang20 studied LCD codes over finite rings.

Inspired from above works, authors studied LCD codes 
over 2( 1),q qu uℜ = + =   where ,mq p=  for an odd prime 

,p  1m ≥  and establish a relation between reversible cyclic 
codes and LCD cyclic codes over .ℜ  Further, we provide a 
criterion based on defining set to check whether a constacyclic 
code is Hermitian LCD and study Gray images of these 
codes. Note that the LCD codes have many applications in 
Cryptography and these are playing an important role in secret 
sharing scheme (SSS), implementations against side-channel 
attack (SCA) and fault injection attack (FIA)21. Author also  
showed the applications of LCD codes in the multisecret sharing 
scheme. Therefore, the LCD codes that we provide here can be 
used to send secret information through a channel.

       
2. PreLImINArIes

For an odd prime p and positive integer m, let q  be a 
finite field where ,mq p=  and 2: ( 1)q qu uℜ = + =  . Thus ℜ   
is a finite non-chain ring with characteristic .p  Any ℜ−
submodule of the module nℜ  is referred as linear code and 
throughout the manuscript we denote it by Ζ . For a unit ,l∈ℜ  
the code Ζ  is said to be l − constacyclic if for each code word 

0 1 1( , ,..., ) ,nz z z z −= ∈Ζ  the  vector  1 0 2( ) ( , ,..., ) .n nz z z z− −σ = l ∈Ζ  
Notice that the constacyclic code is negacyclic if 1l = −  
and cyclic if 1.l =  A l − constacyclic code Ζ  of length n  
over ℜ  is also considered as an ideal of [ ] / n

n y yΚ = ℜ −l  
on identifying 0 1 1( , ,..., )nz z z −  by 1

0 1 1... .n
nz z y z y −
−+ + +  The 

generator matrix G  of a linear code over q  with parameters 
[ , , ]n k d  is a k n×  matrix whose rows forms a basis for the 
code where symbols n, k  and d represent length, dimension 
and minimum distance of the code, respectively. The Euclidean 
inner product of vectors 0 1 1( , ..., )nz z z z −=  and 0 1 1( , ..., )nt t t t −=  
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is defined by 
1

0

n

i i
i

z t z t
−

=

⋅ = ∑ . The Euclidean dual of a linear 

code Ζ  over the ring ℜ is denoted by ⊥Ζ  and defined as 
{ : 0,nr r z⊥Ζ = ∈ℜ ⋅ =  for all }z∈Ζ . A linear code Z is 

said to be Euclidean LCD code if and only if {0}⊥Ζ∩Ζ = . 
Throughout this article, LCD code stands for Euclidean LCD 
code until and unless specified. The Hamming weight Hw  of a 
codeword is the number of non-zero components in it and the 
Hamming distance Hd between any two codewords is number 
of components in which these two differ. The Hamming distance 
of a linear code is the minimum of Hamming distances between 
any pair of codewords. For a monic polynomial ( )r y  of degree 

,n  with (0) 0,r s= ≠  its monic reciprocal polynomial is given 
by 1( ) (1/ ).nr y s y r y−=  If ( ) ( ),r y r y=   then ( )r y  is called 
self-reciprocal. 

  
3. the strUCtUre Of CyCLIC CODes 
 Over ℜ

Let qγ ∈  such that 2 1(mod ).pγ ≡  Consider 

1 (1 )uε = γ +  and 2 (1 )uε = γ −  where  u∈ℜ  such that 2 1u = . 
Then 2

1 2 1, i iε + ε = ε = ε  and 0,i jε ε =  for i j≠ , where ,i j  
{1,2}∈ . By the orthogonal idempotent decomposition, we 

have 1 2 .q qℜ = ε ⊕ε   Now, we define 2: n n
qΘ ℜ →   by 

                                   
1 1 2 2

1 1 2 2 1 1 2 2

( ) ( , ,..., )
( , ,..., , , ,..., ).

n n

n n n n

r y uz y uz y uz
y z y z y z y z y z y z

Θ = Θ + + +
= − − − + + +

Then Θ  is a ring isomorphism with inverse 
                              1 1

1 2 1 2

1 1 1 1

( ) ( , ,..., , , ,..., )
( ( ) ( ),..., ( ) ( )).

