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ABSTRACT

The statistical characterisation of gray level distribution of echocardiographic images is commonly done in 
terms of unimodal probability densities such as Rayleigh, Gamma, Weibull, Nakagami, and Lognormal. Amongst 
these distributions, the Gamma density is found to provide better empirical model that fits to real data sets. We 
propose to extend the class of probability distributions by exploring Pearson family to characterise blood and tissue 
in echocardiographic images. It is found that Pearson Type I characterises the tissue regions whereas Type I, Type IV 
and Type VI classify blood regions. The statistical measures viz. Jensen-Shannon (JS) divergence and Kolmogorov-
Smirnov (KS) statistics reveal that Pearson family of curves outperforms the Gamma distribution.

Keywords:  Speckle, echocardiography, Pearson distributions, tissue Characterisation.

1.   INTRODUCTION
A major challenge in B-mode ultrasound(US) imaging 

is statistical characterisation of speckle1-4 which is often 
regarded as containing information about the underlying 
tissue structure. The high order statistical measures provide 
information about texture of the speckle pattern, which 
depends on spatial distribution2 of random scatterers. The 
speckle probability density at the transducer is transformed 
into speckle densities in the image through a chain of 
complex image processing steps, which are difficult to model 
mathematically3. In absence of the theoretical description 
of the image formation process, the best one can do is to 
use probability density function characterizing empirical 
data. The commonly used probability density functions 
(pdfs) for this  are Rayleigh1,6, Gamma2,3,6, Weibull3,6, K6-8, 
Nakagami5,6, and lognormal3.  Tao3, et al. experimentally 
evaluated four empirical probability distribution models 
(Gamma, Weibull, Normal and lognormal) for speckle in 
clinical cardiac US images and found that the experimental 
data support a unimodal distribution. They found that 
Gamma and Weibull distributions are appropriate for 
characterising blood and tissue. Further the Gamma 
distribution provides a better overall fit. There authors 
argue that the empirical distributions considered by them, 
have the ability to fit gray level densities in blood and 
tissue regions. However, Tao3, et al. pointed out that the 
significance values for the goodness of fit are not high 
enough to support the null hypothesis. This motivates 
us to look for other family of distributions which can 
model the data better. We explore the Pearson family 

of distributions9-12 to model the gray level distribution 
for tissue and blood regions. Author has proposed the 
Pearson family of distribution for classification of US 
B-mode kidney images and demonstrated the efficacy of 
the family over other commonly used distributions.  The 
purpose of this paper is to investigate the applicability 
of Pearson family to echocardiographic images. 

2. THE PEARSON FAMILY OF DISTRIBUTIONS 
The richness of Pearson family of distributions is 

due to the fact that several known distributions viz. 
Gaussian, beta, Student’s t-distributions are contained in 
the famiy11.  Renzo11, et al. noted that the four-parameter 
Pearson family makes explicit correspondence with the 
first four moments of the distribution. Pearson9 proposed 
a class of probability density functions (pdfs) which 
can be generated from the solution of the differential 
Eqn. (1):

2
0 1 2

( ) ( )df x b x f x
dx a a x a x

  + =  + +  
The random variable X denotes the gray level intensity 

of the echocardiographic speckle and f(x) represents the 
probability density function (pdf). The b, a0, a1, and a2 
are parameters of the distribution. These parameters are 
determined in terms of the first four central moments (µi 
for i =1,…, 4) of the underlying empirical distribution. 
By using method of moments, we have
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Pearson9 identified a selection parameter κ which is 
expressible in terms of the first four moments. Defining 
Skewness (

3
2

3 2/kS µ µ= ) and Kurtosis ( 2
4 2/uK µ µ= ), we 

find
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The three major types of Pearson densities, i.e. Type 

I, Type IV and Type VI are defined for κ<0, 0<κ <1 and 
κ>1, respectively. For the sake of completeness we give 
the expression of pdfs for three major types.

2.1. Pearson Type I Distribution (κ<0)
The pdf of type I distribution is given by
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2.1. Pearson Type IV Distribution (0<κ<1)
The pdf of type IV distribution is given by
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2.1. Pearson Type VI Distribution (κ>1)

      The pdf of type IV distribution is defined by
2 1

0( ) ( ) ( ) ,     g g
VI o o of x A x m c x m c m x−= − − − + < <∞       

where
1 2( 1)

1
0

1 2 2

1 2 2

2 2 2

2 2
2

2

2

1
0 1

1 2

( )
( 1) ( 1)

0.5 1 0.5 ( 2)
( 2) 16 16

0.5 1 0.5 ( 2)
( 2) 16 16

0.5 { ( 2) 16 16}

6 6 6
6 3 2

( 1)
2

g g

k

k

k

k

k

u k

k u

c gA
g g g

S
g h h h

S h h
S

g h h h
S h h

c S h h

K S
h

S K
c gm

g g

− − Γ
= 

Γ − − Γ + 

 = − + + +
 + + +

 = − + + + + +


= µ + + +
 − − =
 + −


− = µ − − − 

















3. STATISTICAL CHARACTERISATIONS OF 
TISSUE AND BLOOD 
The images as obtained from GE Voluson 730-

Pro ultrasound machine (GE health care systems, New 
Delhi, India) with frequency range of 3.5 to 5 MHz in 
respect of 10 clinical echocardiographic B-mode human 
images with normal status are analyzed. The images are 
in 8 bit format with 256 gray levels ranging from 0 to 
255. For the purpose of illustration we show in Figure 
1 the echocardiographic image of subject 1. The dark 
regions in the image correspond to blood pool whereas 
the bright portions correspond to tissue. The statistical 
details of tissue and blood regions are collected by four 
rectangular windows of M x N pixels. These windows 
are randomly chosen over the tissue and blood regions 
in each of 10 B-mode echocardiographic images. The 
selected tissue regions are shown with blue rectangles 
(Fig. 1(a)) whereas blood regions with red rectangles 
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(4)

(5)

(6)
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(Fig. 1(b)). These regions are marked with 1–4 and 
referred to as T1-T4 (for tissue) and B1-B4 (for blood). 
The collected data from Figs. 1(a)-(b) are represented as 
histograms (Figs. 2-3).

                                 (a)                                                           

                                  
                                         (b)

Figure 1. B-Mode echocardiographic image with regions of 
interests (ROI) (a)  Blue rectangles represent four 
tissue regions (T1-T4) (b) Red rectangles represent 
four blood regions (B1-B4).

3.1  Fitting of Pearson Distributions
The aim of our investigation is to identify plausible 

Pearson type for gray level distributions of tissue and 
blood. With advice from expert radiologist, we have 
manually identified four rectangular regions corresponding 
to tissue and four rectangular regions corresponding to 
blood. Thus from 10 images we have data for 40 regions 
for each of tissue and blood. In tissue regions the num-
ber of pixels under rectangular window varies from 952 
to 2575 whereas in blood regions it varies from 860 to 
2744. The data (gray values) collected from each region 
are divided into a set of 10 bins. The selection parameter 
κ is computed for each image form first four moments 
as given in Eqn. 3.  MATLAB (Mathworks) 7.5.0.342 
(R2007b) software is used for estimation of parameters. 
The computed κ values for T1-T3, B2 and B4 regions turn 
out to be negative, the selected Pearson distributions 
would thus correspond to Type I distribution. Using Eqn. 
5 parameters for this pdf are obtained and are given in 
Table 1. For regions T4, B1 and B3, computed κ values 

are positive and less than unity which corresponds to 
Type IV Pearson distribution. Parameters for this pdf 
as obtained by using set of Eqns. 8 are given in Table 
2. By employing Eqns. (4) and (6), the pdfs for these 
regions are obtained and are plotted in Figs. 2-3 against 
their respective histograms. These pdfs are found to be 
in excellent agreement with the empirical data. 
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Figure 2 (a-d).Characterisation of gray level distribution in       
tissues (T1-T4) of B-Mode echocardiographic images 
(ROI in Fig.1(a)) by employing Pearson Family and 
Gamma distributions.
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Figure 3  (a-d). Characterisation of gray level distribution in 
blood (B1-B4) of B-Mode echocardiographic images 
(ROI in Fig. 1(b)) by employing Pearson Family and 
Gamma distributions.