n n

n n n n

s a a a b b b
a b u b a a b u b a

− −Θ = Θ
= γ + + γ − γ + + γ −

Definition 3.1 The Lee weight of an element 

0 1( , ,..., ) n
nr r r r= ∈ℜ  is defined by ( ) ( ( ))L Hw r w r= Θ  and the 

Lee distance between r, s in Rn is ( ( ), ( ))Hd r sΘ Θ .
It can be easily verified that Θ  is a distance preserving 

isometry, i.e., a Gray map. Also, the following result holds.
theorem 3.1 If Ζ  is an ( , , )k

Ln q d linear code (having 
kq elements) over the ring ,ℜ  then ( )Θ Ζ  is a linear code over 

q  with parameters [2 , , ].Ln k d  Moreover, if ⊥Ζ  is the dual of 

,Ζ  then ( ) ( ) .⊥ ⊥Θ Ζ = Θ Ζ
For a linear code Ζ  of length n over ,ℜ  we define

1 1 2 1 1 2 2{ : | },n n
q qA b b b b= ∈ ∃ ∈ ε + ε ∈Ζ 

2 2 1 1 1 2 2{ : | }.n n
q qA b b b b= ∈ ∃ ∈ ε + ε ∈Ζ 

It is easy to verify that 1A  and 2A  are  linear codes of length n  
over .q  Also, Ζ =  1 1 2 2 1 1 2 2 1 1 2 2{ : , }A A b b b A b Aε ⊕ ε = ε + ε ∈ ∈  
and 1 2A AΖ = . Further, Ζ  is a cyclic code if and only if both 

1A  and 2A  are cyclic codes of length n  over .q
theorem 3.2 Let 1 1 2 2A AΖ = ε ⊕ε be a cyclic code over 

ℜ , where 1A  and 2A  are cyclic codes over q  generated by 

1( )f y  and 2 ( )f y , respectively. Then there exists a unique 

polynomial 1 1 2 2( ) ( ) ( )f y f y f y= ε + ε  such that ( ) .Z f y=< >.
Proof. Same procedure follows as given in Theorem 3.6 

of Cengellenmis4. 
theorem 3.3 For any linear code 1 1 2 2A AΖ = ε ⊕ε  of 

length n  over ,ℜ  its dual is 1 1 2 2 .A A⊥ ⊥ ⊥Ζ = ε ⊕ ε  Moreover, if 
Ζ  is  cyclic, then ⊥Ζ  is a cyclic code over .ℜ

Proof. Same procedure follows as given in Corollary 3.2 
of Cengellenmis4. 

4. CONstACyCLIC CODes Over ℜ AND 
theIr GrAy ImAGes
In this section, we find the image of l -constacyclic codes 

under the Gray map Θ (defined in section 3), for different values 
of .l  Now, we provide some definitions which are essential for 
further study in this section.

Definition 4.1 Let ',a a  are units in ℜ . Then a linear 
code Ζ  of length n over ℜ  is called an '( , )a a − constacyclic 
code of length ( , )r s  where n r s= + , if for any 

1 2 1 2( , ,..., , , ,..., ) ,r r r r sz z z z z z z+ + += ∈Ζ
the vector given by

'
1 1 1 1 1( ) ( , ,..., , , ,..., ),r r r s r r sz z z z z z z− + + + −τ = a a

is also in Ζ . If ' 1a = , then Ζ  is called an a-constacyclic 
code of length ( , )r s  in addition 1a = − , then Ζ  is said to be 
negacyclic code of length ( , ).r s  Further, if 'a = a , then we 
call Ζ  as a double a-constacyclic code of length ( , ).r s

For rest of the results in this section, consider ,l uml = +  
a unit in .ℜ

theorem 4.1 Let 1 1 2 2A AΖ = ε ⊕ε  be a linear code 
of length n  over ℜ and l∈ℜ  be a unit. Then Ζ  is a l
-constacyclic code if and only if 1,A  2A  are ( )l m+  and 
( )l m− -constacyclic codes over ,q  respectively.

Proof: Let Ζ  be a l -constacyclic code of length n  over 
.ℜ  Then z∈Ζ  implies ( ) .zσ ∈Ζ  Let a =   0 1 1 1( , ,..., )na a a A− ∈  

and 0 1 1 2( , ,..., )nb b b b A−= ∈  be arbitrary. For 1 2 ,z a b= ε ⊕ε  we 
have 

1 1 2 1 1 0 2 0 1 2 2 2

1 1 2 1 1 0 2 0 1 2 2 2

1 1 0 2 2 1 0 2

( ) ( ( ), ,..., )
((( ) ( ) ), ,..., )

(( ) , ,..., ) (( ) , ,..., ) .

n n n n

n n n n

n n n n

z a b a b a b
l m a l m b a b a b
l m a a a l m b b b

− − − −

− − − −

− − − −

σ = l ε + ε ε + ε ε + ε
= + ε + ε − ε + ε ε + ε
= ε + + ε − ∈Ζ

Therefore, 1A  is ( )l m+ -constacyclic code and 2A  is 
( )l m− -constacyclic code over .q

Conversely, let 0 1 1( , ,..., )nz z z z −= ∈Ζ  where 1 2 .i i iz a b=ε + ε  
For 0 1, 1 1( , ..., ) ,na a a A− ∈  0 1 1 2( , ,..., ) ,nb b b A− ∈  we have 

1 0 2 1(( ) , ,..., )n nl m a a a A− −+ ∈  and 1 0 2 2(( ) , ,..., ) .n nl m b b b A− −− ∈  
Also, 1 1 0 2 2 1 0 2( ) (( ) , ,..., ) (( ) , ,..., ) .n n n nz l m a a a l m b b b− − − −σ = ε + + ε − ∈Ζ

This implies that Ζ  is a l -constacyclic code over .ℜ  
Corollary 4.1 The linear code Ζ  of length n over ℜ  is 

a u -constacyclic code if and only if  1A  is cyclic and  A2 is 
negacyclic code over .q

theorem 4.2 If Ζ  is a l-constacyclic code over ℜ of 
length ,n  then ( )Θ Ζ  is ( , )l m l m− + -constacyclic code of  
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length ( , )n n over .q
Proof: Let ( ),z ∈Θ Ζ  i.e., ( )z z= Θ  for some 

1 1 2 2( , ,..., ) .n nz x uy x uy x uy= + + + ∈Ζ  As Ζ  is a l
-constacyclic code of length n  over ,ℜ  we have  

1 1 1 1( ) ( ( ), ,..., ) .n n n nz x uy x uy x uy− −σ = l + + + ∈Ζ  Now,
                              

1 1 1 1( ) ( ( ), ,..., )n n n n n nz lx my u mx ly x uy x uy− −σ = + + + + +  and

1 1 1 1

1 1 1 1

( ( )) (( ) ( ), ,..., ,
( ), ,..., )

n n n n n n n

n n n n n

z lx my mx ly x y x y lx
my mx ly x y x y

− −

− −

Θ σ = + − + − −
+ + + + +               

 1 1 1 1

1 1 1 1 1

(( )( ), ,..., , ( )( ),
,..., ) ( ).

n n n n n n

n n

l m x y x y x y l m x y
x y x y z

− −

− −

= − − − − + +
+ + = τ     

Then 1( ) ( ).zτ ∈Θ Ζ  Hence ( )Θ Ζ  is ( , )l m l m− +
-constacyclic code over q  of length ( , ).n n  

Corollary 4.2 If Ζ  is a u - constacyclic code over ℜ  of 
length ,n  then ( )Θ Ζ  is negacyclic code over q  of length (n, n).