The κ based Characterization and resulting Pearson 
type for 40 tissue and blood regions in 10 echocardio-
graphic images is summarized in Table 3. It can be 
seen from Table 3 that in most cases the Pearson type 
I distribution characterises tissue and blood. To test the 
efficacy of Pearson9 over Gamma3 distribution, we are 
required to fit Gamma distribution to the data sets gener-
ated from the echocardiographic images. The parameters 
of Gamma3 distribution are obtained by employing the 
maximum likelihood estimation approach and these are 
given in Table 4. The pdfs of Gamma3 distribution for 
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these parameters are plotted in Figs. 2-3 and the fit of 
Gamma distribution to the real data set is fairly good. 
It is interesting to note that the results based on Gamma 
distribution in Table 4 indicates lower β corresponds 
to blood whereas higher β captures the characteristics 
of tissues. To compare the effectiveness of Pearson9 
versus Gamma3, we calculate statistical measures viz. 
JS14 divergence and KS2 test which are discussed in 
subsequent section.

4.  GOODNESS OF FIT TESTS
To facilitate the comparison of Pearson versus Gamma 

with respect to empirical data, we need a measure of 
distance between probability distributions. Here we 
consider two such measures.

4.1  Jensen-Shannon Divergence
To this end one of the widely used measures is 

based on Kullback- Leibler13(KL) divergence. The KL13 
measure defines distance of probability distribution                  

P = { p1, p2,…,pn} from a reference distribution Q ={q1, 
q2,...,qn} as

D P Q pii

n pi

qi

( || ) log=
=
∑

1
                                         

Since D(P ||Q) ≠ D(Q || P) , reflecting the asymmetric 
nature of KL14 measure, one can obtain a symmetric 
measure known as JS divergence14. We have

JS P Q
D P

P Q
D Q

P Q

( , )
(

( )
) (

( )
)

=

+
+

+
|| ||

2 2
2

JS divergence14 is based on information theory. 
Another well known distance measure commonly adopted 
for study of goodness of fit is based on Kolmogorov-
Smirnov2,6 (KS) test.

4.2  Kolmogorov-Smirnov Test
The distance between the cumulative distribution 

function (cdf) of random variable X with empirical data 

Table 1. Parameter values of Type I Pearson distribution for ROIs in Fig. 1 

Region       κ A0 g1 g2 h c1 c2 mo

T1 -0.02972 0.26167 16.21874 11.21801 29.43675 9.85770 6.81827 9.60828

T2 -0.17317 0.23714 3.73646 1.10716 6.84362 7.58545 2.24765 8.80615

T3 -0.15282 0.24082 5.75727 13.49511 21.25239 4.91343 11.51713 6.97713

B2 -1.65540 0.27030 7.36597 70.14413 79.51010 4.21673 40.15478 4.22526

B4 -0.39897 0.25581 3.95830 15.32330 21.28160 3.58084 13.86210 4.76602

 
Table 2. Parameter values of Type IV Pearson distribution for ROIs in Fig. 1

Region κ A0 h θ g1 α c mo

T4 0.45647 0.00002 26.80793 -0.74181 14.40396 -24.56708 4.91338 0.11552

B1 0.12975 0.08938 18.54003 -0.36849 10.27002 -7.15886 5.40235 2.66211

B3 0.13460 0.13367 12.19587 -0.37565 7.09793 -4.80979 4.51698 2.79586

Table 3.  Occurrences of different Pearson Types in 40 tissue and blood regions

Region Type I Type IV Type VI

Tissue 39 1 0

Blood 27 10 3

Table 4. Parameter values of Gamma3 distribution for ROIs in Fig. 1

Parameter Region

T1 T2 T3 T4 B1 B2 B3 B4

β 39.875 22.252 20.825 12.907 11.130 9.749 9.709 11.992

λ 2.973 5.805 3.928 5.821 3.013 3.939 2.949 2.941

(10)