5. LCD CODes Over ℜ
This section is devoted to the study of Euclidean LCD 

codes over ℜ  and establish some important results here. We 
would like to point out that a result on LCD cyclic codes over 
ℜ  of  Dinh22, et al. [Proposition 6.9] is not valid for cyclic 
codes of an arbitrary length .n  Hence, we modify that result 
and present the corrected version in [Theorem 5.1] for cyclic 
code of arbitrary length .n

Definition 5.1 For a linear code Ζ  of length n  over 
the ring ,ℜ  we say it is  reversible if for any codeword 

0 1 1( , ,..., )nz z z z −= ∈Ζ implies 1 2 0( , ,..., ) .r
n nz z z z− −= ∈Ζ

Lemma 5.1 [15] If Ζ  is  an [ , ]n k -cyclic code over q  
with generator polynomial ( ),f y  then it is an LCD code if and 
only if  ( ) ( )f y f y=   and all the monic irreducible factors of 

( )f y  has same  multiplicity in 1ny −  and ( ).f y  In particular,  
for gcd( , ) 1,n q = Ζ is an LCD code if and only if it is a 
reversible code.

Lemma 5.2 [23, Theorem 1] Let Ζ  be a cyclic code over 
a finite field q  having generator polynomial ( ).f y  Then Ζ  
is reversible code if and only if  ( ) ( ).f y f y= 

Proposition 5.1 Let 1 1 2 2A AΖ = ε ⊕ε  be any  linear code 
of length n  over ℜ .  Then Ζ  is an LCD code if and only if 

1 2,A A  both are LCD codes over .q
Proof:  It can be derived by using Theorem 3.3. 
theorem 5.1 Let 1 1 2 2A AΖ = ε ⊕ε  be a cyclic code of 

arbitrary length n  over .ℜ   Then Ζ  is an LCD code if and 
only if the generator polynomial ( )if y of iA  for 1, 2i =  is self-
reciprocal and multiplicity of each monic irreducible factor of

( )if y  is same in ( )if y  and 1.ny −

Proof: Follows from the Lemma 5.1 and Proposition 5.1.
theorem 5.2 Let gcd( , ) 1n p =  and 1 1 2 2A A= ε ⊕εΖ  be a 

cyclic code over ℜ  of length .n  Then Ζ  is an LCD code if 
and only if it is reversible.

Proof. Suppose Ζ  is an LCD code overℜ . Then A1 , A2  
are LCD codes over .q , i.e., 1A  and 2A  are reversible codes 
over q (by Lemma 5.1). This implies 1 1 2 2A A= ε ⊕εΖ is also a 
reversible code over .ℜ

Conversely, let Ζ  be a reversible code over .ℜ  
Then, 1 2z x y Z= ε + ε ∈  implies that .rz ∈Ζ, where 

0 1 1 1( , ,..., )nx x x x A−= ∈  and 0 1 1 2( , ,..., )ny y y y A−= ∈ . 
Consider 

 
1 0 2 0 1 1 2 1 1 1 2 1

1 1 2 1 1 2 2 2 1 0 2 0

1 2

( , ,..., )
( , ,..., )

.

r r
n n

n n n n
r r

z x y x y x y
x y x y x y

x y

− −

− − − −

= ε + ε ε + ε ε + ε
= ε + ε ε + ε ε + ε

= ε + ε

This implies that 1A  and 2A  are reversible codes over q  
and hence LCD codes over .q  Therefore, Ζ  is an LCD code 
over .ℜ      

Lemma 5.3 Let Ζ  be a cyclic code over ℜ  and 
2: n n
qΘ ℜ →   be the Gray map defined in Section 3. Then 

( ) ( ) ( ).⊥ ⊥Θ ∩Θ = Θ ∩Ζ Ζ Ζ Ζ
Proof: It can be easily proved.  
theorem 5.3 If Ζ  is a linear code of length n  over ,ℜ  

then Ζ  is an LCD code over ℜ  if and only if ( )Θ Ζ  is an LCD 
code over .q

Proof: Since Θ  is injective and (0) 0,Θ =  the result 
follows from the Lemma 5.3 and Theorem 3.1.

According to the database for linear codes24 available 
online and the Gray map defined in Section 3, we present some 
LCD codes over finite fields with best possible parameters as 
Gray images of LCD codes over .ℜ  The Magma software25 
has been used to carry out all the computations.

example 1. The factorization of 8 1y − over 3  is 
8 2 2 21 ( 1)( 2)( 1)( 2)( 2 2).y y y y y y y y− = + + + + + + +

The codes 1 21 , 2A y A y= + = +  and 2
3 1A y= +  are 

LCD cyclic codes with 1A , 2A  having the parameters [8,7,2] 
and parameters of 3A  are [8,6,2]. Therefore, 1 1AΖ = ε +  2 2Aε

and 1 1 2 3A A= ε + εΖ  are LCD cyclic codes of length 8 over 

3 3.u+   Also, ( )Θ Ζ  and ( )Θ Ζ  are [16,14,2] and [16,13,2], 
respectively LCD cyclic codes over 3 . These are the best-
known linear codes (BKLC) over 3  for given length and 
dimension as shown in Table 1.

example 2.  The factorization of 8 1y − over 9 3[ ]= ω �  
is 8 2 3 5 6 71 ( 1)( 2)( )( )( )( )( )( ).y y y y y y y y y− = + + +ω +ω +ω +ω +ω +ω

Consider 1 1A y= +  and 2 2A y= + . Then 1A  and 2A  
are cyclic LCD codes over 8 . Here, both codes have the same 
parameters [8,7,2]. Also 1 2( 1) ( 2)y y= + εΖ ε + +  is an LCD 
cyclic code of length 8 over 9 9u+   with 149 codewords. 
Moreover, ( )Θ Ζ  is [16,14,2] LCD cyclic code over 9 , which 
is the best known linear code (BKLC) over 9   for given length 
and dimension as shown in Table 1.
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6. hermItIAN LCD CODes Over 2 2p p
S u= + 

This section contains the study of the Hermitian LCD 
a-constacyclic codes over 2 2p p

u+   of length ,n  where 
2 \{0}

p
a∈  and p  is an odd prime such that gcd( , ) 1p n = . 
The results that we provide here are also valid for any power 
of ,p  in place of .p  For any x uy+  S∈  where 2,

p
x y∈ , we 

use .p px uy x uy x uy+ = + = +

The Hermitian inner product of two elements 
0 1 1( , ,..., )nz z z z −= and 0 1 1( , ,..., )nt t t t −=  in nS  is 

defined as 
1

0
, .

n

i iH
i

z t z t
−

=

= ∑  For any linear code Ζ  over 

S  of length ,n  its Hermitian dual H⊥Ζ is defined as 
{ : , 0, }.H n

H
s S s z z⊥ = ∈ = ∀ Ζ∈Ζ

Definition 6.1  A linear code Ζ  over S is said to be 
Hermitian LCD code if and only if {0}.H⊥∩ =Ζ Ζ

Let ω  be a primitive element of 2p
 and µ  be a primitive 

thrn  root of unity in an extension field of  2p
  satisfying 

nµ = a . Consider ,rξ = µ  it is a primitive thn  root of unity 
and jµξ  are the roots of ny −a  for {0,1,..., 1}j n∈ − . Let 

{1 |ir= +   0 1}i n≤ ≤ −  and jϒ  denote the 2p -cyclotomic 
coset modulo rn  containing .j∈  Then any monic irreducible 

divisor of ny −a  is of the form ( ) ( ),
j

a
j

a

m y y
∈ϒ

= −µ∏  i.e., 

each monic irreducible divisor of  ny −a  corresponds to 
,jϒ  for some .j∈� Therefore, the generator polynomial 

of an a -constacyclic code Ζ  over 2p
  is given by ( )g y =  

( ),w

w W

y
∈

−µ∏  where W  is the union of some 2p -cyclotomic 

cosets modulo .rn
Definition 6.2 Let Ζ  be an a -constacyclic code over 2p

  
and : {W j= ∈  ) }| ( 0jg µ =  where ( )g y  is the generator 
polynomial of Ζ . Then the set W is called the defining  
set of C. 