(11)
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can be defined as

D = ≤ ≤max | Pempirical (X x) - Preference(X x) |
            

The goodness of fit requires comparison of D to a 
critical level D max ( for details see Raju6, et al.). A smaller 
value of the KS2, 6 statistics indicates a better fit of the 
empirical distribution to that of reference distribution. 

5.  RESULTS
We describe the results of statistical measures for 

testing goodness of fit in respect of Pearson and Gamma 
distributions with empirical distribution. To this end we 
consider the image of subject 1 with four tissue and 
four blood regions. We give in Table 5, the results of 
JS14 (Eqn. 11) and KS2,6 (Eqn. 12) statistics for tissue 
(T1-4) and blood (B1-4) regions with regard to Pearson 
and Gamma distribution. The bold numerical values in 
Table 5 show the efficacy of corresponding distribution. 
It can be easily seen that Pearson family outperforms 
over Gamma distribution. 

 The results of all images (40 blood regions and 40 
tissue regions) taken together, are summarized in Table 
6.  From this table it is noted that the success counts 
in respect of Pearson distributions is far more than that 
of Gamma distribution.

6.  CONCLUSIONS
The Characterisation of blood and tissue in 

echocardiographic images is very important in medical 
applications. The problem of Characterisation from first 
principles is fairly complicated. Consequently, the research 
investigations adopt statistical framework for modeling 
the distributions of gray level densities in tissue and 
blood. Typically unimodal distributions such as Rayleigh, 
Gamma, Weibull, K, Nakagami, and Lognormal have been 
used for this. Tao3, et al. in a recent paper pointed out 
that the choice of these distributions does not lead to the 
desired significance level to support the null hypothesis. 
This demand for the investigation to identify some 
appropriate probability distributions. Motivated by the 
success of Pearson family in wireless communication10-12, 
we have investigated its applicability in medical imaging. 
We have demonstrated the efficacy of Pearson family of 
distributions over Gamma distribution in echocardiography.   
A useful area of future enquiry would be to investigate 
in future the utility of model parameters as well the first 
four moments for characterisation of medical images.
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Table 6.  Success of Pearson and Gamma distributions in 40 tissue and 40 blood regions based on JS divergence and KS test

JS Divergence KS Test
Pearson  

wins
Gamma 

wins
% success 
Pearson

% success 
Gamma

Pearson 
wins

Gamma 
wins

% success 
Pearson

% success  
Gamma

Ti
ss

ue

Type I versus 
Gamma 34 5 87.18 12.82 37 2 94.87 5.13

Type IV versus 
Gamma 1 0 100.00 0 1 0 100.00 0

B
lo

od

Type I versus 
Gamma 17 10 62.96 37.04 17 10 62.96 37.04

Type IV versus 
Gamma 9 1 90.00 10.00 9 1 90.00 10.00

Type VI versus 
Gamma 2 1 66.67 33.33 1 2 33.33 66.67

(12)

Table 5.  JS Divergence and KS Test results for 
distributions in Figs 2-3 wrt empirical distribution

Region JSPearson JSGamma KSPearson KSGamma

T1 0.00034 0.00390 0.00516 0.02050

T2 0.00535  0.01835 0.01985 0.07791

T3 0.00093 0.00083 0.00792 0.01184

T4 0.00078 0.00117 0.00557 0.00800

B1 0.00151 0.00457 0.02339 0.05443

B2 0.00189 0.00214 0.02099 0.01911

B3 0.00803 0.01329 0.04908 0.05895

B4 0.00702 0.00606 0.04010 0.03248
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