In fact, the defining set of any a -constacyclic code Ζ over 
2p

 is a union of some .iϒ  Based on the concept of generator 
polynomials of an a -constacyclic code and its Hermitian dual 
given in26, we have the following two lemmas:

Lemma 6.1 If W  is a defining set of an a
-constacyclic code ,Ζ  then the defining set of H⊥Ζ is 

' | (mod ){ }pw rnW w W= ∈ − ∉ .
Lemma 6.2 If the generator polynomial of an a

-constacyclic code Ζ over 2p
  is ( )g y =  ( ),w

w W

y
∈

−µ∏  then 

the Hermitian dual of Ζ  is ( )H h y⊥
⊥Ζ = , where, ( )h y⊥ =  

\

( ).
w W

pwy −

∈

−µ∏


Lemma 6.3  Let Ζ  be an a -constacyclic code over 2p
  

of length ,n   generated by ( )g y  and H⊥Ζ be its Hermitian 
dual, generated by ( ).h y⊥  Then Ζ  is a Hermitian LCD code if 
and only if gcd( ( ), ( )) 1.g y h y⊥ =

Proof: Let ( )g yΖ =  be an a -constacyclic code 
and ( )H h y⊥

⊥Ζ =  be the Hermitian dual of .Ζ  Then 
( )H r y⊥∩ =Ζ Ζ , where, ( ) ( ( ), ( ))r y lcm g y h y⊥=  i.e.,

deg( ( )) deg( ( )) deg( ( )) .r y h y g y n⊥≤ + =

Therefore, {0}H⊥Ζ =Ζ∩  if and only if deg( ( )) .r y n=  
Since ( )g y  and ( ),h y⊥  both divide ny −a , therefore,  ( )r y  
divides .ny −a  This implies that {0}H⊥Ζ =Ζ∩  if and only if 

( ) .nr y y= −a  Hence, Ζ  is an Hermitian LCD codes if and 
only if  gcd( ( ), ( )) 1.g y h y⊥ =  

Note that the above result can also be proved for Euclidean 
LCD codes in the similar way.

Proposition 6.1 Let Ζ  be a 2p ary− a
-constacyclic code of length n  with defining set W  and 

| (mod{ })pw rn WW w⊥ −= ∉∈  be the defining set of .H⊥Ζ  
Then Ζ  is a Hermitian LCD code if and only if .W W⊥∩ = ϕ  

Proof. Trivially follows from Lemma 6.2 and Lemma 6.3. 
theorem 6.1 Let 1 1 2 2A AΖ = ε ⊕ε  be a linear code 

over S  of length .n  Then the Hermitian dual of Ζ  is 

1 1 2 2 .H H HA A⊥ ⊥ ⊥Ζ = ε + ε   Moreover, Ζ  is a Hermitian LCD 
code if and only if  1 2,A A  both are Hermitian LCD codes over 

2 .
p


Proof.  Same procedure follows as given in Corollary 3.2 

of Cengellenmis 4 and Proposition 5.1. 

table 1. LCD Code from cyclic code 1 1 2 2( ) ( )f y f y= ε + εΖ  
over q qu+  .

q
1( )f y 2 ( )f y ( )Θ Ζ remark

3 ( 1)( 2)y y+ + ( 2)y + [20,17,2]  BKLC

3 2y + 2y + [22,20,2]  BKLC

3 2y + ( 1)( 2)y y+ + [22,19,2]  BKLC

3 1y + 1y + [28,26,2]  BKLC
3 1y + 2y + [16,14,2]  BKLC

3 1y + 2 1y + [16,13,2]  BKLC

3 ( 1)( 2)y y+ + 1y + [28,25,2]  BKLC 

3 2 1y + 2y + [32,29,2]  BKLC

3 1y + 2y + [ ]32,30,2  BKLC

5 4y + 1y + [12,10,2]  BKLC
5 1y + 4y + [16,14,2]  BKLC
5 4y + 1y + [24,22,2]  BKLC

5 ( 1)( 4)y y+ + 4y + [32,29,2]  BKLC

5 4y + 1y + [32,30,2]  BKLC

5 2 4 1y y+ + 1y + [36,33,2]  BKLC

5 2 1y y+ + 4y + [36,33,2]  BKLC

5 1y + 4y + [36,34,2]  BKLC
7 6y + 1y + [16,14,2] BKLC
7 6y + 6y + [22,20,2] BKLC
9 1y + 2y + [16,14,2] BKLC
9 2y + 2y + [14,12,2] BKLC
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Corollary 6.1 Let 1 1 2 2A AΖ = ε ⊕ε  be an a -constacyclic 
code over S  where 1A  and 2A  both are a -constacyclic code 
over 2p


 
with defining sets 1W and 2 ,W   respectively. Then 

Ζ  is a Hermitian LCD code if and only if  1 1W W⊥∩ = ϕ  and 
2 2W W⊥∩ = ϕ  where 1W⊥  and 2W⊥  are defining sets for the 

Hermitian duals of 1A  and 2A , respectively.
Lemma 6.4 Let Ζ  be a linear code over S  and 

2: n n
qSΘ →   be the Gray map defined in Section 3. Then 

( ) ( ) ( ).H H⊥ ⊥Θ Ζ ∩Θ Ζ = Θ Ζ∩Ζ

Proof.  It can be seen that ( ) ( )H H⊥ ⊥Θ Ζ = Θ Ζ  and rest of 
the proof is similar to Lemma 5.3. 

theorem 6.2 Let 1 1 2 2A AΖ = ε ⊕ε  be a linear code of 
length n  over S . Then Ζ  is a Hermitian LCD code over S   if 
and only if  ( )Θ Ζ  is a Hermitian LCD code over 2 .

p


Proof. Follows from Lemma 6.4, as Θ  is injective and 
(0) 0Θ = .

Here, authors provided some examples of Hermitian LCD 
codes to elaborate our main results of this section as shown in 
Table 2.

7. APPLICAtIONs
In this section, we explain the importance of LCD codes 

in sharing secret information through a channel. Secret sharing 
scheme (SSS) is a method in which dealer distributes the pieces 
of the secret information among participants. This method is 
basically used when we cannot trust a single person owing the 
secret. Therefore, the secret is distributed among participants. 
Now, we define some basic terms.
Dealer: Distributer of the pieces of the secret information.
Encryption: It is a process of converting information into 

a suitable form (called encrypted message) so that only 
authorized parties can read the information.

Shares: These are the pieces of the information.
Decryption: It is the process of retrieving back the information 

from the encrypted message.

7.1 multisecret sharing scheme
Multisecret Sharing Scheme is an important class of secret 

sharing scheme. In this scheme, participants do not transmit the 
secret share but a pseudo-share which is computed from their 
secret share. We use the method used Alahmadi27, et al. with 

slight modification to elaborate our approach 
for Hermitian LCD code.

Let Ζ  be a Hermitian LCD code of length 
n  over 2p

  with generator matrix G and the 
generator matrix of its Hermitian dual H⊥Ζ
be .D  Then 0,tGD =  where tD =  [ ]t

ijd  and 
.p

ij ijd d=  
encryption: Given that the secret 

1 2( , ,..., )nK k k k= ∈Ζ  then the share 
  corresponding to x  is computed by 

.
t

xK=  Now, the secret K  is encrypted 
as 1 2( , ,..., )kL =     and distributed among 
the participants, where i  is the share 
corresponding to the thi row of  .G  

Decryption: The secret K  can be 
recovered by solving the following system of 
equations:

tGK L=  and 0
t

DK =
where 1 2( , ,..., )kL =     is the received 
encrypted message. Since Ζ  is an LCD code, 

G
D
 
  

 is an invertible matrix and the secret K  

can be retrieved uniquely.
example 3: Consider [12,5,4]a  code 

over 25  with the generator matrix

 
1

2

3

4

5

1 0 0 0 0 1 1 0 0 0 0 1
0 1 0 0 0 4 0 1 0 0 0 4

.0 0 1 0 0 1 0 0 1 0 0 1
0 0 0 1 0 4 0 0 0 1 0 4
0 0 0 0 1 1 0 0 0 0 1 1

g
g

G g
g
g

  
  
  
  = =
  
  
     

It is a Hermitian LCD code with the 
generator matrix of  H⊥Ζ  as 

table 2. hermitian LCD Code from Cyclic Code 1 1 2 2( ) ( )g y g yΖ = ε + ε  over 
2 2p p

u+   In this table, “ * ” represents a bKLC code over 2 .
p



2P 1( )g y 2 ( )g y Ζ ( )Θ Ζ

9 ( 1)y + 2y + 30(16,9 ,2) *[32,30,2]

9 2y + 2y + 32(17,9 ,2) *[34,32,2]
9 6y +ω 2y +ω 38(20,9 ,2) *[40,38,2]
9 2y + 1y + 42(22,9 ,2) *[44,42,2]
9 2y + 2y + 36(19,9 ,2) *[38,36,2]
9 6( )y +ω 1y + 14(8,9 , 2) *[16,14,2]

9 2 7

2 5

( 2)
( 1)
( 1)

y
y y
y y

+

+ω +

+ω +

2 3

2

( 1)
( 1)
( 1)

y
y y
y y

+

+ω +

+ω +

10(10,9 ,4) [20,10,4]

9 ( 2)y + ( 2)y + 20(11,9 ,2) *[22,20,2]
9 ( 1)y + ( 2)y + 26(14,9 ,2) *[28,26,2]

25 4 20

( 4)( 1)
( )( )
y y
y y
+ +

+ω +ω 4 20

( 1)
( )( )
y
y y
+

+ω +ω
5(6, 25 ,4) [12,5,4]

25 8 16( )( )y y+ω +ω 4 20( )( )y y+ω +ω 8(6, 25 ,2) [12,8,2]

25 1y + ( 2)( 3)y y+ + 29(16,25 ,2) [32,29,2]

25 1y + 1y + 30(16,25 ,2) [32,30,2]

49 6y + 1y + 14(8, 49 ,2) [16,14,2]

49 1y + 1y + 18(10,49 ,2) [20,18,2]

49 6y + 6y + 16(9, 49 ,2) [18,16,2]

49
6 12

36 42

( )( )
( )( )
y y
y y
+ω +ω

+ω +ω

6 12

36 42

( 1)( )( )
( )( )
y y y
y y
+ +ω +ω

+ω +ω
7(8, 49 ,4) [16,7,4]

49

6

12 36

42

( 1)( )
( )( )
( )

y y
y y
y

+ +ω

+ω +ω

+ω

6 12

36 42

( 1)( 6)
( )( )
( )( )

y y
y y
y y

+ +

+ω +ω

+ω +ω

5(8, 49 ,6) [16,5,6]
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1

2

3

4

5

6

7

1 0 0 0 0 0 0 4 1 4 1 4
0 1 0 0 0 0 0 4 0 0 0 0
0 0 1 0 0 0 0 0 4 0 0 0

,0 0 0 1 0 0 0 0 0 4 0 0
0 0 0 0 1 0 0 0 0 0 4 0
0 0 0 0 0 1 0 0 0 0 0 4
0 0 0 0 0 0 1 4 1 4 1 4

h
h
h

D h
h
h
h

  
  
  
  
  = =   
  
  
  
     

i.e., 0tGD = .
Assume that our secret vector is (010004010004)K  = ∈Ζ . 

Then the shares for the participants are calculated as        

1 1 2 2 3 3 4 4 5 53, 4, 3, 2, 3.
t t t t t

g K g K g K g K g K= = = = = = = = = =    

i.e., the received encrypted message is  

1

2

3

4

5

.L

 
 
 
 =
 
 
  











To retrieve back the secret, we solve the system

.
0

G L
X

D
   

=   
   

and get [ ]0 1 0 0 0 4 0 1 0 0 0 4 .tX =

Therefore, the secret is .tK X=
Note that we can also use Euclidean LCD code in above 

scheme with slight modification. Also, we have not used 
the concept of minimum distance in this scheme. Therefore, 
the [ , , ]n k d  Euclidean or Hermitian LCD codes that we 
provide even with very small minimum distance are of great 
significance.

8. CONCLUsION
In this paper, we examined LCD codes over ℜ  of arbitrary 

length n  and obtained some best known LCD codes over 
finite field as Gray image of these codes. We have provided 
generator polynomials for cyclic codes over ℜ  and also some 
results on constacyclic codes over ℜ  along with their Gray 
images. Further, we discussed Hermitian LCD codes and some 
related results. Finally, some examples related to Euclidean 
and Hermitian LCD codes (some of them are BKLC) are also 
provided along with their applications. Interested readers are 
cordially invited to further obtain more examples of LCD 
codes with better parameters by using our results (specially, 
on Hermitian LCD). A possible direction for the future work 
could be studying LCD codes considering different rings are 
still open.
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